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1 Introduction

The aim of this paper is to investigate the existence of infinitely many weak solutions for the
following doubly eigenvalue nonlinear Dirichlet problem{

−u′′(x) = λf(x, u(x)) + µg(x, u(x)) a.e. x ∈ [0, T ],
u(0) = u(T ) = 0

(1.1)

with the impulsive conditions

∆u′(xj) = Ij(u(xj)), j = 1, 2, ..., p (1.2)

where T > 0, f, g : [0, T ] × R → R are L1-Carathéodory functions, x0 = 0 < x1 < x2... <
xp < xp+1 = T,∆u′(xj) = u′(x+

j ) − u′(x−j ) = limx→x+
j
u′(x) − limx→x−j

u′(x), Ij : R → R
are continuous and λ is a positive parameter and µ is non-negative parameter. We refer to
impulsive problem (1.1)-(1.2) as (IP).

Owing to importance of impulsive differential equations arising from the real world describe
the dynamics of processes in which sudden, discontinuous jumps occur, many researchers have
studied this kind of equations, and here we refer the interested reader to the recent works
[13, 18] and the references therein. For a second order differential equation u′′ = f(t, u, u′)
one usually considers impulses in the position u and the velocity u′. However, in the motion
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of spacecraft one has to consider instantaneous impulses depending on the position that result
in jump discontinuities in velocity, but with no change in position [11]. The impulses only on
the velocity occurs also in impulsive mechanics [16]. Existence and multiplicity of solutions for
impulsive differential equations have been studied by several authors and, for an overview on
this subject, we refer the reader to the papers [1, 2, 3, 4, 14, 19, 20, 21, 22]. In the present paper,
motivated by [2], employing a smooth version of [7, Theorem 2.1] which is a more precise version
of Ricceri’s Variational Principle [17, Theorem 2.5] under some hypotheses on the behavior of
the nonlinear terms at infinity, under conditions on the potentials of f and g we prove the
existence of a definite interval about λ in which the problem (IP) admits a sequence of weak
solutions which is unbounded in the Sobolev space H1

0 (0, T )(Theorem 3). We also list some
consequences of Theorem 3. Replacing the conditions at infinity of the nonlinear terms, by
a similar one at zero, the same results hold and, in addition, the sequence of weak solutions
uniformly converges to zero; see Remark 4. An example of application is pointed out(see
Example 1). To the best of our knowledge, no investigation has been devoted to establishing
the existence of infinitely many solutions to such a problem as (IP). We also refer the interested
reader to the papers [5, 6, 8, 9, 10, 12] in which Ricceri’s Variational Principle [17, Theorem
2.5] and its variants ([7, 15]) have been successfully employed to the existence of infinitely many
solutions for boundary value problems.

2 Preliminaries

Our main tool to investigate the existence of infinitely many weak solutions for the problem
(IP) is a smooth version of Theorem 2.1 of [7] which is a more precise version of Ricceri’s
Variational Principle [17, Theorem 2.5] that we now recall here.

Theorem 1. Let X be a reflexive real Banach space, let Φ,Ψ : X −→ R be two Gâteaux differen-
tiable functionals such that Φ is sequentially weakly lower semicontinuous, strongly continuous,
and coercive and Ψ is sequentially weakly upper semicontinuous. For every r > infX Φ, let us
put

ϕ(r) := inf
u∈Φ−1(]−∞,r[)

supv∈Φ−1(]−∞,r[) Ψ(v)−Ψ(u)

r − Φ(u)

and

γ := lim inf
r→+∞

ϕ(r), δ := lim inf
r→(infX Φ)+

ϕ(r).

Then, one has

(a) for every r > infX Φ and every λ ∈]0, 1
ϕ(r) [, the restriction of the functional Iλ = Φ−λΨ

to Φ−1(]−∞, r[) admits a global minimum, which is a critical point (local minimum) of Iλ in X.

(b) If γ < +∞ then, for each λ ∈]0, 1
γ [, the following alternative holds:

either
(b1) Iλ possesses a global minimum,

or
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(b2) there is a sequence {un} of critical points (local minima) of Iλ such that

lim
n→+∞

Φ(un) = +∞.

(c) If δ < +∞ then, for each λ ∈]0, 1
δ [, the following alternative holds:

either
(c1) there is a global minimum of Φ which is a local minimum of Iλ,

or
(c2) there is a sequence of pairwise distinct critical points (local minima) of Iλ which

weakly converges to a global minimum of Φ.

Let X := H1
0 (0, T ). In the Sobolev space X, consider the inner product ≺ u, v �=∫ T

0
u′(x)v′(x)dx and the norm ||u|| =

( ∫ T
0
|u′(x)|2dx

) 1
2

. Let H2(0, T ) = {u ∈ C1[0, T ] : u′′ ∈
L2[0, T ]}.

The following lemma is useful for proving our main result.

Lemma 1. (see [2] ). Let u ∈ X.Then

‖ u ‖∞= max
t∈[0,T ]

| u(t) |≤
√
T

2
‖ u ‖ . (2.1)

By a classical solution of the problem (IP), we mean a function u ∈ {u(x) ∈ H1(0, T ) :
u(x) ∈ H2(xj , xj+1), j = 0, 1, ..., p} such that u satisfies (1.1)-(1.2). We say that a function
u ∈ X is a weak solution of the problem (IP) if∫ T

0

u′(x)v′(x)dx+

p∑
j=1

Ij(u(xj))v(xj)− λ
∫ T

0

f(x, u(x))v(x)dx

−µ
∫ T

0

g(x, u(x))v(x)dx = 0

for every v ∈ X. Using standard methods, if f and g are continuous, we see that a weak solution
of (1.1) is indeed a classical solution(see [2, Lemma 5]).

In this paper, we assume throughout, and without further mention, that the following
condition holds:

(A1) The impulsive functions Ij have sublinear growth, i.e., there exist constants aj > 0,
bj > 0, and γj ∈ [0, 1), j = 1, 2, ..., p such that

| Ij(t) |≤ aj + bj | t |γj for very t ∈ R, j = 1, 2, ..., p.

For the sake of convenience, in the sequel, we define F (x, t) =
∫ t

0
f(x, ξ)dξ for all (x, t) ∈

[0, T ]×R, C1 = 1
2−
∑p
j=1

bj
γj+1 (

√
T

2 )γj+1, C2 = 1
2 +
∑p
j=1

bj
γj+1 (

√
T

2 )γj+1 and C3 =
∑p
j=1 aj

√
T

2 +∑p
j=1

bj
γj+1 (

√
T

2 )γj+1.

A special case of our main result is the following theorem.
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Theorem 2. Suppose that C1 > 0 and there exist positive constants η and δ with η+δ < T . Let
f : R→ R be a non-negative continuous function and let F (t) =

∫ t
0
f(ξ)dξ for all t ∈ R. Assume

that lim infξ−→+∞
F (ξ)

4

T
C1ξ2−

2√
T
C3ξ

= 0 and lim supξ−→+∞
F (ξ)

η + δ

ηδ
C2ξ2+

√
η+δ
ηδ C3ξ

= +∞. Then,

for every arbitrary L1-Carathéodory function g : [0, T ] × R → R whose G(x, t) =
∫ t

0
g(x, ξ)dξ

for every (x, t) ∈ [0, T ]× R, is a non-negative function satisfying the condition

g∞ := lim
ξ→+∞

∫ T
0

sup|t|≤ξ G(x, t)dx

4

T
C1ξ2 − 2√

T
C3ξ

< +∞ (2.2)

and for every µ ∈ [0, µg,1[ where µg,1 := 1
g∞

1− T lim infξ→+∞
F (ξ)

4

T
C1ξ2−

2√
T
C3ξ

 , the problem

{
−u′′(x) = f(u(x)) + µg(x, u(x)) a.e. x ∈ [0, T ],
u(0) = u(T ) = 0

with the impulsive conditions ∆u′(xj) = Ij(u(xj)), j = 1, 2, ..., p, admits a sequence of weak
solutions.

3 Main results

We formulate our main result as follows:

Theorem 3. Assume that

(A2) C1 > 0 and there exist positive constants η and δ with η + δ < T such that

(A2.1) F (x, t) ≥ 0 for all (x, t) ∈ ([0, η]
⋃

[T − δ, T ])× R;

(A2.2) lim infξ−→+∞

∫ T
0

sup|t|≤ξ F (x,t)dx

4

T
C1ξ2−

2√
T
C3ξ

< lim supξ−→+∞

∫ T−δ
η

F (x,ξ)dx

η + δ

ηδ
C2ξ2+

√
η+δ
ηδ C3ξ

.

Then, for each λ ∈]λ1, λ2[ where

λ1 :=
1

lim supξ−→+∞

∫ T−δ
η

F (x,ξ)dx

η + δ

ηδ
C2ξ2+

√
η+δ
ηδ C3ξ

and

λ2 :=
1

lim infξ−→+∞

∫ T
0

sup|t|≤ξ F (x,t)dx

4

T
C1ξ2−

2√
T
C3ξ

,
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for every arbitrary L1-Carathéodory function g : [0, T ] × R → R whose G(x, t) =
∫ t

0
g(x, ξ)dξ

for every (x, t) ∈ [0, T ] × R, is a non-negative function satisfying the condition (2.2) and for
every µ ∈ [0, µg,λ[ where

µg,λ :=
1

g∞

1− λ lim inf
ξ→+∞

∫ T
0

sup|t|≤ξ F (x, t)dx

4

T
C1ξ2 − 2√

T
C3ξ

 ,

the problem (IP) has an unbounded sequence of weak solutions in X.

Proof: Our goal is to apply Theorem 1. Fix λ ∈]λ1, λ2[ and let g be a function satisfies the
condition (2.2). Since, λ < λ2, one has µg,λ > 0. Fix µ ∈ [0, µg,λ[ and put ν1 := λ1 and

ν2 := λ2

1+µ

λ
λ2g∞

. If g∞ = 0, clearly, ν1 = λ1, ν2 = λ2 and λ ∈]ν1, ν2[. If g∞ 6= 0, since µ < µg,λ,

we obtain λ
λ2

+ µg∞ < 1, and so λ2

1+µ

λ
λ2g∞

> λ, namely, λ < ν2. Hence, bering in mind that

λ > λ1 = ν1, one has λ ∈]ν1, ν2[. Now, put Q(x, ξ) = F (x, ξ) + µ

λ
G(x, ξ) for all x ∈ [0, T ] and

ξ ∈ R. Consider the functionals Φ, Ψ : X → R for each u ∈ X, as follows

Φ(u) =
1

2

∫ T

0

(u′(x))2dx+

p∑
j=1

∫ u(xj)

0

Ij(t)dt and Ψ(u) =

∫ T

0

Q(x, u(x))dx.

It is well known that Ψ is a Gâteaux differentiable functional and sequentially weakly upper
semicontinuous whose Gâteaux derivative at the point u ∈ X is the functional Ψ′(u) ∈ X∗,
given by

Ψ′(u)v =

∫ T

0

f(x, u(x))v(x)dx+
µ

λ

∫ T

0

g(x, u(x))v(x)dx

for every v ∈ X, and Ψ′ : X → X∗ is a compact operator. Moreover, Φ is a Gâteaux differen-
tiable functional whose Gâteaux derivative at the point u ∈ X is the functional Φ′(u) ∈ X∗,
given by

Φ′(u)v =

∫ T

0

u′(x)v′(x)dx+

p∑
j=1

Ij(u(xj))v(xj)

for every v ∈ X. Moreover, since Ij for j = 1, ..., p are continuous, we see that Φ(u) is continu-
ous. Also, as shown in [2], we have C1||u||2 −C3||u|| ≤ Φ(u), which follows lim||u||→+∞ Φ(u) =
+∞, namely Φ is coercive. Furthermore, Φ is sequentially weakly lower semicontinuous. In-
deed, let un → u be a weakly convergent sequence to u in X. Then, lim infn→+∞ ||un|| ≥ ||u||
and un → u uniformly on [0, T ]. Hence

lim
n→+∞

(1

2

∫ T

0

(u′n(x))2dx+

p∑
j=1

∫ un(xj)

0

Ij(t)dt
)

≥ 1

2

∫ T

0

(u′(x))2dx+

p∑
j=1

∫ u(xj)

0

Ij(t)dt,
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namely lim infn→+∞ Φ(un) ≥ Φ(u) which means Φ is sequentially weakly lower semicontinuous.
Put Iλ := Φ− λΨ. Clearly, the weak solutions of the problem (IP) are exactly the solutions of
the equation I ′

λ
(u) = 0. Now, we want to show that γ < +∞, where γ is defined in Theorem 1.

Let {ξn} be a real sequence such that ξn >
√
TC3

2C1
for all n ∈ N and ξn → +∞ as n→∞ and

lim
n→∞

∫ T
0

sup|t|≤ξn Q(x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

= lim inf
ξ→+∞

∫ T
0

sup|t|≤ξ Q(x, t)dx

4

T
C1ξ2 − 2√

T
C3ξ

.

Put rn =
4

T
C1ξ

2
n −

2√
T
C3ξn for all n ∈ N. By the same arguing as given in the proof of [2,

Lemma 6], we observe that rn > 0 for all n ∈ N. Taking (2.1) into account that, by the same
reasoning as given in [2] we have Φ−1(] −∞, rn[) ⊆ {u ∈ X; ||u||∞ ≤ ξn} . Hence, taking into
account that Φ(0) = Ψ(0) = 0, for every k large enough, one has

ϕ(rn) = inf
u∈Φ−1(]−∞,rn[)

(supv∈Φ−1(]−∞,rn[) Ψ(v))−Ψ(u)

rn − Φ(u)

≤
supv∈Φ−1(]−∞,rn[) Ψ(v)

rn

≤
∫ T

0
sup|t|≤ξn Q(x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

=

∫ T
0

sup|t|≤ξn

[
F (x, t) + µ

λ
G(x, t)

]
dx

4

T
C1ξ2

n −
2√
T
C3ξn

≤
∫ T

0
sup|t|≤ξn F (x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

+
µ

λ

∫ T
0

sup|t|≤ξn G(x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

.

Moreover, it follows from Assumption (A2) that

lim inf
ξ−→+∞

∫ T
0

sup|t|≤ξ F (x, t)dx

4

T
C1ξ2 − 2√

T
C3ξ

< +∞,

so we obtain

lim
n→∞

∫ T
0

sup|t|≤ξn F (x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

< +∞. (3.1)

Then, in view of the condition (2.2) and (3.1), we have

lim
n→∞

∫ T
0

sup|t|≤ξn F (x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

+ lim
n→∞

µ

λ

∫ T
0

sup|t|≤ξn G(x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

< +∞,



Infinitely many solutions for a class of Dirichlet boundary value problems 173

which follows

lim
n→∞

∫ T
0

sup|t|≤ξn

[
F (x, t) + µ

λ
G(x, t)

]
dx

4

T
C1ξ2

n −
2√
T
C3ξn

< +∞.

Therefore,

γ ≤ lim inf
n→+∞

ϕ(rn) ≤ lim
n→∞

∫ T
0

sup|t|≤ξn

[
F (x, t) + µ

λ
G(x, t)

]
dx

4

T
C1ξ2

n −
2√
T
C3ξn

< +∞. (3.2)

Since ∫ T
0

sup|t|≤ξn Q(x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

≤
∫ T

0
sup|t|≤ξn F (x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

+
µ

λ

∫ T
0

sup|t|≤ξn G(x, t)dx

4

T
C1ξ2

n −
2√
T
C3ξn

,

taking (2.2) into account, one has

lim inf
ξ→+∞

∫ T
0

sup|t|≤ξ Q(x, t)dx

4

T
C1ξ2 − 2√

T
C3ξ

≤ lim inf
ξ→+∞

∫ T
0

sup|t|≤ξ F (x, t)dx

4

T
C1ξ2 − 2√

T
C3ξ

+
µ

λ
g∞. (3.3)

Moreover, since G is nonnegative, from Assumption (A1) we obtain

lim sup
ξ→+∞

∫ T−δ
η

Q(x, ξ)dx

η + δ

ηδ
C2ξ2 +

√
η+δ
ηδ C3ξ

≥ lim sup
ξ→+∞

∫ T−δ
η

F (x, ξ)dx

η + δ

ηδ
C2ξ2 +

√
η+δ
ηδ C3ξ

. (3.4)

Therefore, from (3.3) and (3.4), and from Assumption (A2) and (3.2) we observe

λ ∈]ν1, ν2[⊆
1

lim supξ−→+∞

∫ T−δ
η

Q(x,ξ)dx

η + δ

ηδ
C2ξ2+

√
η+δ
ηδ C3ξ

,
1

lim infξ−→+∞

∫ T
0

sup|t|≤ξ Q(x,t)dx

4

T
C1ξ2−

2√
T
C3ξ

 ⊆
]
0,

1

γ

[
.

For the fixed λ, the inequality (3.2) concludes that the condition (b) of Theorem 1 can be
applied and either Iλ has a global minimum or there exists a sequence {un} of weak solutions
of the problem (IP) such that limn→∞ ‖u‖ = +∞.
The other step is to show that for the fixed λ the functional Iλ has no global minimum. Let us
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verify that the functional Iλ is unbounded from below. Assumption (A1) follows that C2 and
C3 are positive. Since

1

λ
< lim sup

ξ→+∞

∫ T−δ
η

F (x, ξ)dx

η + δ

ηδ
C2ξ2 +

√
η+δ
ηδ C3ξ

,

we can consider a real sequence {dn} and a positive constant τ such that dn → +∞ as n→∞
and

1

λ
< τ <

∫ T−δ
η

F (x, dn)dx

η + δ

ηδ
C2d2

n +
√

η+δ
ηδ C3dn

(3.5)

for each n ∈ N large enough. Let {wn} be a sequence in X defined by

wn(x) =


dn
η x, x ∈ [0, η],

dn, x ∈ [η, T − δ],
dn
δ (T − x), x ∈ [T − δ, T ].

(3.6)

For any fixed n ∈ N, wn ∈ X and ||wn|| =
√
η + δ

ηδ
dn, and in particular, since Φ(u) ≤ C2||u||2 +

C3||u|| for all u ∈ X, one has

Φ(wn) ≤ η + δ

ηδ
C2d

2
n +

√
η + δ

ηδ
C3dn. (3.7)

On the other hand, bearing Assumption (A1) in mind and since G is nonnegative, from the
definition of Ψ, we infer

Ψ(wn) ≥
∫ T−δ

η

F (x, dn)dx. (3.8)

So, according to (3.5), (3.7) and (3.8) we obtain

Iλ(wn) ≤ η + δ

ηδ
C2d

2
n +

√
η + δ

ηδ
C3dn − λ

∫ T−δ

η

F (x, dn)dx

< (1− λτ)

(
η + δ

ηδ
C2d

2
n +

√
η + δ

ηδ
C3dn

)
for every n ∈ N large enough. Hence, the functional Iλ is unbounded from below, and it follows
that Iλ has no global minimum. Therefore, applying Theorem 1 we deduce that there is a
sequence {un} ⊂ X of critical points of Iλ such that limn→∞Φ(un) = +∞, which from the
definition of Φ follows that limn→∞ ‖un‖ = +∞. Hence, the conclusion is achieved.
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Remark 1. Under the conditions lim infξ−→+∞

∫ T
0

sup|t|≤ξ F (x,t)dx

4

T
C1ξ2−

2√
T
C3ξ

= 0 and

lim supξ−→+∞

∫ T−δ
η

F (x,ξ)dx

η + δ

ηδ
C2ξ2+

√
η+δ
ηδ C3ξ

= +∞, Theorem 3 concludes that for every λ > 0 and for

each µ ∈ [0, 1
g∞

[ the problem (IP) admits infinitely many weak solutions in X. Moreover, if
g∞ = 0, the result holds for every λ > 0 and µ ≥ 0.

We now exhibit an example in which the hypotheses of Theorem 3 are satisfied.

Example 1. Consider the problem
−u′′(x) = λf(x, u(x)) + µg(x, u(x)) a.e. x ∈ [0, 4],
u(0) = u(4) = 0,

∆u′(x1) = 1
4 + 3

8 |u(x1)| 12 , t1 ∈ (0, 4)
(3.9)

where

f(x, t) =


f∗(x)tet

(
2 + t+ sin(ln(|t|))− (2 + t) cos(ln(|t|))

)
if (x, t) ∈ [0, 4]× (R− {0}),
0 if (x, t) ∈ [0, 4]× {0}

where f∗ : [0, 4]→ R is a non-negative continuous function, and g(x, t) = ex−t
+

(t+)γ−1(γ− t+)
where t+ = max{t, 0} and γ is a positive real number, for all x ∈ [0, 4] and t ∈ R.
It is obvious that C1 = 0.25, C2 = 0.75 and C3 = 0.5 Also a direct calculation shows

F (x, t) =

{
f∗(x)t2et

(
1− cos(ln(|t|))

)
if (x, t) ∈ [0, 4]× (R− {0}),

0 if (x, t) ∈ [0, 4]× {0}.

So, lim infξ−→+∞

∫ 4
0

sup|t|≤ξ F (x,t)dx

0.25ξ2−0.5ξ = 0 and lim supξ−→+∞

∫ 3
1
F (x,ξ)dx

1.5ξ2+
√

2
2 ξ

= +∞. Hence, using

Theorem 3, since

g∞ = lim
ξ→+∞

∫ 4

0
sup|t|≤ξ e

x−t+(t+)γdx

C1ξ2 − C3ξ
= lim
ξ→+∞

(e4 − 1)e−ξξγ

0.25ξ2 − 0.5ξ
= 0,

the problem (3.9) for every (λ, µ) ∈]0,+∞[×[0,+∞[ has an unbounded sequence of classical
solutions in H1

0 (0, 4).

Remark 2. Arguing as in [5, Remark 3.3] we explicitly observe that Assumption (A2.2) in
Theorem 3 could be replaced by the following more general condition

(A2.3) there exist two sequence {an} and {bn} with bn >
√
TC3

2C1
for all n ∈ N and

η + δ

ηδ
C2a

2
n+√

η+δ
ηδ C3an <

4

T
C1b

2
n −

2√
T
C3bn for every n ∈ N and limn→+∞ bn = +∞ such that

lim
n→+∞

∫ T
0

sup|t|≤bn F (x, t)dx−
∫ T−δ
η

F (x, an)dx

4

T
C1b2n −

2√
T
C3bn −

η + δ

ηδ
C2a2

n −
√

η+δ
ηδ C3an
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< lim sup
ξ−→+∞

∫ T−δ
η

F (x, ξ)dξ

η + δ

ηδ
C2ξ2 +

√
η+δ
ηδ C3ξ

.

Obviously, from (A2.3) we obtain (A2.2), by choosing ak = 0 for all n ∈ N. Moreover, if we

assume (A2.3) instead of (A2.2) and set rn =
4

T
C1b

2
n −

2√
T
C3bn for all n ∈ N, by the same

arguing as inside in Theorem 3, we obtain

ϕ(rn) ≤
supv∈Φ−1(]−∞,rn]) Ψ(v)−

∫ T
0
F (x,wn(x))dx

rn − 1
2

∫ T
0

(w′n(x))2dx+
∑p
j=1

∫ wn(xj)

0
Ij(t)dt

≤
∫ T

0
sup|t|≤bn F (x, t)dx−

∫ T−δ
η

F (x, an)dx

4

T
C1b2n −

2√
T
C3bn −

η + δ

ηδ
C2a2

n −
√

η+δ
ηδ C3an

where wn as given in (3.6) with an instead of dn. We have the same conclusion as in Theorem
3 with Λ replaced by

Λ′ :=
] 1

lim supξ−→+∞

∫ T−δ
η

F (x,ξ)dξ

η + δ

ηδ
C2ξ2+

√
η+δ
ηδ C3ξ

,
1

limn→+∞

∫ T
0

sup|t|≤bn F (x,t)dx−
∫ T−δ
η

F (x,an)dx

4

T
C1b2n−

2√
T
C3bn−

η + δ

ηδ
C2a2n−

√
η+δ
ηδ C3an

[

Here, we point out a simple consequence of Theorem 3.

Corollary 1. Assume that all assumptions in Theorem 3 except Assumption (A2.2) hold and

(B1) lim infξ−→+∞

∫ T
0

sup|t|≤ξ F (x,t)dx

4

T
C1ξ2−

2√
T
C3ξ

< 1;

(B2) lim supξ−→+∞

∫ T−δ
η

F (x,ξ)dx

η + δ

ηδ
C2ξ2+

√
η+δ
ηδ C3ξ

> 1.

Then, for every arbitrary L1-Carathéodory function g : [0, T ] × R → R whose G(x, t) =∫ t
0
g(x, ξ)dξ for every (x, t) ∈ [0, T ] × R, is a non-negative function satisfying the condition

(2.2) and for every µ ∈ [0, µg,1[ where

µg,1 :=
1

g∞

1− lim inf
ξ→+∞

∫ T
0

sup|t|≤ξ F (x, t)dx

4

T
C1ξ2 − 2√

T
C3ξ

 ,

the problem {
−u′′(x) = f(x, u(x)) + µg(x, u(x)) a.e. x ∈ [0, T ],
u(0) = u(T ) = 0

with the impulsive conditions ∆u′(xj) = Ij(u(xj)), j = 1, 2, ..., p, has an unbounded sequence
of weak solutions in X.
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Remark 3. Theorem 2 is an immediately consequence of Corollary 1.

The following result is special case of Theorem 3 with µ = 0.

Theorem 4. Assume that the assumptions in Theorem 3 hold. Then, for each λ ∈]λ1, λ2[
where

λ1 :=
1

lim supξ−→+∞

∫ T−δ
η

F (x,ξ)dx

η + δ

ηδ
C2ξ2+

√
η+δ
ηδ C3ξ

and

λ2 :=
1

lim infξ−→+∞

∫ T
0

sup|t|≤ξ F (x,t)dx

4

T
C1ξ2−

2√
T
C3ξ

,

the problem {
−u′′(x) = λf(x, u(x)) a.e. x ∈ [0, T ],
u(0) = u(T ) = 0

with the impulsive conditions ∆u′(xj) = Ij(u(xj)), j = 1, 2, ..., p, has an unbounded sequence
of weak solutions in X.

Remark 4. We observe in Theorem 3 we can replace ξ → +∞ with ξ → 0+, that by the same
arguing as in the proof of Theorem 3 but using conclusion (c) of Theorem 1 instead of (b), the
problem (IP) has a sequence of pairwise distinct weak solutions, which strongly converges to 0
in X.
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