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Abstract

The S, representation theory for the Kriz model for configuration spaces of 2,3 and 4
points on Riemann surfaces is studied. Betti numbers are computed for the ordered and
unordered configuration spaces of the torus and surfaces of higher genus.
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1 Introduction
The ordered configuration space of n points F'(X,n), of a topological space X is defined as
F(X,n) ={(z1,22,...,2,) € X" | x; # x; for i # j}.

The symmetric group on n letters S,, acts freely on F/(X,n) and its orbit space, denoted C (X, n),
is called the space of unordered configurations of n points on X. In this paper we are interested
in computing the Betti numbers of the ordered and unordered 2 and 3-point configuration space
of Riemann surfaces X = T?, M, of genus g > 1 and also the Betti numbers of C(T?,4). 1. Kriz
[9] constructed a rational model E(X,n) for F(X,n) which is quasi-isomorphic to the model
related to Fulton-MacPherson’s compactification [7] of F(X,n), for any complex projective
smooth variety X (dimcX = m).

We describe the Kriz model in the case of Riemann surfaces. Let the well-known cohomol-
ogy bases for T? and M, be ordered as follows, Bp«ry ={l <a<b<w} and Bg-m,) =
{I<a <...<ayg<b <...<by <w} with generators a,b,{a;}_,,{b;}{_, in degree one
and w denoting the fundamental class in both cases. The relations are given by ab = w = —ba
and a;bj = dijw = —bja;. Let p; : H*(X) — H*(X") and pj; : H*(X?) — H*(X") for i # j
be pullbacks of the projections p; and p;;. As an algebra E(X,n) is isomorphic to the exterior
algebra on generators G;;, 1 < 4,7 < n, and G;; are of degree 1, with coefficients in H*(X)®"
modulo the following relations:
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Gji = Gy
p;(@)Gi; = pi(x)Gij, (i <j), z € H*(X)
GiGjr = GG — GGk, (i<j<k).

The differential d is given by
d‘H*(X)@n =0 and d(G,’j) = p:j(A),

where A is the class of the diagonal:

A= 1Quw+b®a—a®b+w®l € H*(T?*Q)®?,
g 9

A= 10w+ Y b®a—> ;@b +w®l € H*(M,;Q)%2,
i=1 i=1

The Kriz model (E(X,n),d) is a differential bigraded algebra (DGBA), the exterior degree is
given by the number of exterior generators G';, and the second degree is given by the total
degree of the monomial. We denote by EZ;(X ,m) or simply E(’; the bigraded component of the

Kriz model with total degree k and exterior degree ¢; the multiplication E(l; ®E§,/ — Es_tf,/ is

homogeneous and the differential d : E(’; — E(’;fll has bidegree (ﬂ) Using the bigrading we
will write the double Poincaré polynomial as Pg-(p(x n))(t,s) = Zk’qzo(dim E(’;)tksq. Fixing
an ordered basis of H*(X;Q) for any X, Bezrukavnikov [2] described a monomial basis for the
Kriz model:

{{L‘hl @ Th, ® ... ®xhnGi1j1Gi2j2 .. 'qujq | ta < Ja, Th, = 1if Ay, =Jr 1 <r< q}

where xj,, are monomials in the ordered basis of H*(X;Q) and 1 < j; < ja < ... < j, <n. All
monomial bases considered in this paper are of this form.

The group S,, acts on the Kriz model by DGBA automorphisms, the S,,-action on E(X,n)
(see [7],]9]) is defined as:

(Y (wn,) - - pn (@0, )G L) = Pr) (@hy) - Doy (T0,)) Gr(rym(2)

for any 7 € S,,. Using standard notation (see [6]) the irreducible S,,-module corresponding to
partition A  n is denoted by V' (\). The action leaves bihomogeneous components E(’; invariant;

its isotypical component corresponding to the partition A of n will be denoted by E,’;(V()\)).
The symmetric Poincaré polynomial for F(X,n) is defined as the formal sum with polynomial

coefficients
SPpix.m(ts) =Y (Y mh\ths)V (),
An kg

where m’; 4 is the multiplicity of the irreducible representation V'(A) in the bigaraded compo-

nent of cohomology Hff = HJ (F(X,n)).

In [3], Bodigheimer and Cohen calculated the rational cohomology of unordered configura-
tion spaces of a surface with one puncture. Fairly recently, the integral cohomology of punctured



Cohomology of configuration spaces of surfaces 35

surfaces was studied by Napolitano in [10], from the stability point of view. Brown and White
[5] computed the Betti numbers of F(X,3) for X-an orientable surface, and as an application
gave a lower bound for the number of equilibrium positions for equally charged particles on
a surface. The cohomology algebras of ordered configuration spaces of spheres with integral
coefficients were computed by Feichtner and Ziegler in [8]. In this paper we describe the sym-
metric structure of the cohomology H*(F(M,,n)) and we also obtain the Betti numbers for the
unordered configuration space as the S,-invariant part of the rational cohomology of F/(Mg,n).
The bigraded cohomology groups of the exceptional case g = 0, H(F(S%,n)), are computed in
[1].

In section 3 we describe the Sy-structure of the Kriz model for M, (g > 1) and obtain the
symmetric Poincaré polynomial for F'(M,g, 2):

Proposition 1. The symmetric Poincaré polynomial of F(M,,2), g > 1, is given by
SPr+(r(m, 2)(ts) = (14 2gt + (29° — 9)*)V(2) + (29t + (207 + g + E* + 29*)V(1,1).

In section 4 we fully describe the Ss-structure of E(M,,3) for ¢ > 1 and compute the
differentials for subcomplexes corresponding to each isotypical component V(3) and V(2,1)
separately, to obtain the following:

Theorem 2. The symmetric Poincaré polynomial for F(Myg,3)) for g > 2 is:
SPy-(p(m, 3))(s:t) = [1+2gt + (29% — 9)t* + 2(2¢° — 3¢% + 4g)t*+
+((29% + g + 1)t +2gt1)s] V(3)+
+[2gt + 4g%t* + 2(4¢® — 9)t3|V(2,1)+
+[(29% + 9)t? + 2(2¢° + 39> + 49)t> + (29> + g)t*] V(1,1,1).
For g =1 we have:

SPy(rr2,3)(5,1) = (1+)%(1+2st)V(3) + 2t(1 + ¢)?V(2,1) + 3t*(1 + £)*V/(1,1,1).

Lastly, computations for the unordered configuration space of four points on a Riemann
surface of genus one give:

Proposition 3. The double Poincaré polynomial of the unordered 4-point configuration space
of T? is:
Precmz,ay(s,t) = 1+ 2t + 7 + (22 + 5% + 4t* + t°)s.

2 Some useful results

Here we state some general results for any complex projective variety X from [1] to be used for
computations in the following sections.

Proposition 4. [1] For any q=0,1,...,n—1 and any k in the interval [(2m — 1)gq,2mn — ¢,
the following is an isomorphism of S,,-modules

E}(X,n) = Eymmt2atm==F(X ).
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The following propositions give the vanishing of cohomology at the “border” of the trapezoid
(see [1]) formed by plotting the bigraded components of E(X,n), and describes some interior
acyclic subcomplexes.

Proposition 5. [1] The differentials in the KriZ model of a projective manifold different from
CP! are injective for any q in the interval [1,n — 1]:

d: EI®mV(X,n) — BT (X ).

Proposition 6. [1] The top differentials in the KriZ model are injective for any k in the interval
[(n—1)2m —1),n(2m —1) + 1] :

d:EF_(X,n)— Eﬁfé(X, n).
Proposition 7. [1] All cohomology groups of the subcomplex
0— BN X p) - EPCTUY (X n) L E2(X,n) — 0
are zero.

For a fixed non empty subset A C {1,2,...,n} of cardinality |A|] = a > 2 and a fixed
sequence § of length b = n —a, 8 = (x1,22,...,%p), where all the elements z; belong to
the fixed basis B and are different from w, we denote the increasing sequence of elements

b
in {1,2,...,n} \ A by by < by < ... < by, the product [] pj (x;) by p*(B), and its degree
j=1

b
> deg(z;) by |B]. Now we define subspace
j=1

a—1
ETP(A,B) =) E2ma=etlil(4, p)
q=0
by EJ"HPlAB) = r{ pr(w)p*(B)Gr. s, | I UJ, C A, ]| = q).
€A\ J,

Proposition 8. [1] For any A and 3 as above, the space EZOP(A, B) is an acyclic subcomplex
of the Kriz model.

3 Cohomology of 2-points configuration spaces

In this section we study the Sy action on the Kriz model for F'(M,,2) for genus g > 1. A
simple application of Proposition 6 gives the Poincaré polynomial of F(M,,2).

Proposition 9. The Sy decomposition of E¥(Mg,2) is given as:

EJo]1 2 3[4
el 112027 —g+1 29| 1] V(2
EO 2
29 | 2g°+g+1 | 29 V(1,1)
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Proof: Finding explicit bases for the modules we get the required multiplicities. The compo-
nent EJ 2 (1® 1) 2 V(2). The Sy-decomposition of E} is given by (a; @ 1 +1®a;) & (b; @ 1 +
1®b;) =2¢V(2)and (a; ®1 —-1®a;)) B (b; ®1—-1®b;) =29V (1,1) for 1 <i < g.

Similarly, E2 is isomorphic to the direct sum of

(wel+1@w)®(a;Qa;—a; @a;) D (b;@bj —b; @b;) B (a; @b; —b; ®a;) = (292 — g+ 1)V (2) and
(w1 -10w)® (a;@a;) ® (b @b;) ® (a; ®aj;+a;®a;) ® (b; Rb;+b; @b;) ® (a; @b; +b; @ a;) =
(292 + g+ 1)V (1,1), for 1 <i,j < g. The Sy-decomposition for components E} for k = 3,4 is
obtained using Proposition 4. 0

Proposition 10. In exterior degree one, the So decomposition of E(Myg,2) is given as follows:

EJ1]273
EfF[1]29 1] V(2

Proof: The components are E{ = (G12) = V(2) and Ef = (a; ® 1G12) @ (b; ® 1G12) = 2gV (2),
for 1 <i<g. Also E} = E} by Proposition 4. 0

The following diagrams for irreducible Sz-submodules V' (A), At 2, show the corresponding
multiplicities of the bigraded components of the Kriz model, where dots denote the absence of
the modules V(A) from E}(M,,2), the circles denote their appearance and the bullets show
components from which some part survives to contribute to cohomology.

S Ewe)
[¢] (o] [¢]
1 2g 1
1 ;g 2g2 : g+1 gq rl‘ g k
B

Y Y 'y k
29 2¢°+g+1 29

Proof of Proposition 1.1. All differentials EF S Ef“, are injective. This follows from direct
computation or by using Proposition 6. O

Corollary 11. The double Poincaré Polynomial of C(Mg,2), g > 1, is

Pr-(c(m,2))(t,8) = 1429t + (2¢° — g)t*
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Proof: This is obtained as a consequence of the transfer theorem which equates the cohomology
of C(My,2) to the Sp-invariant part of the cohomology of F'(M,, 2). d

Corollary 12. The double Poincaré Polynomial of F(Mgy,2), g > 1, is

P« (p(m, 2)) (t,8) = 14 4gt + (4g° + 1)t* + 291>

4 Cohomology of 3-points configuration spaces

In this section we describe the Ss-structure of the Kriz model E} (M, 3) for the ordered 3-point
configuration spaces for surfaces. Moreover we compute the Betti numbers for H*(F (M, 3); Q),
H*(C(M,,3); Q).

We first discuss for any space X, the combinatorics of the Ss-structure of the bigraded
component corresponding to the exterior degree zero i.e. Ef(X,3) = H*(X)®3. The group S;
acts on the Q-span of monomials 7, @z, ®@z. € H(X)*®? and gives the following decomposition,
which depends on the degree |z,| of the factors:

Lemma 13. We have

DFora=b=c, Qlr, ®wq ® q) = { Vg’) if |wal is even

1) if |za| is odd,
Yo V(2,1) if |xal is even

1,
~ [ V3
?) Fora#b, agsg Qe @ 70 ® 70) = { V(2,1) @ V(1,1,1) if |x4| is odd,
3) Fora#£b#ec, > cQr,@ap,@xz.) 2V(3)®2V(2,1) @ V(1,1,1).

oES3

Proof: For 1), we see that the generator z, ® z, ® z, is invariant under the action of Ss if
the degree of z, is even and skew-invariant if it is odd. For the 3-dimensional subspace in 2), a
direct computation of characters gives us the desired decomposition. Lastly, the 6-dimensional
subspace in 3) is clearly the regular representation of Ss. 0

4.1 The S; structure for E}(F(M,g,3))

In this section we describe the symmetric structure for the Kriz model for the ordered configu-
ration of three points on surfaces My, g > 1.

Proposition 14. The Sz decomposition of E§(F'(Mygy,3)), g > 1, is given by the following table
of multiplicities:

ko] 1 2 3 4 5
129 (¥)+1 gg +29 | () +1l29[1] V(3

EF | -2 | 42 +1 | 2 9+1 Y+4g | 42 +1 | 29 | - | V(2,1)
ey ey [ ey | Tvaay

Proof: Using Lemma 13 and counting the number of possible types in each degree 0 < k < 6,
we obtain the result. 0
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Proposition 15. The decomposition of Ef(F(Myg,3)) into Ss- irreducible modules is the fol-
lowing:

k1] 2 3 4[5
L1149 |47 +2 [4g | 1| V(3)
El 2

1|49 | 4g2+2 |49 | 1| V(2,1)

Proof: The E}-component of the model has generators {G12, G13, G2z} whose sum,
G = G124+ Gi3 + Gag

spans the one-dimensional module V' (3) and the vectors {G12 — G13,G12 — Gas}, form a basis
of V(2,1). Consider the Sz-invariant elements in E}, o =a; @ 1@1+1Qa¢; @1 +1®1® a;,
for all 1 <i < g. We take the orbit of aiG12 under the action of S for all . Each module, in
collection of orbit spans, (atGia, (13) - aiG1z, (23) - aiG1a), for all 1 < i < g, and has the S;
decomposition V(3) @& V(2,1). The bases is given by

{0iG=(0;®1®1+1®a;®1+1®1®a;) (Gi2 + G13 + Ga3)} and

{ai(Gu - G13)7OZ§(G12 - G23)}~

Next we take the element aé =a; 101 —-1Ra; ®1, for all 1 < i < g, and consider the orbit
of aG13 which is 3-dimensional: its decomposition is V(3) @ V(2,1). For each 1 <i < g, the
elements:

Bi = bi®lel+lehol+leleb
By = bielel-10b 1.

multiplied by G12 and G13 respectively, give two collections (for each 1 < ¢ < g) of orbits which
decompose into V(3) @ V(2,1). Thus we have E? = 49V (3) @ 49V (2,1).

For E3}, one can take the following bases for irreducible modules:
Quel®lGi+wel®elGis+1®we 1G3) 2 V(3)

( ) <w®1®1G12—w®1®1G13,w®1®1G12—1®w®1G23>%J (2,1),
Q<1®1®wG12+1®w®1G13+w®1®1G23> (3)
Q<1®1®wG12—1®w®1G13,1®1®wG12—w®1®1G23> (2,1),
Qa;i®1®a;Gia+a,®a; ®1G13 —a; ®a; ® 1Ga3) =V (3), 1<4,j <y,

G(a;aj) = Qa;, ®1® ajGra —a; ®a; @ 1G13,0; ® 1 ® a;G12 + a; @ a; @ 1Ga3) =V (2, 1),
Qb;®1®@b;jG12+b;b; ®1G13 —b; ®b; ® 1Ga3) =V (3), 1<4,j<g,

G( i ]) < ®1®b G1o — b, ®b ® 1G13, b; ®1®b G12+bj®bi®1G23>§V(2,1),
@<a2®1®b G12+al®b ®1G13*b ®a1®1G23> V(S), 1<4,5<g,

G( b]) (al®1®b Gia — al®b ®1G13,a1®1®b G12+bj®ai®1G23>%V(2,1),
Q(b; ®1®a;Gi2+bj ®a; ®1G13 —a; ®b; ® 1Ga3) =V (3), 1<4,j <y,

G(b a;)) =Q(b; ®1®a;Gi2 —b; ®a; ® 1G13,b; @1 ® a;G12 + a; @ b; ® 1Ga3) = V(2,1).
This implies E? = (492 +2)V(3) @ (49 + 2)V(2,1). O

The following proposition shows the S3 decomposition of E3
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Proposition 16. The S3 decomposition of E5(F(Myg,3)) is as follows

k

213

4

E}

11| 29

1

V(1)

Proof: For E3, we have the following description:

Haniya Azam

E3= o[(al) ® E3) @ ((6]) © E3)]
o ( B)eV(2,1))
> 29V(2,1).
where af and 3¢ are elements as described in the proof of the previous proposition. 0

The following diagrams for irreducible Ss-submodules V' (3),V(2,1) and V(1,1,1) show the
multiplicities of the irreducible components of E7:

q
A
EX(V(3))
() o [ ) [ ] ()
1 4g 49 + 2 4g 1
v % (e (Dt (D) 29 L
q
'
E;(V(2,1)) o o o
1 2g 1
(e) o] [e) o] [e)
1 4g 49% + 2 4g9 1
WAl () ey el k
q
'
EX(V(1,1,1))
G5 () +29 (*%™) k
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4.2 Computations of the differential

We can read off a few Betti numbers directly, without any computation, from the diagrams of
multiplicities for each of the irreducible modules V'(3),V(2,1) and V(1,1,1).

Proposition 17. a) HJ(3) = V(3) and Hi(3) = 29V (3);

b) H}(2,1) = 2¢V(2,1), H(2,1) = HS(2,1) = 0;

c) Hg(1,1,1) = Hy(1,1,1) = (3 V(1,1,1), H3(1,1,1) = ((*%?)+29)V(1,1,1) and HF(1,1,1) =
0 otherwise.

The next proposition gives cohomology groups as a consequence of differentials positioned
on the left, top and right sides of the trapezoid (see [?]).

Proposition 18. o) H3(3) = (¥)V(3), H{(3) = H}(3) = H§(3) = 0;
D) H3(2,1) = AV (2,1), A2, 1) = H3(2,1) = H3(2,1) = HA2,1) = H}(2,1) = 0.

Proof: Using Proposition 5, the differential d : E}(Mg,3) — EZ(M,,3) is injective. By
restricting this differential to the modules V' (3) and V(2,1) we obtain the result. The differ-
entials d : E§(Mg,3) — EfT(M,,3) for k = 2,3,4 are injective using Proposition 6 and so
are their respective restrictions on the modules V(3) and V(2,1). Using Proposition 7, the

“right side” border of the trapezoid is acyclic, which gives us the vanishing of cohomology:
H§(3) = HY(3) =0 and H}(2,1) = H3(2,1) = 0. 0

For the sub-complexes corresponding to isotypical components V' (3) and V(2,1) we compute
the remaining differentials separately.

Lemma 19. a) The differential E%(3) — E3(3) is injective.
b) For k = 3,4, the differentials E¥(3) — E§ T (3) are surjective.

Proof: a) The differential E?(3) = 49V (3) — E§(3) = 2(2¢° — 3¢g® + 4¢)V(3) is split into two
halves:
d: EY(3) N (ai, Gji) i p) — Eo(3) N [(as w) @ (ai, a5, b7)] .5

d: E%(?)) n (b“ ij)(i,j,k) — E§(3) N [(bl, w) () (ai,bi, bj)](@j)

Computing the differentials of the elements from the bases of the first submodule we find:

d(al®1®1G12+al®1®1G13+1®al®1G23) = — Z a.(w®a1®l) and
oES3
g9
d1®1®a;G1a+10a;@1G 13+ ®1®1G23) =— > o(w@q1)+ > Y 0.(a; ®b; ®ay).
gES3 i=10€8S3

Hence the rank of differential restricted to one half is 2g. Similar computation for the second
subspace,

dbi®1®1G12+b®1®1G13+10b ®1G23) = — > o(w®b ® 1) and
oc€ES3
g9
dl®16G12+10b@1G13+b@101G23) = — > o (w1 + > > 0.(a; Rb; @by),
gES3 i=10€S3

gives the maximal rank of d : EZ(3) — E3(3).
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b) For k = 3, we consider the differential of generators of one-dimensional modules:
dw®l®1G+w®11G13+ 1w 1lGy)=weuwel+wlew+ 1w w.
d(ai ®1® (1le2 +a;, @a; @ 1G53 — a; ®a; ® 1G23) = Z 0.(’LU X a; @ aj),

g€S3
for1<i<j<g.
d(bl ®R1® bleg +b;® bj ® 1G13 — bj ®Rb; ® 1G23) = Z a.(w ®b; ® bj),
g€S3
for1<i<j<g.

d(ai ®1® bjG12 + a; ®bj ® 1G53 — bj X a; @ 1G23) = Z 0'.(’(1) X a; @ bj),
oc€S3
for1 <i,j<g.

d(bj ®1®a;Gia + bj Ra; ®1G13 —a; ® bj X 1G23) = Z 0'.(’LU X bj X ai)7
c€ES.
for1 <i,5<g. ’
The images above make a basis of the one-dimensional modules in the target space Ej(3)
corresponding to the marks (w, a;, a;), (w,b;,b;), (w, a;,b;), and (w, w, 1) respectively, hence d
is surjective.
For k = 4, the surjectivity of d : E$(3) — E§(3) is a consequence of the acyclicity of the

subcomplexes @ E]°P(A,a;) and @ E]°P(A,b;) (see Proposition 8) for all 1 < 4,j < g.
|A]=2 |A]=2
0

We are now able to write the double Poincaré polynomial for H;(3):

Proposition 20. The double Poincaré polynomial of H}(3) for g > 2 is given by

2
Pr:(3)(s,1) = 1+ 29t + (29° = 9)t* + 3 (26° — 39" = 29)t° + (29 + g + 1)£° + 29t1)s.
For g =1 we have
Prpaay(s,t) =1+ 2t + 12+ (26° + 4t 4+ 2t")s = (1 +t)(1 + 2st?).

The expressions differ due to the additional modules (in the case of g > 2) in exterior degree
0 and total degree 3. An application of the transfer theorem gives us the Poincaré polynomial
of the unordered configuration space for Riemann surfaces.

Corollary 21. The double Poincaré polynomial of C(Myg,3)) for g > 2 is:

2
Pys(cm, 3))(s,t) = 1429t + (2¢° — g)t* + §(2g3 — 39> = 29)t° + ((2¢° + g + 1)t + 2gt")s.
For g =1 we have
Preor2,3)(s,t) = (L+)(1 + 2st?).
Corollary 22. The Poincaré polynomial of C(Myg,3)) for g > 2 is:

1
Pz (c(am,3) (1) = 1429t + (29" — 9)t” + (49" — g+ 3)¢° + 291",

For g =1 we have
Pre(c2,3)(t) = 14 2t + 3t + 4t + 2%,
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In the subcomplex E¥(2,1), the remaining differentials are dealt with in the following lemma.

Lemma 23. a) The differential E3(2,1) — E3(2,1) is injective.
b) For k = 3,4, the differentials E¥(2,1) — E§T4(2,1) are surjective.

Proof: a) As in the case for E?(3), the differential can be split into two halves, one defined on
the subspace generated by marks a; and another defined on the subspace generated by marks
b;, and each of them can be further split into two families: one, in which the factor of positive
degree in the coefficients is in positions i-corresponding to the indices of G;;, while in the other
family, this factor is not positioned at i or j places. Namely, for all 1 < i < g, we obtain a
decomposition into irreducible V'(2,1) modules:
V2, ) 2 {(; 1 ®1G12 —a; 1 ® 1G13,0; 1 ® 1G12 — 1 @ a; @ 1Ga3)
and V(Q, ].) = <1 ®1® aiGlg —-1® a; @ ].Glg, 1®1® aiGlg —a; ® 1® 1G23>.
Computing the differential we obtain
da; @1 ®1G12—a; @1 01G13) = —a; Qw1 —w®ae; 14+ 61w+ w® 1 a,
dla; 1 R1G12 —1®a; @1G3) = —a;Quwel-wRaeel+10aegw+ 1w a;,
g g
d(1®1®a2G1271®CL1®1G13) :7’U}®1®CL1‘7 bj@dj X a; + Z aj®bj®a¢fl®w®
=1 j=1

J

9 9
G+w®e®l— > bheeaa+ Y a;®a @b +1®a; @w,
ij=1 j=1
g g
d(1®1®aiG127a¢®1®1G23):7w®1®ai7 ij®aj®ai+ Zaj®bj®ai—1®w®
=1 j=1

J
g9

g
a+aWwe®l+ Y a;®b;®a;— > a;Qa;@bj+a, 1@ w.
j=1 j=1
The composition

P Ui 181G —a;@1®1G13,6; @10 1G12 — 10a; ©1G23, 10 10a;G12 — 1®a¢; ®1G3) 4

iES’g@<w®ai®1,w®l®ai,ai®w®l>

for each component corresponding to 1 < ¢ < g, has the following 3 x 3 invertible matrix

-1 -1 1

1 0 -1

-1 -1 0
b)We can compute directly the rank of the differential d : E$(2,1) = (4¢° + 2)V(2,1) —
E3(2,1) = (49% + 1)V(2,1). The subspaces d(G(w)),d(G(a;a;)) and d(G(b;b;)) are non-zero
and included in the V(2,1) components of the subalgebras generated by w, by w and a; and
by w and b; respectively, for all 1 <4 < g. The subspace d(G(a;b;) ® G(b;a;)) is not included
in these subalgebras. It has dimension four, and it is isomorphic to 2V (2,1), because the
composition:

Q(ai®1®bjG12—ai®bj®1G13, ai®1®bjG12+bj®ai®1G23, bj®1®aiG12—bj®ai®1G13> —d)

iEéE;Q<w®ai®bj;w®bj®ai,ai®’w®bj>
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is an isomorphism:
1 1 1
1 01
1 10
For k = 4, the differential splits into two halves, one with values in subalgebra generated by

(a;, w) and another with values in subalgebra generated by (b;, w). It is sufficient to show that
in each half there is a non-zero differential (for each 1 <14 < g):

dwel®aGr-wRaey1G13) =wRae; QW —ww a;,

d(w®1®biG12—w®bi®1G13):w®bi®w—w®w®bi.

We are now able to write the double Poincaré polynomial of H(2,1).

Proposition 24. The double Poincaré polynomial of H}(2,1) for g > 1 is given by:

2
Pr(o1)(t, 8) = 2gt + 497> + 5(493 —g)t3.

Now we can conclude the proof of Theorem 1.2:
Proof of Theorem 1.2. This is a consequence of the Poincaré polynomials of H}(3) and H}(2,1)
and propositions 17 and 18. O
The double Poincaré polynomial is given in the following corollary, and it coincides with the
polynomial given in [4].

Corollary 25. The double Poincaré polynomial for g > 2 is:
Prre(p(m, 3)) (s, 1) = 1+ 6gt + 12¢°t* + (8¢° + (29> + g + 1)s)t° + (2¢° + g + 2gs)t™.

For g =1 we have:

P (p(12,3)(5, ) = 14 6t + 12t* 4 10¢> + 3t* + 25(t* 4+ 2t° + t*) =

= (1+8)*(1 +3t) + 2(1 + t)?¢%s.
Corollary 26. The Poincaré polynomial for g > 2 is:
Pr«(rim, 3)) () = 1+ 6gt + 129°1° + (8¢ + 2¢° + g + 1)t* + (2¢° + 3g)t™.

For g =1 we have:

Pr-(p(r2,3)(t) = 146t + 14¢% + 146° + 5t* = (14 ¢)*(1 + 4t + 5¢%).

The polynomial above coincides with the one given in [5].



Cohomology of configuration spaces of surfaces 45

5 Cohomology of the unordered configuration spaces of 4 points on the torus

In this section we compute Betti numbers for the 4-point unordered configuration space of the
torus T2. The structure of the Sy-invariant part of the Kriz model E(T?,4), denoted by E}(4),
is given. In the following diagram the numbers denote the multiplicities of the irreducible V'(4)
module (in this case, equal to dimensions of the corresponding isotypical components).

Proposition 27. The Sy structure of the Kriz model for the torus is given by the following
diagram:

A
q *
EX(V(4))
o o) [¢]
2 4 2
o ® [ ] L) [ ] 0] (]
1 4 7 8 7 4 1
Py Py o ra o ra o ra >
1 2 2 2 2 2 2 2 1

Proof: For the component E(4), this is done by computing the characters of subspaces directly
and using the inner product of characters to obtain multiplicities for V'(4). For Ef(4) and for
E3(4) one can compute the sum of the Sy-orbit of the monomials g in the canonical basis

> op, see Propositions 29 and 30. a
gESy

The following contributions to cohomology are clear from the diagram (part 1) and using
Propositions 5 and 7 we obtain part 2).

Proposition 28. 1) HJ(4) 2 V(4) and H}(4) =2V (4).
2) H? = V(4) and HY(4) = H§(4) = 0.

The remaining differentials for the Sy-invariant part are computed as follows:

Proposition 29. The differentials d : EY — Eg'“, for total degree 2 < k < 6, are surjective.

Proof: We show surjectivity using a direct computation for each degree 2 < k < 6. For k = 2,

the differential is surjective because
d( Y. 0c(@®1@11)G12)=-4 ) clapwelal),

€S,y c€A,
d( Y o(b®1®1®1)G2)=—4 > c(bwel®l).
0ES, occA,

In total degree k = 3, consider the differentials of the invariant vectors:

d( Y c(w®l®1®1)G1)=4 > clwluwelel),
0ES, o€A,

d( > 0(a®1®b®1)G12) =2 > c(a@uw®b®1).
0ES, 0ES,
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For k = 4, taking the orbits of elements w® 1 ® a® 1G12 and w ® 1 ® b® 1G12, and computing
their differentials, we obtain:
d( Y c(w®1l®a®1)G2)= Y. cla@uwew®l),

gES, cESy
d( Y c(w®1l®b®1)G12)= > cb@wawel).
oESy €S,y

For k = 5, taking differential of the orbits of w ® 1 ® w ® 1G12 and w ® 1 ® a ® bG12 we have:
Ay c(wRlewel)G)=2 >, clwurww®l),

o€eS,y oeAy
d(Y, c(w®1®a®b)Gi2) =2 > cwRWwRa®bd).
oES, ocE€A,
Lastly, the differential in degree k = 6 is surjective because:
d( Y, c(w®l®a®w)Giz)=— Y, cwRuwewRa),
0€Sy 0€S, 0
dA( >, c(wR1®bw)Gi1e)=— > clwwwahb).
g€ESy oES,

Proposition 30. The differentials d : E§ — Ef“, for total degree 3 < k <5, are injective.

Proof: For k = 3, the two invariant vectors are:

R1®181-101a801)G12G31+ (a®10101-10a®1®1)G13G + (a®1®1®
1-10a®1®1)G23Ghy,

(1101 -1010b®1)G12Gu+ (1101 -19b01®1)G13Gu+ (b1e1®1 -
1®b®1®1)G23G14.
Taking the differential we obtain:

Y o(a®1wel)Giz+ Y, 0@®1®b®a)Giz— >, c(1®1®a®@w)Gia Y, ob®

ocEAy oAy ocEA, oA,

1w )G+ Y, cb®1®a®b)Gi1a— Y. 0(1®1®b® w)G2 respectively, hence d is
o€A, o€A,

injective.

Consider the differentials of the basis of invariant vectors in E3(4):
d(w®111-1810w®1)G12G34+(wR1R1IR®1-1wR1®1)G13G21+ (w1181 -1wR1®
1)G23G14) = =2 Y c(w@1ow®1)Giz+ Y, o(w®1l®b®a)Giz+3 Y. o(1®1@wew)Gis,

oES, ocEA, oEA,
d(a®1®a®1G12G34—|—a®a®1®1G13G24+a®a®1®1G23G14) = — Z U(a®1®a®w)G12,
ocEA,
d(b®1®b®1G12G34+b®b®1®1G13G24+b®b®1®1G23G14) = — Z J(b®1®b®w)G12,
o€Ay

d(e®12b01-010a81)G12G31+ (@611 -bR0a®1®1)G13G2 + (aRbR1®

1-b®@a®1®1)Ga3G14) = —% > o(a®1®b®w)Gia —i—% > o(b®1®a®w)Gia. Clearly
0ES, 0ES,
the rank of d is four. Lastly for total degree k = 5, we have the following invariant vectors

(1wl —wRl®Rka®1)G12G3u+ (@Rwel®1l—wRae®1®1)G13Gu+ (W 1®
l-w®a®1®1)G3Gy,

bR1Wel-weleb®1)G12Gu+ bwel®l—web®d1®1)G13Gu+ (buwel®
1-web®1®1)Gy3G14.

Taking the differential we obtain:

1Y ocweleadw) +i ¥ ola®l1®wew)Gis and
€S, o€A
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1Y ocwelebw)+1 Y o(b®1®w®w)Gis respectively, hence the differential is
0ESy oc€A,
injective. O

We can now give the double Poincaré polynomial of C(T?,4):
Proof of Proposition 1.3. By an application of the transfer theorem we have H}(4) = H*(C(T?,4)).
O

Corollary 31. The Poincaré polynomial of the unordered 4-point configuration space of T? is:
Preo(r2,ay)(8,1) = 142t + 3t% + 5t° + 4t* + 15
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