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On the existence of some special primitive roots mod p *

by
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Abstract

The main purpose of this paper is using the properties of Gauss sums and the estimate
for character sums to study the properties of the primitive roots of p (an odd prime), and
prove that for any integers k # 1 and (mn,p) = 1, there exists a primitive root £ of p
such that m&® + né is also a primitive root of p, provide p large enough. Let N(k,m,n;p)
denotes the number of all primitive roots & of p such that m&® +né is also a primitive root
of p. Then we can also give an interesting asymptotic formula for N(k, m,n;p).
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1 Introduction

Let ¢ > 1 be a integer. For any integer a with (a,q) = 1, from the Euler-Fermat theorem we
know that a®@ =1 mod ¢, where ¢(q) denotes Euler function. Let k is the smallest positive
integer such that a* = 1 mod ¢. If k = ¢(q), then a is called a primitive root of q. If ¢ has
a primitive root, then each reduced residue system mod ¢ can be expressed as a geometric
progression. This gives a powerful tool that can be used in problems involving reduced residue
systems. Unfortunately, not all modulo have primitive roots. In fact primitive roots exist only
for the following modulo:
q=1, 2, 4, p*, 2p°,

where p is an odd prime and o > 1.

About the properties of primitive roots and related problems, many people had studied
it, and obtained many interesting results, see [3]-[8] and [11]. For example, Juping Wang [6]
proved that Golomb’s conjecture is true for almost all ¢ = p™. That is, there exist two primitive
elements « and J in finite fields Fy such that « + 5 = 1. S. D. Cohen and G. L. Mullen [4]
established a generalization of Golobm’s conjecture by proving the existence of ¢y > 0 such
that, whenever ¢ > qo, there exist o, 8 € F, with ya + 63 = ¢, where v, and ¢ are arbitrary
non-zero members of Fy,. In this paper, we will study the existence of some special primitive

*This work is supported by the N. S. F. (11371291, 61202437) of P. R. China.



60 Di Han and Wenpeng Zhang

roots of p, such as ¢ and & + £ both are primitive root of p. Furthermore, for any integers k # 1
and (mn,p) = 1), whether there exists a primitive root ¢ of p such that m&* + né is also a
primitive root of p 7 Let N(k, m,n;p) denotes the number of all primitive roots £ of p such that
mé&F + né is also a primitive root of p. How about the asymptotic properties of N(k,m,n;p)?

These problems are very interesting and important, because they contained Golobm’s con-
jecture. In fact, if the problems are true in finite field F,, then we can take £ =0, m =1 and
n = —1, this time, both £ and 1 — £ = 7 are primitive elements in F,, and £ +n = 1. That is,
Golobm’s conjecture is true.

In this paper, we shall study these problems, and prove the following conclusion:

Theorem. Let p be an odd prime, then for any integers k # 1 and (mn,p) = 1, we have
the asymptotic formula

. _ ¢2(p — 1) ¢2(p - 1) w(p—1)
N(k,m,n;p) = b1 +6-1k—1]- o172 4 /P,

where |0] < 1, w(n) denotes the number of all distinct prime divisors of n.

Taking k = 0, —1, note that a=! = @ mod p, from this theorem we may immediately deduce
the following three conclusions:

Corollary 1. Let p be an odd prime large enough, then for any integers k£ # 1 and
(mn,p) = 1, there exists a primitive root & of p such that m&* 4+ n¢ is also a primitive root of p.

Corollary 2. Let p be an odd prime large enough, then for any integers m and n with
(mn,p) = 1, there exists a primitive root £ of p such that mé + né is also a primitive root of p,
where £ - € =1 mod p.

Corollary 3. Let p be an odd prime large enough, then there exists a primitive root £ of
p such that 1+ £ is also a primitive root of p.

Let f(z) is a irreducible polynomial in F,,. Whether there exists a primitive element £ € F,,
such that f(£) is also a primitive element in F,,? This is an interesting open problem.

2 Several Lemmas

In this section, we shall give several lemmas, which are necessary in the proof of our theorem.
Through out this paper, we used many properties of Dirichlet characters and Gauss sums, these
contents can be found in [1], here no longer repeat. First we have the following:

Lemma 1. Let p be an odd prime, x be any non-principal character mod p, k be any positive
integer such that (k,p—1) =1 or k | p— 1. Then for any integer m with (m,p) =1, we have
the identity

X'(m) -7 (x"), if (kyp—1) =1, B
a=1 p xi(m) ) XE'(m)r (xaxh), ifk | (p—1) and X' = xo.
i=0

where e(y) = 2™ 1.k =1mod (p—1), xo denotes the principal character mod p, s, denotes
any k-order character mod p, and % = x.
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Proof: If (k,p — 1) = 1, then there exists one integer r with (r,p — 1) = 1 such that r - k =
1 mod (p — 1). This time, for any integer a with (a,p) = 1, we have a"* = a mod p. If a pass
through a reduced residue system mod p, then a” also pass through a reduced residue system
mod p. Therefore, we have

p—1

§x<a> (™) - ;xw) (™)

p

- zx%a) (M) =% )7 (), @)

Ifk>1and k| (p—1) with Xprl # Xo, then there must exist an integer n with (n,p) = 1 such
that x%(n) # 1. For this n, we have

p—1 mak Ly p=1 m(a'n%l)k
o (22) - Sl o277
. (n%l)gx(a) e (ma];:lp_l> = kal(n)gx(a) e (m;k)

or

a
p

(1 —X’%l(n))zx(a) e (m k) —0.

Since X%(n) # 1, so from the above identity we have

L, mak

> xla) e () =0. (2.2)
p

If X% = X0, then x must be a k-th character mod p, so there exists one character x; mod p

such that x = x¥. Let xx be a k-order character mod p (i.e., x¥ = xo), then for any integer a
with (a,p) = 1, note that

_ k, if a is a k-th residue mod p,
1+ xk(a) + xi(a) + - x; ' (a) = { 0, otherwise. g

From the properties of Gauss sums we have

pix(a)e (

a=1

k

) =§x’f(a)e (mk) =§xl (@)e (™)

p p

ma®
p

= Y xa(a) 1+ xk(@) +x3(a) + - x5 () e (ma>

p

a=1

k—1
= xm) - S X m)T (xaxh) - (2.3)
1=0
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Now Lemma 1 follows from (2.1), (2.2) and (2.3). 0

Lemma 2. Let p be an odd prime, x1 and x2 are any two non-principal character mod p.
Then for any fized integers k # 1 and (mn,p) = 1, we have the estimate

p—1
ZXl(a)Xz (ma* +na) < |k — 1] /p.
a=1

Proof: First from the properties of Gauss sums we have

p—1
Z x1(a)xe (mak + na)
a=1

pl p1 ma® + na
= L u (b( i )>
a=1 b=1

p

S = mak-1 4 n
B %Z%(b)le(am(@e <b+b>
b—1 ot

p
-1

_ pz%(b)e (7;1’) :zj;axg(a)e (bmakl) . (24)

(a) & p

Note that x(a=*) = X*(a), from (2.4) we know that if £ < 0, then we have

p—1
> xila)xz (ma* + na)
a=1

- = :z}?(b)e (%)

p—1

bma'k_l)

X1Xz2(a)e ( ’

a=1

So without loss of generality we can assume that & > 1. If (k — 1,p — 1) = 1, then there exists
an integer r with (r,p — 1) = 1 such that r(k — 1) = 1 mod (p — 1). So from (2.4) and Lemma
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1 we have

- e (}) §X1X2(QT)6 S

b
p— p—1
1

e () vt (29

a=1

XD e R ey (1D
- WXlXQ(m) X2(b)X1X2(b)€(p>

. T(xXixs) T (Xixa )
— ST (m) - r+1 n) - )
X1X2( ) X1X2 ( ) T(Yz)

(2.5)

Note that for any character y mod p, from the properties of Gauss sums we have the estimate
I7(x)| < y/p- From (2.5) we may immediately deduce the estimate

z_:xl(a)xg (ma* +na)| < p, if (k—1,p—1)=1 (2.6)
a=1

If (k—1,p—1)=d>1 and x1x2 is not a d-th character mod p, then from (2.4) and Lemma
1 we can deduce the identity

i)ﬁ(a)Xz (ma® + na) = 0. (2.7)
a=1

If (k—1,p—1)=d > 1and x;x2 is a d-th character mod p, let x1x2 = X%, xa be the d-order
character mod p, then from (2.4) and Lemma 1 we have

p—1
> xi(a)xz (ma® + na)
a=1

b a=1 b
= nb\ "= 1 bma T
= @;Xﬂb)e (p);><3(a) (1+Xd(a)+"'+X37 (a))e( » )

p—1 d—1p—1 ko1
= % ZYQ(b)e (T;b> ZZXg(a)xZ(a)e (bma ) . (2.8)
b=1

i=0 a=1 p
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If (51,p—1) =1, then from (2.8) and the methods of proving (2.5) and (2.6) we have the
estimate

9 (mak + na)

<d-/p. (2.9)

If ( v Lp— 1) = dj > 1, then using Lemma 1 and the methods of proving (2.5)-(2.9) repeatedly,
we can get the estimate

p—1
le(a)xg (mak +na)| <d-dyds-/p< (k—1)- /D (2.10)
a=1

Now Lemma 2 follows from the estimate (2.6), (2.7), (2.9) and (2.10). 0

Lemma 3. Let p be an odd prime. Then for any integer ¢ with (¢,p) = 1, we have the identity
h

o(p—1) w(h) kindc\ [ 1, ifcis a primitive root of p,
p—1 h|z:1 o(h kz:l N h T 1 0, otherwise,
P -

(h,k)=1

where ind ¢ denotes the index of ¢ relative to some fized primitive root of p, u(n) is the Mébius
function.

Proof: See Proposition 2.2 of reference [9]. 0

3  Proof of the theorem

In this section, we shall complete the proof of our theorem. First we write x, ,(c) = e (£29-<).
It is clear that xs(c) is a Dirichlet character mod p. For any integer k # 1 and (mn p) =1,
from Lemma 3 we have

Nl i)
h u
¢ - 1 (h) p(u)
= Z Z Z TT Z Z Xs,h(c)X'u,u (mck +’I?,C)
c=1 hlp—1u|p—1 s=1 v=1
(h,s)=1 (v,u)=1
h p—1
¢2(p - 1) — 1 U h
- Foo SO 3 Se
hlp— 1 s=1 c 1
h>1 (h,s)=
u —1
¢*(p—1) p(u) X 5
+ 2 Z Xv,u (mC +TLC)
(p B 1) u|lp—1 ¢(u> v=1 c¢=1
u>1 (v,u)=1
h u
¢*(p—1) p(w) _
+ (p_ 1)2 Z Z ¢( u Z A(s,hm,u,k,m,n,p), (3.1)
hlp—1ulp—1 e:l v=1
h>1 u>1 ,8)=1 (v,u)=1
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where
p—1

A(s,hv,u, kymonip) =Y Xen(€)Xvu (mc® +ne) .

c=1

Now we estimate each terms in (3.1) respectively. It is clear that for any integer h > 1 and
(s,c) = 1, we have the identity

iXs,h(c) = 0. (32)

For any non-principal character x, ., mod p, from the well known conclusion of Weil (see
[2] and [10]) we can get the estimate

i:Xv,u (mc"* +nc)| < ky/p. (3.3)

c=1
Applying Lemma 2 we have
|A(s,h,v,u, kvmvn;p” < |k7 1| \/]3 (34)
Note that
D ln(u)] =247 —1,
u|p—1
u>1

Combining (3.1)-(3.4) we may immediately get the asymptotic formula

Ly =) -1 o
N(k7m7n7p)*pT+9|k71|(p_71)24 p .\/i)’

where |0] < 1. This completes the proof of our theorem.
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