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A sequence attached to powerful numbers

by
ViAD COPIL AND LAURENIU PANAITOPOL

Abstract
For every powerful number k, let ¢, be the least positive integer such

that kcp is a square. We give asymptotic estimations for several series
whose terms depend on the sequence (¢x)k>1, from which we mention

ek = %C (%) w2+ O(y/xlnz).

k<zx
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A positive integer is said to be powerful if it is divisible by the square of each of
its prime factors.

In a recent paper [1], we considered for each positive integer m the least
positive integer b,, such as mb,, is a square, and we studied the properties of the
sequence (b, )m. In this paper, we will study some properties of the subsequence
of (byn)m associated to the powerful numbers.

We will use throughout the paper the result of Gegenbauer [2]:

Q) =~ + O(V),

where Q(z) denotes as usual the number of squarefree positive integers less or
equal than z.

Golomb [3] proved that every powerful number can be written in an unique
manner as n?m?> where m is squarefree.

Let (fn)n>1 be the sequence of the squarefree numbers. The powerful numbers

that do not exceed x, can be organised as follows:

JEOIR 32 fE 2, where Jy = {,/;3}
1
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312 f5 2% 3 k2, where/@:[

[ S

| I

312 f3.92 3 g2 wherekL—[

L denoting the value Q (/7).
Let us denote by K (x) the number of powerful numbers that do not exceed
x. Since f{ - 12 = 1, which is not a powerful number, we obtain:

> { % = K(z)+1. (1)
<V

f squarefree

The same powerful numbers can be counted in a different way:

X
I SO0 S OO LR whereth(3 12);

N
22~ff’,22-f23,...,22-f,§2, Wherehng(3 22);

we thus obtain

ZQ<3;)K(:C)+1. (2)
i<V
For each powerful number k let ¢, be the least positive integer such that kcy
is a square. Since every powerful number k can be written as n%m%, with my
squarefree, it follows immediately that cp = my.
We will now prove some properties of the sequence (cj)r>1-
Let Si(x)= > ¢

k<x
k powerful

Theorem 1. We have the relation

3 4
Si(z) = = (3> Va? + O(Vznx).
™
Proof: The sum S;(x) counts all the squarefree ¢, corresponding to the powerful
numbers k that do not exceed x. We will count these terms using the second
method described before. Taking s a positive integer that does not exceed /z,

52 is a factor for the following powerful numbers not exceeding z:

2 3 .2 43 2 43 i
sTf1 st fy st fhs WherehS:Q(3 52)
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Each of these numbers corresponds to a squarefree term in Sy (x). Therefore

Sﬂ@+1:§%(ﬁ+ﬁ+.“+ﬁx3$07

s=1 2

(we have added 1 to Sy because in the sum on the right hand side appears the
term fi for s = 1, which does not correspond to any powerful number in Sy).
Using Gegenbauer’s result

Q(n) = yn + O(V),

and taking x = f,, we obtain

n=Q(f.) = %fu +0(\/JTn)a 80

2

T
fn = Fn"i_o(\/ fn)
It follows that

fn o~ En, SO

Putting all the above together, we get
2
fo="gn+0n). (3)
Using (3), we obtain
2
1
ﬁ+ﬁ+m+h=%ﬁ@;l+OWﬂw@+“+ﬁﬁ

Using Stolz’s Lemma we obtain
- 2
Z \/E ~ gn\/E7
k=1

SO

2

1

2
fitfot ot fu= Z+omwﬁ
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SO
3 V7] 1 (V] 1
3
Taking into account that
4 — 1
(3)=- o
s=

and since is is easy to prove that there exists a positive number h such that

1 h ! ! fi >1
@t " \G B T @) TS

we derive that

1 W 1 1
0“(3);14/3 (VEESVERE (VR CR

1 1
<t (e ~ s o

- ! — ! - )—
(Wal+ D3 (Val+2)t3 )

(V]
1 4 1
Y =<(5) 0 (5) ©)
On the other hand, the relation
(V] 1
> ~=0(n Vz) = O(Inx) (6)

s=1

Therefore,

is well known.

Using (5) and (6) back in (4), we derive

Si(z) = %%? (c (g) 0 (%)) +O0(Wznz) =

= 5¢(3) ¥ + o) + o),

72>\ 3

so we have proved that

Sy (z) = %g (g) Va2 + 0z ).
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Let So(x) = Y. ¢l
k<x
k powerful
Theorem 2. We have the relation
So(z) = g +O(Va5).

Proof: Using the same counting method as in Theorem 1, it results that

V7]
So(z)+1= 2424 40 )
2() ; <f1 /5 fQ({’/Iz)
Using (3) we can write
4 n
9 9 s ™ nn+1)2n+1)
= . kVE).
it +hi=5 : +O(k§::1 Vk)
Using Stolz’s Lemma, we obtain
k=1
therefore
4
+1)2n+1
ff+f§+...+f3~%.”(” )6( nH D L om2va).

We have this far obtained

2 2 2 m @ﬁ o[ (Z)) .
f1+f2+~-~+fQ(%/SIQ>N3.62'W6 32+O< (32)>’

Since the series Y -5 converges,

5 VA Vo o VA
Sz(x):p~mzs—2+0 VEZ@ :ﬁ-xZS—QJrO( z5).  (7)

s=1 s=1 s=1
Now

[Val
1 1 1
0<{(2)— — = + +...<
CED P NOESVAE Wors:

S S N S S - —O<1>
L R VN BV N RS RN

(we have used that z < [2] + 1 for all z and 5 < -1 — L for 2 > 1).
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Therefore,
lval 1 1
X560 () ®
We now use (8) in (7), and obtain
Sale) = 25 - C(2)a +O(Va) + O(Vad) = 2 %QHO(\G/;S).

Therefore,

Sa(a) = 5 +O(Va?).

Let S3(x) = > i
k<x
k powerful

Theorem 3. We have the relation

_ _<(3)
S3(z) = My/x + O(Inx), where M = C(g) :

Proof: We will use the first method of counting the powerful numbers that do
not exceed z. For a given squarefree f that does not exceed /x, we consider the
following powerful numbers:

[x
212322 2k Wherek:{ F .

For each one of these numbers, the least positive integer that multiplied to it gives
a square is f. Therefore, in the sum S3(z) every squarefree f appears {, /%]

times. Taking into account that 1 is not a powerful number we obtain:

1 T
Sa(z)= Y [ -1
<z / f3

f squarefree

Since z — 1 < [z] < z, it follows that

1 1
S op(p)esws £ op/E

<Yz F<¥
f squarefree f squarefree
SO
1 1 1
V- Z U Z ?—1<S3($)§\/§' Z 2V (9)
<V <Yz <=

f squarefree f squarefree [ squarefree
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We will evaluate each of the sums in (9).
In the first place we have

s e I (o) I -5 -w

1
f squarefree p prime p prime (1 - p5/2> C< )

It is easy to prove that there exists a positive number k such that

1 <k 1 B 1
(z+1)5/2 (x+1)32  (x+2)3/2

) for all z > 0,

so we obtain

1 1 1
R D BV FOE N

f squarefree

<h <([€/ﬂil)3/2 - ([\3/3?112)‘“’/2 T A 12)3/2 > —¢ <\/1§> '

Therefore,

1 1

S —M+0 () . (10)
f%i 1o Ve
I sqaarcfrcc

Secondly, we have

0< Z % < %:O(ln{‘/;c):O(lnm),

F<Y t< ¥z
f squarefree

SO

<z
f squarefree
Considering (10) and (11),(9) leads to:
Myz+0(1)+O0(nz) —1 < S3(z) < My/z+ O(1).
We have thus proved that

Ss5(x) = My/z + O(lnz).
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The last result presented here gives an estimation of the product of the terms
of the sequence (cg)g>1-

Let P(z)= [ .
k<z
k powerful

Theorem 4. We have the relation

P({E) _ ea\/iJrO(%lnw)’

where a = Y }r;/; :

f squarefree

Proof: Using the same counting method as in Theorem 3, we obtain

o= I VL

<z

f squarefree

therefore

mP@)= > {}émf.
<z

f squarefree

Taking into account that  — 1 < [z] < x for all z, this leads to

vz Y ﬁ—/];— Y If<hP@<vz > }I;—f; (12)

<z <z f<Vz
f squarefree f squarefree f squarefree
Since a = > h.;/; and the function g(z) = ;2;‘2 is decreasing for z >
f squarefree
e2/3 we have
1 In([¢ 1 In([¢ 2
0<a— Y Wf_ mvalrD) (Ve L)
e P a1 ([l +2)%2
f sqaarcfrcc
InJ/xr  In(Jx+1
¢, n(fEt1)
PIER PR V7P
Taking into account that there exists a positive number & such that
Iny 1 1
e <k(\3/y71_\3/§) for all y > 2,
we obtain

In f 1
= o) R

f squarefree
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Since
Inn! ~nlnn,
we obtain
0< Y Inf< > n=W[{a)'~ JznJz=0(Jrz).
<Yz n< Yz
f squarefree
Therefore,
> Inf=0(rhaz). (14)
<Yz

f squarefree

From (12), (13) and (14) we derive that
avz +0(1) + O(Yrlnz) < InP(x) < avz + O(1),

SO
P(I) _ ea\/i—i-O( Yz In )
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