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Existence of positive solutions for (p(z),¢(z)) Laplacian system

by
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Abstract

We consider the system of differential equations

=Apyu =N g(@)a(u) + it e(z) f(v) in Q,
(P)d ~Dawv =N g@)b(v) + pe(w)h(u) i 0,
u=v=0 on 0f,

where Q C RY is a bounded domain with C? boundary 99,1 < p(z),q(x) € C*(Q)
are functions, the operator A, yu = div(|Vu|P®~2Vu) is called p(z)-Laplacian Aq, A2,
w1 and pp are positive parameters and g, ¢ are continuous functions and f, h,a,b are C*
nondecreasing functions satisfying f(0), h(0),a(0),b(0) > 0. We discuss the existence of
positive solution via sub-super solutions.
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1 Introduction

The study of differential equatons and variational problems with variable exponent has been a
new and interesting topic. It arises from nonlinear elasticity theory, electrorheological fluids,
etc.(see [3, 10, 13]). Many results have been obtained on this kind of problems, for example
[1, 3, 4, 5, 6, 9]. In [2], the authors discussed the existence of at least one positive solution of
the system

—Apzyu = M@ F(z,u,v)  in Q,

M —Apyv = N@G(z,u,v)  in Q,

u=v=0 on 0f),

where p(z) € C1(Q) is a function, F(z,u,v) = [g(x)a(u)+ f(v)], G(z,u,v) = [g(x)b(v)+h(u)], A
is a positive parameter and Q C R" is a bounded domain. But in the present paper we extend
the problem (I) to problem (P). In this paper, we mainly consider the existence of positive weak
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solutions for the problem (P) and we have proved the existence of at least one positive solution
for the problem (P).

To study p(x)-Laplacian problems, we need some theory on the spaces LP(*) (),
WLP)(Q) and properties of p(x)-Laplacian which we will use later (see [5, 11]). If @ € RV is
an open domain, we write

Ci()={h:heC),h(z)>1 for z €}

ht =suph(x), h~ = inf h(z), for any h € C(Q).
€N €N

Throughout the paper, we will assume that:
(Hy) © C RY is an open bounded domain with C? boundary 95.
(Hs) p(z),q(x) € CH() are functions and 1 < p~ < pt and 1 < ¢~ < ¢*.

(H3) a,b, f,h:[0,00] = R are C', nondecreasing functions such that f(0),(0),a(0),b(0) > 0
and limy,— 4 o0 a(u) = limy,— 400 b(u) = limy— 400 f(u) = limy, 400 h(u) = +00.

(Hy) tim TM (h(u)) &= 1]

u—~+00 uP - 1

=0, VM >0.

(Hs) g,c:Q — [1,00] are continuous functions such that

A; = min g(r), Az =maxg(r), Bi=minc(z), By=maxc().
ze Q) ze Q) ze Q) ze Q)

(Hs) lim L T )

u—+oo P~ —1 u——+oo P~ —1

2
B

=0.

Definition 1. If (u,v) € (Wol’p(m)(Q),WOl’q(w)(Q)), (u,v) is called a weak solution of (P) if it
satisfies

Jo IVulP®)=2Vu - Vpde = fo W g(x)a(u) + 1 e(z) f(v)pdz, ¥ ¢ € Wy (),

o IV0|1® =290 - Vpda = [, A g(2)b(v) + pdP (@) h(u)ypde, ¥ ¢ € Wy O (Q).

Lemma 1. (Comparison Principle).
Let u,v € WP (Q) satisfying Au — Av > 0 in (Wol’p(x) ())*, o(z) = min{u(x) — v(x),0}. If
o(x) € Wol’p(z)(Q)(i.e.u > v on NQ), then u > v a.e. in Q.

Here and hereafter, we will use the notation d(x, 0Q2) to denote the distance of « € € to the
boundary of Q.
Denote d(z) = d(x,00) and 9, = {z € Q | d(z,00) < €}. Since 9Q is C? regularly, then
there exists a constant § € (0, 1) such that d(z) € C%(0035), and |Vd(z)| = 1.
Denote

'yd(x)’ d(.’E) < 5,
z _ 2 + + 2
vi(a) = v+ [ (BT (N A+ By dt, 8 < d(x) < 25,

76+ [0 (2t (A Ay + BT, 26 < d(x).
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Obviously, 0 < vy (x) € C1(2). Considering
“Appw(r)=n nQ, w=0 ondQ, (1)
we have the following result

Lemma 2. (see [7]). If positive parameter n is large enough and w is the unique solution of
(1), then we have
(i) For any 0 € (0,1) there exists a positive constant Cy such that

1
CynrF-1+o¢ < maxw(x);
z€Q

(i1) There exists a positive constant Co such that

1
max w(z) < Conr~ -1
z€Q

2 Existence results

In the following, when there be no misunderstanding, we always use C; to denote positive
constants.

Theorem 1. On the conditions of (H1) — (Hg), then (P) has a positive solution.

Proof: We shall establish Theorem 1 by constructing a positive subsolution (®1,®3) and su-
persolution (z1, 22) of (P), such that ®; < z; and ®5 < z5.

According to the sub-supersolution method for p(z)-Laplacian equations (see [8]), then (P) has
a positive solution.

Step 1. We construct a subsolution of (P).

Let o € (0,6) is small enough. Denote

ek _ 1, d(z) < o,
@) 20 —t, 2
dr(e) = 71 +/ ket (S5—)7 dt, o <d(x) <25,
= . e
ekr — 14 ” kek"(Ls —! )P*%ldt 26 < d(x)
- 20 — o ’ - '
ek — 1, d(z) < o,
(=) 25—t _2
¢2($) _ eka —1 +/ :I'Ceko-(Q(si)qifldt7 g S d(l’) < 257
= : s
ho 1 /26 ket (P20 P 95 < d()
- 20 — o ’ - ’

It is easy to see that ¢1, ¢y € C1(). Denote

o — min { infp(z) — 1 inf g(x) — 1 }
A(sup [Vp(z)[ +1)" 4(sup [Vg(z)| + 1)
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By computation
—k(kekd@)P@=1 [(p(z) — 1) + (d(z) + BE) VpVd + §4], d(z) <o,

{251_0 At - (35=2) [ In ek (33=2) ”“1) VpVd + Ad} }
2p@) -1 4

x (keko )P -1 (gg:g) U o <d(z) < 26,

0, 26 <d(x).

_Ap(:r) ¢l =

From (Hjs) and (Hy), there exists a positive constant M > 1 such that

FM—1)>1, h(M—-1)>1, a(M—1)>1, b(M —1) > 1.
Let 0 = %lnM, then
ok =InM. (2)
If k is sufficiently large, from (2), we have
—Apzyt1 < —kP@a,  d(z) < o. (3)
Let ka = (A Ay + p1By), then

JRICOPN > —()\f(m)/h + uf(z)Bl)

from (3), then we have
~Bymdr < N A+ By < X g(@)a(on)+i8el@) [(92), d(a) <o (4)
Since d(z) € C?(0Q3s), then there exists a positive constant C3 such that

2@ -1 4

—Apy$1 < (kek)p@=1 (%> e

H (252(])((:;)@_1) - (;gff) Klnke’” (sg_g_) VpVd + Ad

< C3(kek)yP@=1nk, o <d(x) < 24.

|

If k is sufficiently large, let ko = (A1 A1 + p1B1), we have
Cs(keF )P Ink = C3(kM)P@ 1 Ink < NP@ 4y 4+ 12 B,

then
—Apz)¢1 < N A+ 1PB o < d(x) < 26.

Since ¢1(x) > 0 and a , f are nondecreasing, then we have

Ayt < N g(@)a(dn) + PP e(@) f(da), o < d(z) < 26. (5)
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Obviously
~Apydr =0 < MDA + 18D B < NP g(@)a(ér) + ' Pe(x) f(d2), 20 < d(x). (6)

Combining (4), (5) and (6), we can conclude that

—Ap)P1 < )\f(z) (z)a(er) +,u1 ( Vf(d2), a.e.on Q. (7)
Similarly
—Dgz)P2 < )\q( %) g(x)b(p2) +,u2 ( Ya(g1), a.e. on Q. (8)

From (7) and (8), we can see that (¢1, ¢2) is a subsolution of (P).
Step 2. We construct a supersolution of (P).
We consider

Ap(w ()‘Zl): A2 + Hﬁ): BQ),U‘ N . in Qv
—Ayayz2 = (A3 Az +p3 Bz)h<5 [O\zf Ay + BQ)MD in Q,
z1=29=0 on 0,

where § = /3(()\’1’+ As + ,ulf+ Bo)p) = max,eq z1(x). We shall prove that (21, 22) is a supersolu-
tion for (P).
From Lemma 2, we have

1

max z1(z) < Cy I:()\Zl)+A2 + uzljJng)u} v
e

and

1

magra(e) £ Co 0 A B ([OF7 42 4 B )

For ¢ € Wol’q(w)(Q) with ¢ > 0, it is easy to see that

/ IV 2|22V 25 Vipdar > / A;”AZh(ﬁ[(A€+A2+Mf+32)ub¢dm+ / 18 Boh(zy)dz.  (9)
Q Q Q

Since lim
u—+00 uP - 1

then we have

= 0, when p is sufficiently large, combining Lemma 2 and (Hg),

h(B[OF A+t Boju] ) > b(z) (10)

Hence

/‘VZQ‘Q<£)_2VZQ'V’¢CZ.’I}Z/)\(21+g($)b(22)1/}d$+/ u‘;c(m)h(zl)wdx. (11)
Q ) Q
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Also
/Q V21 P72V 2 - Vipda = /Q(Mffh + 1 By)ppdz

By (Hy), (Hg), when u is sufficiently large, combining Lemma 2 and (Hg), we have

1 rt
O st Bou > (B Ae 4 Boju]) = M Asa(ea) + 4t Baf(22)

Then
/Q|Vzl|p(“')_2v,zl-Vg0dm2 /Q)\Tg(x)a(zl)gpdm+/Quf+c(x)f(22)<pdx. (12)

According to (11) and (12), we can conclude that (z1, z2) is a supersolution for (P).
It only remains to prove that ¢; < 21 and ¢ < 2.
In the definition of vy(z), let v = 2(max,cq ¢(z) + max,cq [Vid(z)]). We claim that

d1(x) <wvi(x), Voe. (13)
From the definition of vy, it is easy to see that

d1(x) < Zmaé( o1(z) <wvi(x), when d(z) =20,
e

and
¢1(z) < 2max ¢1(z) < wvi(z), when d(z) > 0.

€N
It only remains to prove that
¢1(x) <wvi(x), when d(z) <.
Since v — ¢ € C1(9Qs), then there exists a point x¢ € 90 such that

vi(zo) — d1(xo) = min_[vy () — d1(2)].

1063795
If vy (x0) — ¢1(xp) < 0, it is easy to see that 0 < d(xg) < ¢, and then
V’Ul (130) - V¢1 (1’0) = 0.

From the definition of v1, we have
2
[Vor(2o)| = v = 5 (max i (z) + max [Vor(z)]) > [V (zo)].
zeQ zEQ

It is a contradiction to Vi (zg) — V1 (xg) = 0. Thus (13) is valid.
Obviously, there exists a positive constant C4 such that

v < Cy(M1 + p1)-
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Since d(z) € C%(0Q3s), according to the proof of Lemma 2, then there exist positive constant

C5, Cg such that

—Apyvi(r) < CAP@) =1+ < o \P@) =140 C’6,u1f(w)71+0, a.e. in Q, where 6 € (0,1).

When 7 > /\If+ + /flﬁ is large enough, we have
—Apyvi(z) <.
According to the comparison principle, we have
v (z) <w(z), Ve
From (13) and (14), when n > )\’f+ + /ﬂf+ is sufficiently large, we have
o1(x) <wvi(z) <w(x), Vel
According to the comparison principle, when g is large enough, we have
vi(z) <w(z) < z(zx), Vre
Combining the definition of v1(z) and (15), it is easy to see that

$1(2) <vi(z) <w(x) < 2 (x), Ve

When g > 1 and A + p1 is large enough, from Lemma 2, we can see that ﬂ[(/\’f+ As 4—,111134r Ba)u)
is large enough, then (/\?’f+ Ay +le,+ Bg)h(ﬁ {(A{r A +u’1’+ Bg)uD is large enough. Similarly, we

have ¢2 S z9.
This completes the proof.

3 Asymptotic behavior of positive solutions

0

In this section, when parameters A1, u1, Ao, o — +00, we will discuss the asymptotic behavior of
maximum of solutions about parameters A1, 111, A2, p2 and the asymptotic behavior of solutions

near boundary about parameters \i, pi1, A2, ts.

Theorem 2. On the conditions of (Hy) — (Hs), if (u,v) is a solution of (P) which has been

given in Theorem 1, then
(i) There exist positive constants Cy and Co such that

1

+ + pre——

Oy (M) < maxu(z) < G, (A7 Aotpll Bo) ™
xe

zeQ

Cr(A1+p1) < maxo(r) < 02{(/\§+A2+H3+32)h(02 {ATAﬁHTBz)#} o

(16)

(17)
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(#i) for any 6 € (0,1), there exist positive constants C5 and Cy such that

Co(i+p)d(@) < u(@) < Co((WF Azt Bo)u) ™ (d(@))’,  as d(x) -0, (18)

Cs(Mi + p)d(z) < v(@) < 04{@3*,42 + g Ba)h(Ca | Ao+ it B )}
as d(z)— 0,
where p satisfies (10).

Proof: (i) Obvipusly, when 26 < d(z), we have

2 20 —t\;=7 - (MAL+mB) [P /20 —t\ =
N _ ke ko e >;ﬂl1/ 1
u(z) > ¢i(z)=e 1+/J ke (25,(7) = a " M(Zéfa) dat
2 20 —t\ =7 . (MAL+mB1) [ /20 —t\ =7
N _ ko _ ko a7 -1 i = 151) -1
v(x) > ¢a(x)=c¢ 1—&-/(7 ke (25—0) Z a i M(Q(S—g) dt

then there exists a positive constant C such that

Cy(AM1 4+ p1) <maxu(xz) and Cy(A + p1) < maxov(z)
e z€Q
It is easy to see

1

u(z) < zi(x) < maé(zl(x) <0y (()\11)+A2 . u117+B2):“) P
rE

then

1

max u(z) < Cy ((A€+A2 + Mf+B2)M) o
e

Similarly

+ + + + —=\ ) 1
meaécv(m) < CQ{()\% Ag + g Bz)h<02 [()\f Ay + 1} Bg),u} ¢ )}
Thus (16) and (17) are valid.
(#4) Denote

vs(@) = a(d(x))’, d(z) <p,

where 6 € (0,1) is a positive constant, p € (0,8) is small enough. Obviously, vs(z) € C*(€,).
By computation

~Apayvs(@) = —(aB)PD7HO — 1)(p(x) — 1)(d(2)) VPO DL 4 1M(2)),  d(z) < p,

where
(VpVd)In b (VpVd)Ind i d Ad

S (Ve R R e e M
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1

Let o = %Cg ((A’l’+ A+ ,quJr Bg)u) """ where p > 0 is small enough, it is easy to see that

(a)p(x)*l > ()\’1’+A2 —|—,u’f+Bg),u and |I(z)| <

| —

when p > 0 is small enough, then we have
Pt Pt
—Apyvs(z) = (N} Az +py Ba)p.

Obviously vz(x) > 2z (x) on 09,. According to the comparison principle, we have vs3(x) > z(z)
on Q,. Thus

+ + 1
u(@) < Ca((N) Az + . Ba)p) =1 (d(2))’, as d(x) = 0.
1
1 V)@ -
Let a = pC’g{()\g+A2 + Mg+B2)h<CQ [(/\’1’+A2 + M§+B2)M:| ! 1)} 1, when p > 0 is small
enough, it is easy to see that

1

(@71 = (A" Ag + g Bl (Co| (N + ik By ).

Similarly, when p > 0 is small enough, we have

1

mmsaﬁguﬂwf&mwﬁwuﬂw?&ﬂf1ﬂq‘ as d(x) — 0

Obviously, when d(z) < o, we have
w(z) > ¢y (z) = F® —1 > C5(Ay + ) d(z).

v(z) > do(x) = @ — 1> C5( N + pa)d(2).
Thus (18) and (19) are valid. This completes the proof. O
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