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Abstra
t

For every powerful number k, let ck be the least positive integer su
h
that kck is a square. We give asymptoti
 estimations for several series
whose terms depend on the sequen
e (ck)k≥1, from whi
h we mention
P

k≤x

ck = 3

π2 ζ
`

4

3

´

3
√

x2 + O(
√

x ln x).
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A positive integer is said to be powerful if it is divisible by the square of ea
h of

its prime fa
tors.

In a re
ent paper [1℄, we 
onsidered for ea
h positive integer m the least

positive integer bm su
h as mbm is a square, and we studied the properties of the

sequen
e (bm)m. In this paper, we will study some properties of the subsequen
e

of (bm)m asso
iated to the powerful numbers.

We will use throughout the paper the result of Gegenbauer [2℄:

Q(x) =
6

π2
x + O(

√
x),

where Q(x) denotes as usual the number of squarefree positive integers less or

equal than x.

Golomb [3℄ proved that every powerful number 
an be written in an unique

manner as n2m3 where m is squarefree.

Let (fn)n≥1 be the sequen
e of the squarefree numbers. The powerful numbers

that do not ex
eed x, 
an be organised as follows:

f3
1 · 12, f3

1 · 22, . . . , f3
1 · k2

1, where k1 =

[
√

x

f3
1

]
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f3
2 · 12, f3

2 · 22, . . . , f3
2 · k2

2, where k2 =

[
√

x

f3
2

]

. . . . . . . . . . . .

f3
L · 12, f3

L · 22, . . . , f3
L · k2

L, where kL =

[
√

x

f3
L

]

,

L denoting the value Q( 3
√

x).
Let us denote by K(x) the number of powerful numbers that do not ex
eed

x. Sin
e f3
1 · 12 = 1, whi
h is not a powerful number, we obtain:

∑

f≤ 3
√

x
f squarefree

[√

x

f3

]

= K(x) + 1. (1)

The same powerful numbers 
an be 
ounted in a di�erent way:

12 · f3
1 , 12 · f3

2 , . . . , 12 · f3
h1

, where h1 = Q

(

3

√

x

12

)

;

22 · f3
1 , 22 · f3

2 , . . . , 22 · f3
h2

, where h2 = Q

(

3

√

x

22

)

;

. . . . . . . . . . . .

[
√

x]2 · f3
1 , [

√
x]2 · f3

2 , . . . , [
√

x]2 · f3
h[

√

x]
, where h[

√
x] = Q

(

3

√

x

[
√

x]2

)

;

we thus obtain
∑

i≤
√

x

Q

(

3

√

x

i2

)

= K(x) + 1. (2)

For ea
h powerful number k let ck be the least positive integer su
h that kck

is a square. Sin
e every powerful number k 
an be written as n2
km3

k, with mk

squarefree, it follows immediately that ck = mk.

We will now prove some properties of the sequen
e (ck)k≥1.

Let S1(x) =
∑

k≤x
k powerful

ck.

Theorem 1. We have the relation

S1(x) =
3

π2
ζ

(

4

3

)

3
√

x2 + O(
√

x lnx).

Proof: The sum S1(x) 
ounts all the squarefree ck 
orresponding to the powerful

numbers k that do not ex
eed x. We will 
ount these terms using the se
ond

method des
ribed before. Taking s a positive integer that does not ex
eed
√

x,

s2 is a fa
tor for the following powerful numbers not ex
eeding x:

s2 · f3
1 , s2 · f3

2 , . . . , s2 · f3
hs

, where hs = Q

(

3

√

x

s2

)

.
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Ea
h of these numbers 
orresponds to a squarefree term in S1(x). Therefore

S1(x) + 1 =

[
√

x]
∑

s=1

(

f1 + f2 + . . . + f
Q

“

3
√

x
s2

”

)

,

(we have added 1 to S1 be
ause in the sum on the right hand side appears the

term f1 for s = 1, whi
h does not 
orrespond to any powerful number in S1).

Using Gegenbauer's result

Q(n) =
6

π2
n + O(

√
n),

and taking x = fn we obtain

n = Q(fn) =
6

π2
fn + O(

√

fn), so

fn =
π2

6
n + O(

√

fn).

It follows that

fn ∼
π2

6
n, so

O(
√

fn) = O(
√

n).

Putting all the above together, we get

fn =
π2

6
n + O(

√
n). (3)

Using (3), we obtain

f1 + f2 + . . . + fn =
π2

6

n(n + 1)

2
+ O(

√
1 +

√
2 + . . . +

√
n).

Using Stolz's Lemma we obtain

n
∑

k=1

√
k ∼

2

3
n
√

n,

so

f1 + f2 + . . . + fn =
π2n2

12
+ O(n

√
n).

We obtain that

S1(x) =
π2

12

[
√

x]
∑

s=1

(

36

π4

3

√

x2

s4
+ O

(

3

√

x

s2
6

√

x

s2

)

)

,
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so

S1(x) =
3

π2

3
√

x2

[
√

x]
∑

s=1

1

s4/3
+ O





√
x

[
√

x]
∑

s=1

1

s



 . (4)

Taking into a

ount that

ζ

(

4

3

)

=

∞
∑

s=1

1

s4/3
,

and sin
e is is easy to prove that there exists a positive number h su
h that

1

(x + 1)4/3
< h

(

1

x1/3
−

1

(x + 1)1/3

)

for x ≥ 1,

we derive that

0 < ζ

(

4

3

)

−
[
√

x]
∑

l=1

1

l4/3
=

1

([
√

x] + 1)4/3
+

1

([
√

x] + 2)4/3
+ . . . <

< h

(

1

[
√

x]1/3
−

1

([
√

x] + 1)1/3
+

1

([
√

x] + 1)1/3
−

1

([
√

x] + 2)1/3
+ . . .

)

=

= O

(

1
6
√

x

)

.

Therefore,
[
√

x]
∑

l=1

1

s4/3
= ζ

(

4

3

)

+ O

(

1
6
√

x

)

. (5)

On the other hand, the relation

[
√

x]
∑

s=1

1

s
= O(ln

√
x) = O(ln x) (6)

is well known.

Using (5) and (6) ba
k in (4), we derive

S1(x) =
3

π2

3
√

x2

(

ζ

(

4

3

)

+ O

(

1
6
√

x

))

+ O(
√

x lnx) =

=
3

π2
ζ

(

4

3

)

3
√

x2 + O(
√

x) + O(
√

x lnx),

so we have proved that

S1(x) =
3

π2
ζ

(

4

3

)

3
√

x2 + O(
√

x lnx).
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Let S2(x) =
∑

k≤x
k powerful

c2
k.

Theorem 2. We have the relation

S2(x) =
x

3
+ O(

6
√

x5).

Proof: Using the same 
ounting method as in Theorem 1, it results that

S2(x) + 1 =

[
√

x]
∑

s=1

(

f2
1 + f2

2 + . . . + f2

Q
“

3
√

x
s2

”

)

.

Using (3) we 
an write

f2
1 + f2

2 + . . . + f2
n =

π4

36
·
n(n + 1)(2n + 1)

6
+ O(

n
∑

k=1

k
√

k).

Using Stolz's Lemma, we obtain

n
∑

k=1

k
√

k ∼
2

5
n2

√
n,

therefore

f2
1 + f2

2 + . . . + f2
n ∼

π4

36
·
n(n + 1)(2n + 1)

6
+ O(n2

√
n).

We have this far obtained

f2
1 + f2

2 + . . . + f2

Q
“

3
√

x
s2

” ∼
π4

3 · 62
·

63

π6
·

x

s2
+ O

(

6

√

( x

s2

)5
)

;

Sin
e the series
∑

1
s5/3 
onverges,

S2(x) =
2

π2
· x

[
√

x]
∑

s=1

1

s2
+ O





6
√

x5

[
√

x]
∑

s=1

1

s5/3



 =
2

π2
· x

[
√

x]
∑

s=1

1

s2
+ O(

6
√

x5). (7)

Now

0 < ζ(2) −
[
√

x]
∑

s=1

1

s2
=

1

([
√

x] + 1)2
+

1

([
√

x] + 2)2
+ . . . <

<
1

(
√

x)2
+

1

(
√

x + 1)2
+ . . . <

1
√

x − 1
−

1
√

x
+

1
√

x
−

1
√

x + 1
+ . . . = O

(

1
√

x

)

,

(we have used that x < [x] + 1 for all x and 1
x2 < 1

x−1 − 1
x for x > 1).
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Therefore,
[
√

x]
∑

s=1

1

s2
= ζ(2) + O

(

1
√

x

)

. (8)

We now use (8) in (7), and obtain

S2(x) =
2

π2
· ζ(2)x + O(

√
x) + O(

6
√

x5) =
2

π2
·
π2

6
x + O(

6
√

x5).

Therefore,

S2(x) =
x

3
+ O(

6
√

x5).

Let S3(x) =
∑

k≤x
k powerful

1
ck

.

Theorem 3. We have the relation

S3(x) = M
√

x + O(lnx), where M =
ζ

(

5
2

)

ζ(5)
.

Proof: We will use the �rst method of 
ounting the powerful numbers that do

not ex
eed x. For a given squarefree f that does not ex
eed 3
√

x, we 
onsider the

following powerful numbers:

f3 · 12, f3 · 22, . . . , f3 · k2, where k =

[√

x

f3

]

.

For ea
h one of these numbers, the least positive integer that multiplied to it gives

a square is f . Therefore, in the sum S3(x) every squarefree f appears
[
√

x
f3

]

times. Taking into a

ount that 1 is not a powerful number we obtain:

S3(x) =
∑

f≤ 3
√

x
f squarefree

1

f

[√

x

f3

]

− 1.

Sin
e x − 1 < [x] ≤ x, it follows that

∑

f≤ 3
√

x
f squarefree

1

f

(√

x

f3
− 1

)

− 1 < S3(x) ≤
∑

f≤ 3
√

x
f squarefree

1

f

√

x

f3
,

so

√
x ·

∑

f≤ 3
√

x
f squarefree

1

f2
√

f
−

∑

f≤ 3
√

x
f squarefree

1

f
− 1 < S3(x) ≤

√
x ·

∑

f≤ 3
√

x
f squarefree

1

f2
√

f
. (9)
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We will evaluate ea
h of the sums in (9).

In the �rst pla
e we have

∑

f squarefree

1

f5/2
=

∏

p prime

(

1 +
1

p5/2

)

=
∏

p prime

(

1 − 1
p5

)

(

1 − 1
p5/2

) =
ζ

(

5
2

)

ζ(5)
= M.

It is easy to prove that there exists a positive number k su
h that

1

(x + 1)5/2
< k

(

1

(x + 1)3/2
−

1

(x + 2)3/2

)

for all x ≥ 0,

so we obtain

0 < M −
∑

f≤ 3
√

x
f squarefree

1

f5/2
≤

1

([ 3
√

x] + 1)5/2
+

1

([ 3
√

x] + 2)5/2
+ . . . <

< k

(

1

([ 3
√

x] + 1)3/2
−

1

([ 3
√

x] + 2)3/2
+

1

([ 3
√

x] + 2)3/2
− . . .

)

= O

(

1
√

x

)

.

Therefore,
∑

f≤ 3
√

x
f squarefree

1

f5/2
= M + O

(

1
√

x

)

. (10)

Se
ondly, we have

0 <
∑

f≤ 3
√

x
f squarefree

1

f
<

∑

t≤ 3
√

x

1

t
= O(ln 3

√
x) = O(lnx),

so
∑

f≤ 3
√

x
f squarefree

1

f
= O(lnx). (11)

Considering (10) and (11),(9) leads to:

M
√

x + O(1) + O(ln x) − 1 < S3(x) ≤ M
√

x + O(1).

We have thus proved that

S3(x) = M
√

x + O(ln x).



256 Vlad Copil and Laurenµiu Panaitopol

The last result presented here gives an estimation of the produ
t of the terms

of the sequen
e (ck)k≥1.

Let P (x) =
∏

k≤x
k powerful

ck.

Theorem 4. We have the relation

P (x) = ea
√

x+O( 3
√

x ln x),

where a =
∑

f squarefree

ln f
f3/2 .

Proof: Using the same 
ounting method as in Theorem 3, we obtain

P (x) =
∏

f≤ 3
√

x
f squarefree

f

»

q

x
f3

–

,

therefore

lnP (x) =
∑

f≤ 3
√

x
f squarefree

[√

x

f3

]

ln f.

Taking into a

ount that x − 1 < [x] ≤ x for all x, this leads to

√
x

∑

f≤ 3
√

x
f squarefree

ln f

f3/2
−

∑

f≤ 3
√

x
f squarefree

ln f < lnP (x) ≤
√

x
∑

f≤ 3
√

x
f squarefree

ln f

f3/2
. (12)

Sin
e a =
∑

f squarefree

ln f
f3/2 and the fun
tion g(x) = ln x

x3/2 is de
reasing for x >

e2/3, we have

0 < a −
∑

f≤ 3
√

x
f squarefree

ln f

f3/2
<

ln([ 3
√

x] + 1)

([ 3
√

x] + 1)3/2
+

ln([ 3
√

x] + 2)

([ 3
√

x] + 2)3/2
+ . . . <

<
ln 3

√
x

x3/2
+

ln( 3
√

x + 1)

(x + 1)3/2
+ . . .

Taking into a

ount that there exists a positive number k su
h that

ln y

y3/2
< k

(

1
3
√

y − 1
−

1
3
√

y

)

for all y ≥ 2,

we obtain
∑

f≤ 3
√

x
f squarefree

ln f

f3/2
= a + O

(

1
√

x

)

(13)
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Sin
e

lnn! ∼ n ln n,

we obtain

0 <
∑

f≤ 3
√

x
f squarefree

ln f ≤
∑

n≤ 3
√

x

lnn = ln[ 3
√

x]! ∼ 3
√

x ln 3
√

x = O( 3
√

x lnx).

Therefore,
∑

f≤ 3
√

x
f squarefree

ln f = O( 3
√

x lnx). (14)

From (12), (13) and (14) we derive that

a
√

x + O(1) + O( 3
√

x lnx) < lnP (x) ≤ a
√

x + O(1),

so

P (x) = ea
√

x+O( 3
√

x ln x).
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