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Abstract

We present a geometric approach, in the spirit of the Chern-Weil theory, for construct-
ing cocycles representing the classes of the Hopf cyclic cohomology of the Hopf algebra H,,
relative to GL,. This provides an explicit description of the universal Hopf cyclic Chern
classes, which complements our earlier geometric realization of the Hopf cyclic character-
istic classes of foliations.
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Introduction

The Hopf algebra H,, originated in the investigation of the local index formula for transversely
hypoelliptic operators on foliations [5], performing the role of a ‘quantum structure group’ for
foliations of codimension n. Its Hopf cyclic cohomology relative to O, was shown to deliver
the Gelfand-Fuks cohomology classes as characteristic classes of ‘spaces of leaves’. In [15] we
presented a geometric method for explicitly constructing these universal Hopf cyclic cohomology
classes by means of concrete cocycles, in the spirit of the Chern-Weil theory. We now supplement
that construction by adapting the procedure to the case of the Hopf cyclic cohomology of H,
relative to GL,, = GL, (R), which corresponds to the universal equivariant Chern classes. The
essential modification needed to adjust the approach in [15] consists in the replacement of the
‘differentiable’ variants of the standard de Rham complexes for equivariant cohomology by a
more restrictive version, to be called ‘regular differentiable’.

As we often defer to [15] for additional details, in order to facilitate the reading of the present
paper we keep the exposition closely parallel to the former. In §1 we introduce the regular
differentiable de Rham cohomology complexes and use them to prove an analogue relative to
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GL,, of the van Est-Haefliger isomorphism. The construction proper of a basis of representative
cocycles for the Hopf cyclic cohomology of H, relative to GL,, is carried out in §2. This
provides a complete description of the universal Hopf cyclic Chern classes, which complements
the geometric realization of the Hopf cyclic characteristic classes of foliations [15]. Partial
representations of these classes were obtained earlier by purely algebraic methods in [13, §3.4.1]
(for Hochschild cohomology) and [14, §4.3].
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1 Chern cocycles in regular differentiable cohomology

1.1 Regular differentiable de Rham complexes

Given a manifold M we denote by G is the group of diffeomorphisms Diff (M) equipped with
the discrete topology, and by AgM the simplicial manifold {AgM[p] := GP x M },>¢ with its
usual face maps 9; : AgM|p] = AecMp—1], 1<4i<p, and degeneracies o; : AagM]|p] —
AgMp+1], 0 < i < p. The equivariant cohomology Hg(M,R) can be computed as the
cohomology of the Bott bicomplex (cf. [1, 2]) {C*®(G,Q*(M)),d,d}, endowed with the de
Rham differential d and with the group cohomology boundary ¢

p

dc(P1, .- Ppr1) ZZ(—l)iC(ai(th-'-7¢p+1))

=0
+ (_1)p+1¢;+lc(¢1, oy Bp)-

For our purposes it will be convenient to work with the homogeneous version of this bicomplex,
{C*(G,Q*(M)),d,d}, whose (p, g)-cochains &(po, ..., pp) € QIUM), po,...,pp € G satisfy the
covariance condition

(0= (pop, -, ppp)) = lpo, -, pp), Y p,pi € G (1.1)
the group cohomology boundary is given by

p
6E(p07 s 7pp) = Z(—l)lé(p07 cey Piy e 7pp)a
=0

where the ‘check’ mark signifies omission of the element.
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The two bicomplexes are isomorphic via the identifications

C(¢la"'7¢p)zé(¢1"‘¢p7 ¢)2"'¢)pa "'7¢p7e)a

P * —1 —1 —1 (12)
resp.  C(pos-- -, Pp) = Ppc(Popy s P1P3 s Pp—1Pp )-

Dupont’s [8] de Rham complex of compatible forms {Q°*(|AgM]|),d} on the geometric realiza-
tion |AgM| = H;O:O AP x AgM]p] provides an alternative way of computing H& (M, R). By
definition, such a form consists of sequences w = {wp }p>0, With w, € Q*(AP x AgM|p]), such
that for all morphisms p € A(p, q) in the simplicial category,

(1o X 1d)"e, = (Idxpi*) ", € Q° (AP x AaMg)): (1.3)

here AP = {t = (to,...,t,) € RPTL | ¢, >0, to+...+1t, = 1}, pe : AP — A, resp.
u® : AgMlq] - AgM]p], stands for the induced cosimplicial, resp. simplicial, map, and
QF (AP x AgM]|q] denotes the k-forms on AP x Ag M q] which are extendable to smooth forms
on VP x AgM|q], where VP = {t = (to,...,t,) € RPT! | {o+ ...+, = 1}. As in the case of
the previous complex, there is a homogeneous description of the simplicial de Rham complex,
{Q*(JAgM]|),d}, consisting of the G-invariant compatible forms on the geometric realization
|AgM]|. The simplicial manifold AgM is defined as follows:

AeM ={AcM[p] = G""! x M}p=0,
with face maps 9; : AgM|[p] = AgM[p—1], 1<i<p, given by
Bi(pos - s Pps ) = (Pos-- - fis- s pp), 0<i <p,
and degeneracies
Gi(P0s s Pps ) = (P0y -« s Pis Piy -5 Ppy X)), 0< 0 <p.
The compatible forms w = {w,},>0 € Q°*(|AgM]| satisfy the invariance condition
(™) w(pops -+ ppp) = w(pos- -, pp), ¥ p,pi € G. (1.4)

By [8, Thm 2.3], the operation of integration along the fibers
7{ s Q% (AP x AgM|p]) = Q*"P(AcgM]p]) (1.5)
AP

establishes a quasi-isomorphism between the complexes {Q°*(|AgM]),d} and {C*°* (G, Q*(M)),
E= A

Instead of the differentiable variants of the above complexes utilized in [15], we shall employ
here their regular versions, defined as follows.

A cochain w € CP? (G, Q4(M)) will be called regular differentiable if for any local chart U C M
with coordinates (z1,...,z"),

W(pOa s 7pp7x) = ZPI (xng]cc(po)7 s 7j§(pp)) dCL‘I, (1'6)
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with the functions P; depending polynomially of a finite number of jet components of p,,
1 <a < pand of (det pg(m))_l, where p/,(z) denotes the Jacobian matrix (0;p7(z)). As usual,
dz! = dx™ A...ANdzle, with I = (i; < ... < i,) running through the set of strictly increasing
g-indices. The cohomology of the total complex {C%* (G, Q*(M)),§+d} thus obtained will be
denoted H?; o (M,R).

Similarly, the regular differentiable simplicial de Rham complex is defined as the subcomplex
{Q2,(|1AcM]),d} of {Q*(|]AgM]),d} consisting of the G-invariant compatible forms {w,},>0
whose components satisfy the analogous condition:

wp(t§,007 s 7pp7x) = ZPI,J (ta m?j;]cc(p())a s 7]§(pp)) dtI A de7 (17)

with Pr ; of the same form as in (1.6). We denote by HY (|AgM]|,R) the cohomology of the
complex {Q2,(|AcM]),d}.

Theorem 1.1. The chain map 74 : Q% (| A M) — C (G, Q*(M)) induces an isomorphism
A.
Hr.d(|AGM‘7R) = Hr.d,G (Ma R)

Proof: The operation of integration along the fibers obviously maps Q;d(\AgM ) to

C% (G,Q*(M)). The justification of the parallel result in [8, Theorem 2.3] applies here too,
since the natural chain maps in both directions and the chain homotopies relating them preserve
the regular differentiable subcomplexes. 0

1.2 Van Est-Haefliger isomorphism relative to GL,

For k € NU {co} we let F¥M denote the frame bundle of order k, formed of k-jets j¥(¢) at
0 of local diffeomorphisms ¢ from a neighborhood of 0 € R™ to a neighborhood of ¢(0) € M.
In particular F'M = FM is the usual principal frame bundle over M with structure group
G' = GL,,. Each F¥M is a principal bundle over M with structure group G* formed of k-jets
at 0 of local diffeomorphisms of R™ preserving 0. The group G = Diff (M) operates naturally
on the left on F¥M by left translations.

Let a,, be the Lie algebra of formal vector fields on R™ and denote by C*(a,,) its Gelfand-Fuks
cohomology complex [9]. Each w € C™(a,,) gives rise to a G-invariant form @ € Q™ (F>*°M),
and the assignment w € C*(a,) — @ € Q*(F>*M)% is a DGA-isomorphism, by means of which
we shall identify the two DG-algebras.

After fixing a torsion-free affine connection V on M, we define a cross-section oy : FM — F>®M
of the natural projection 7 : F*°M — F'M by the formula

ov(u) = j&°(expy ou) , u€ F,M. (1.8)
Clearly, oy is GLy,-equivariant and Diff-equivariant:
oge =¢ tooyog, Vo e G, (1.9)

here V? = ¢! o V o ¢,,, with connection form ¢*w.
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For each p € N, we define o, : AP x AgFM][p| — F*M by

O'p(t; PO - - - 7pp7u) = UV(t;po,..‘,pp)(uL

P 1.10
where V(t;po,...,pp) = Z t; VPi, t € AP, ( )
0

The collection ¢ = {op}p>0 descends to the geometric realization of AgFM, giving a map
6 :|[AgFM| — F*M. By construction, ¢ is GL,-equivariant and therefore it also induces a
map 69 1 |[AgM| — F*M/GL,.

Lemma 1.2. Ifw € C*(a,) then 6*(0) € QY (|AcFM]|.

Proof: First we note that, because @ is G-invariant, 6*(@) is easily seen to be a compatible
form. It remains to check that for any ¢ € G and any local chart U, with the notation as in
(1.6), one has

05e(@)(x) =Y Pr(z,j8(¢)) da’,  w€U.

Using normal coordinates with respect to V, this follows from the explicit expression for oye
in the proof of Lemma 3.5 in [15]. 0

In view of the above lemma, it makes sense to define Cy : C*(a,) — Q% (|AgFM]|) by
Cv(w) = 6*(@) € Q% (|AgFM)). (1.11)

The map Cy is a homomorphism of DG-algebras. which in turn induces a DGA-homomorphism
at the level of GL,-basic forms,

CSln  C*(a,, GL,) — Q% (|AcM]). (1.12)
Theorem 1.3. The map CSL" s a quasi-isomorphism of DG-algebras.

Proof: The proof follows along the same lines as that of [15, Theorem 1.2]. For any connection
V, one has

(moog)(u) = jé(expj ou)=wu, ueF,M.
After upgrading m and 6 to simplicial maps Id xm; : [AgF>*M| — |AgFM| and Id x6 :
|[AgFM| — |AgF> M|, one obtains
(Id x71) o (Id x5) = Id.

Hence (Id x6)* : Q% (|AcF*M|) — Q2 (|AgFM]) is a left inverse for (Id x7)* : Q% (|Ag FM]|)
— Q2 (|AcF*M|). Both maps are GL,-equivariant and thus descend to maps
(Id x&)&, + La(|AeF¥M/GL, |) = Q4(|1AcM]),
resp.  (Id xmy)gy, : Qq(|AaM|) = (| AcF* M/ GL, |).
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The typical fiber G¥ / GL,, of F*°M/ GL,, — M can be canonically identified to the pronilpotent
group G¥ of oo-jets at 0 of local diffeomorphisms of R preserving 0 to order 1. As such, it is
algebraically contractible, hence (Id xwl)aLn induces an isomorphism in regular differentiable
cohomology. Therefore so does its inverse (Id x&)gy, -

On the other hand, identifying the GL,,-basic forms on F*° M with forms on P> M = F*°M/GL,,
one defines a horizontal homotopy as in [12, Lemma 2.3], by the formula

(Ha)pfl(t;p()a sy Pp—1, jooo(p) GLn) -
TGL,, [k € GLn = O‘p(t; (pk)ila Poy -+ Pp—1, ]gc(ﬂ) GLH)L
where 7, stands for the projection on the GL,,-invariant (constant) part with respect to the
decomposition into isotypical components of the right regular representation of GL,, on its ring
of regular functions tensored by the fiber. B
Therefore the natural inclusion of C*(a,,, GL,,) = Q*(F>*M/ GL,)% into Q% (| A F* M/ GL, |)

is also quasi-isomorphism. To complete the proof it remains to observe that when restricted to
GL,,-basic forms the map (Id x Ao)* coincides with CgL”. 0

Combining the Theorems 1.1 and 1.3 one obtains the ‘relative to GL,,’ version of the van
Est-Haefliger isomorphism [11, §IV.4].

Theorem 1.4. The map
DgL" = f CgL" : C*(an, GL,,) — C15* (G, Q*(M))
is a quasi-isomorphism of complexes.

1.3 Equivariant Chern cocycles

Let W (gl,) = A*gl* ®S(gl,) be the Weil algebra of gl,, with its usual grading, and let W (gl,,) =
W (gl,)/Zan be its truncation by the ideal generated by the elements of S(gl,) of degree > 2n.
The universal connection and curvature forms ¢ = (%) and R = (RY), defined as in [1, §2],

generate a DG-subalgebra CW*(a,,) of C*(a,), which can be identified with W(gl,). Let
CW*(a,,GL,), resp. W(g[n, GL,), denote their subalgebras consisting of GL,,-basic elements,
also identified as above. It follows from Gelfand-Fuks [9] (cf. also [10]) that the inclusion of the
latter into C*(a,,, GL,,) is a quasi-isomorphism. Thus, by Theorems 1.3 and 1.4,

DS - W (gl,, GL,) = CW*(a,, GL,) — Q% (|AcM|) (1.13)
is a DGA quasi-isomorphism and
DSE W (gly, GL,,) = CW*(a,,GL,) — C3** (G, Q* (M)) (1.14)

is a quasi-isomorphism of complexes.
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The cohomology of W(g[n, GL,,) is well-known to be isomorphic to the truncated polynomial

ring generated by the universal Chern classes Py,[c1, ..., ¢y,], with ¢1,..., ¢, given by the in-
variant polynomials
cq(A) = > (AR, A A€ gl (1.15)

1<i1 <...<ig<n peS,

The above quasi-isomorphisms allow to transport the standard basis of Py, [c1, ..., cy,] to a basis
of HY (G, Q*(M)), as follows.

Let wy = (oﬂ), resp. Qy = (QZ) denote the matrix-valued connection form, resp. curvature
form, correbpondmg to V. One has the naturality relation (cf. [7, Lemma 18)),

oL(W) =wi  hence  o&(R}) = Q. (1.16)

In homogeneous group coordinates (cf. (1.2)), the simplicial connection form-valued matrix
wy = {Wp}pen associated to V has components

Wp(t5 00,5 pp) thpz wy), (1.17)

and the simplicial curvature form-valued matrix Qv = dov + dv A &y has components
Q, = 91()1,1) + Q;O’Q), given by

p
Qp(t; 00,5 pp) = Y dti A pf(wy) +
(1.18)

P p
D (0 (29) = pi(we) Api(we)) + Y tit; i (we) A ] (wy)-
i=0 i,j=0

The forms d;; and Q; clearly belong to the regular differentiable de Rham complex Q2,(|Ag FM]).
In addition, the Chern forms ¢4 (v are GL,-basic and therefore descend to Q25(|AgM]|), and

we denote by the same symbols the corresponding cohomology classes. In view of the DGA

quasi-isomorphism (1.13) the cohomology ring H?; (|AgM]|, C) is isomorphic to Pay[c1, .. ., cpl.

Therefore the collection of forms

es(@v) = ¢ Q) A A ey, (9) € 0 ((AeM], (1.19)
with J = (j1 < ... <j,) and |J| := j1+...+j, < n, represents a linear basis of H%(|AgM]|,C).

Applying now the quasi-isomorphism (1.14) (which is linear, but not multiplicative) one obtains
representative cocycles for a linear basis of HY o (M, C), namely

Cr(Qy) = f.cJ(QV), J=(h1 <...<34,), |J| <n}. (1.20)
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2 Hopf cyclic universal Chern classes

2.1 Hopf algebra H,, and its Hopf cyclic complex

The Hopf algebra H,, arises quite naturally as the symmetry structure of the convolution algebra
C°(T,) of the étale groupoid T',, of germs of local diffeomorphisms of R acting by prolongation
on the frame bundle FR"™, identified with the affine group G = R" x GL,,. Equivalently, it acts
naturally on the crossed product algebras Ar = C°(FR"™) x I', with " a discrete subgroup of
G = Diff R™. We briefly review below its operational construction, and refer the reader to [15]
for a more detailed account.

The primary generators of M, are the (horizontal, resp. vertical) left-invariant vector fields
{Xk, Y/ | 4,4,k =1,...,n}, that form the standard basis of the Lie algebra g = R" x gl,, of G.
The vector fields Z € g are made to act on the algebra A := C°(FR") x G by

the resulting linear operators on A satisfy generalized Leibnitz rules, which in the Sweedler
notation take the form
Z(a b) = Z(l)(a) Z(Q)(b), a,be A.

In particular, _ 4
Xi(ab) = Xp(a)b + a Xp(b) + 0%4(a) Y/ (),

where
ik (fUp=1) = (@) fUp-r, with 1)
(@)@ y) = (y7' ')t 9ud'(2) y) ) v -

The operators d%; are derivations, but their successors 8%, , = [Xe,,... [Xy,,05].. ],

;‘k[l...ér (fUp) = W;kzl.“er(@ JUg— where
Vikey 0. (@) = X, - Xo, (Vin(0)), o€ G,

obey progressively more elaborated Leibnitz rules. The subspace §,, of linear operators on A
generated by the operators Xy, in, and 5§k ¢,..¢, forms a Lie algebra b,.

By definition, H,, is the algebra of linear operators on A generated by b, and the scalars. For
n > 1 the operators 6;- ke,..c, are not all distinct. They satisfy the “structure identities”

(2.2)

7 ) __ §s ) s i
6j€k - Y5ke — 6jk 53@ - 6j€ 6sk’

reflecting the flatness of the standard connection. The algebra H,, is isomorphic to the quotient
A(h,)/Z of the universal enveloping algebra 2A(h,) by the ideal Z generated by the above
identities. It has a distinguished character § : H,, — C, which extends the modular character
of gl,(R), and is induced from the character of b,, defined by

5<Yzj) = 55’ 6<X/€) =0, 6(622]@21...6,,) = 0.
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The coproduct of H,, stems from the interaction of H,, with the product of A. More precisely,
any h € H,, satisfy an identity of the form

Z h(l) h(g) , h(l), h(g) eEH,, abeA,
(R)
and this uniquely determines a coproduct A : H — H, ® H,, by setting (using Sweedler’s

notation)
= > ha)@hg
(h)

The counitis e(h) = h(1), while the antipode S is uniquely determined by its very definition

> S(haphe) = &) -1 = > ha)S(h)-
(h) (h)

Although the antipode S fails to be involutive, its twisted version

= > 3(h@)S(h@)

(h)
does satisfy the property
S? =1d. (2.3)
The algebra 4 has a canonical trace, namely
/ fow, if p=1Id,
T(fU,) = PR (2.4)
0, otherwise ;

here w is the volume form determined by the dual to the canonical basis of g. This trace
satisfies
T(h(a)) = §(h)7(a), heH,, ac A. (2.5)
The standard Hopf cyclic model for H,, is imported from the standard cyclic model of the
algebra A, by means of the characteristic map
Mo . @hle H® — x, (k' ®...®h) e CIA),

xr(h'® ... @~ (... a%) = 7(a®h*(a") ... h%(a?)), o € A, (26)

It gives rise to a cyclic structure [3] on {C?(H,;0) = HZ"},>0, with faces, degeneracies and

cyclic operator given by
Soht®...@hrt
Sj(ht®...@ht

) = 1k ®...eht,

)
Su(h' @...@hih)

)

)

= Me..eAM®... @t 1<j<q-1,
Rle... .okl e,

e .@eh™e...ehtt, 0<i<qg;
= Ss(hY)-(F*®...@htx1).

O'i(hl ®...®hq+1
(M ®...®hl
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The identity Tg_H = Id is satisfied precisely because of the involutive property (2.3), to which
is actually equivalent.

The periodic Hopf cyclic cohomology H P*(H,,;Cs) of H,, with coefficients in the modular pair
(6,1) is, by definition (cf. [5, 6]), the Zs-graded cohomology of the total complex CC'**(H,,; Cs)
associated to the bicomplex {CC**(H,;Cs), b, B}, where

q+1 q
b= Z(—l)kdk, B= (Z(—l)qkT;)Uq_qu.
k=0 k=0

The periodic Hopf cyclic cohomology of H,, relative to GL,,, denoted HP*(H,,GL,;Cs), is
the cohomology of the cyclic complex defined as follows. One considers the quotient Q,, :=
Hn Qu(gt,)C = Hn/Hnld T (gl,), which is an H,,-module coalgebra with respect to the coproduct
and counit inherited from ,,. One then forms the cochain complex

CU(Hp, GLy,; Cs) = Cs @pyqry Q27 = (@29, ¢>0,

endowed with the cyclic structure given by restricting to GL,-invariants the operators

60(1 L@ = iede...®... .08

il ®...@c) = de.. . 0Ad®.. 0, 1<i<qg-1;

bndt®... 0™ = do...od 1 el;

oidt®..@c™) = do...0ed™e...0dM 0<i<qg;
el e.. o) = S;h) (Fe..0d1).

The corresponding characteristic map lands in the cyclic cohomology of the crossed product
algebra Apase = C°(R™) x G, where R” is identified with G/ GL,,(R). It is given at the chain

level by the map c € (Q%q)GL" — Xbase(€) € CU(Apase) defined as follows:
Xbase(B1 @ ... @ h9)(a®, ..., a%) = Tpase(@’h1(@') ... h(a@) |y—1), (2.7)

where Thase is the trace on Apase associated to the relatively invariant measure on G/ GL, (R)
(which coincides with the Lebesgue measure on R™), h stands for the class in Q,, of h € Hn,
and for a monomial a = fUys € Apase We let @ := qu; € A, with f € C°°(FR") and ¢ denoting
the natural lifts of f € C°(R™) and ¢ € G to the frame bundle FR™. The definition makes
sense, as it can be checked that the element a’h'(al)...h9(a9) € A is independent of the
representatives h! of the classes hi, and descends to Ap,se by evaluation at y = 1. Moreover,
the chain map Ypase thus obtained is injective.

2.2 From equivariant to Hopf cyclic cohomology

We recall the definition of the map ® of Connes [4, IT1.2.5], specialized to the present context.
Consider the DG-algebra, Ba(G) = Q:(G) @ AC[G’], where G’ = G\ {e}, with the differential
d®1d. One labels the generators of C[G'] as 74, ¢ € G, with 7. = 0, and one forms the crossed
product Cq(G) = Ba(G) x G, with the commutation rules

UswUy = ¢" w, w e N(G),
U:;l Voo U¢>1 = Vpo0p1 — Vo1 $1,02 € G.
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Cc(G) is also a DG-algebra, equipped with the differential
dbU;) =dbU; — (-1)* by U;,  beBa(G), ¢€G, (2.8)

A cochain A € (G, Q?(@)) determines a linear form A on Cq(G) as follows:

AbU;) =0 for ¢ #1,;
if ¢) =1 and b=w 29 Yo1 - - - ’ypq then (29)

A(w@*ypl...'ypq):/G)\(l,pl,...,pq)/\w.

The map ® from C*(G,Q°(G)) to the (b, B)-complex of the algebra A = C°(G) x G is now
defined for A € (G, QP(G)) by

m p' % i(m—7)Y +1 m 0 1 ]
dN)(a,...,a™) = ———) (=1)/™mDX(da’t! .- da™ a° da' - - - da?)
(m+1)! ; (2.10)

where m =dimG —p+q, a®,...,a" € A.

By [4, 111.2.6, Thm. 14], ® is a chain map to the total (b, B)-complex of the algebra A.
The relative version ®%L» of the map @ is obtained by first replacing 2 (G) with the GL,,-basic
forms O (G) which are compact modulo GL,,, and so can be identified to 2} (R™), and then

c,basic

replacing in the definition (2.9) the integration over G = R™ x GL,, by integration over the base
R™. One obtains this way the induced chain map

PGl ; O (G, Q*(R™)) — C* (Apase)- (2.11)

Assume now that A € C9(G,QP(R")) is of the form A = Dy (w) with w € C(a,, GL,), where
V stands for the standard flat connection. Using [15, Lemma 3.5] which identifies the map
Dy with the map D employed in [5], one shows as in [5, pp. 233-234]) that ®L=()\) has the
expression

O (N)(a®,.. . a9) = D Thase(@®hl(@') ... h(a%)), (2.12)

with 3. hl ®...@hd € (fo’q)GL" uniquely determined by A. This means that ®%=()) lands
in the (b, B)-complex which defines the Hopf cyclic cohomology of H,, relative to GL,,. Thus,
by restricting ®G» to the subcomplex

CRN G, QF(R™)) == Dy (C(an,GLn)) C CI9Y(G, Q*(R™)), (2.13)
one obtains a chain map
Gl O (G, Q*(R™)) — CC*Y(H,,, GL,; Cs). (2.14)

By [5, Theorem 11], or more precisely its relative to GL,, version, the composition CIDSiL" ODgL"

is a quasi-isomorphism. Since, by construction (cf. §1.3) the cocycles C J(Qv) are images via
the map DgL" of representatives for a basis of H*(a,,, GL, ), we can finally conclude that:
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Theorem 2.1. The collection of cocycles
(P (Co(Q9));  T=(1<...<dg), | <n}
represent a basis of HP®*(Hy,GLy;Cs).
To get more insight into the makeup of these cocycles, we recall that V is the flat connection

on G = FR"™ — R", so its connection form is wy = (w;) with w;. = (yfl)i dy’; = (y’1 dy)z.,

i,7 =1,...,n. With the usual summation convention, for any ¢ € G,
¢*(w)) = wj + 75 (9) 0" = wi+ (71 ¢/(2) 71 0/ () - y) dat,
since ' _ .
V@)@ y) = (y ¢ (@) 9.9 (x) - y), yi and 6" = (y'), da”.
Thus, denoting

Lu(o)(zy) =y~ ' ¢'(x)7" - 0,9/ (2) -y, (2.15)

one has ¢*(wy) = wy + [,.(¢)dz*. Therefore, the simplicial connection is

p p
Wy (t; o, ... dp) = Ztr(b:(wV) =wy + Ztr Ty(¢r) dz”
r=0 r=0

Since ¢*(v) = 0, the simplicial curvature (1.18) takes the form

Qv (t;¢o, .-, dp) = Zdt A ¢ (wv) Zt or(wv) A dr(wv)

r=0 r=0
p
+ Z trls ¢:(WV) A ¢:(WV)
7r,5=0

Furthermore, being given by invariant polynomials, the Chern cocycles (1.19) are built out of
the pull-back of the curvature form by the cross-section z € R™ — (z,1) € R™ x GL,,. The
latter is given by the matrix-valued form

R(t; o, ..., bp) Zdt AT(¢r) Zt L(¢,) AT()

) =
+ Z trts D(or) AT(0s), where () = (¢/)"! - d¢/,
r,s=0

with ¢’ = (8;¢") denoting the Jacobian matrix of ¢ € G. This ensures that the diffeomorphisms
¢ € G appear in all the basic cocycles (1.20) solely through the matrix-valued 1-forms () €
Q'(R") ® gl,,. For example, the Chern cocycle Cy(Qv) has components

CP (9) (o, - dp) =

=1 Z(_l)“/pRﬁm ARG (600, 6p).

1<i1<...<ig<n p€S,
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In particular, up to a constant factor CSQ)(QV)(QSO, ..., ¢q) equals

Z (_1)0 Tr (F(Qba(l)) ARRRRA F(¢cf(q))> ’

0€Sg+1

where o runs through the permutations of {0,1,...,q}.

It is thus seen that all cohomology classes in HP*(H,,, GL,; Cs) can be represented by cocycles
@4\ GLn

¢ € Yyo (o)

only 2-jets.

The above property can be stated more intrinsically, in terms of the standard Hopf cyclic

complex. Let F? denote the subalgebra of H,, generated by the multiplication operators 5; w of
(2.1) and set

whose characteristic image Xpase(c) € D, 50 C? (C°(R") x G) involves

X, = f;ﬁ + Z]:2~Xk;
k=1

it is a GL,-invariant subspace of H,,, and we let X, be its image in Q,.

Corollary 2.2. Every cohomology class in HP®*(H,,GL,;Cs) can be represented by cocycles
. GL,
formed of elements in 3~ - (Xf?q) )

Proof: The horizontal operators appear because of the first summand in the definition (2.8) of
the differential d, which contributes to the formula (2.12) as follows: when applied to monomials
a= fUj € C2(R"), it brings in the forms df = >} | Xi(f) dz*. d

Explicit representatives for the Hopf cyclic Chern classes can also be given in the cohomological
models of Chevalley-Eilenberg type constructed in [13, 14], by transporting the equivariant
Chern classes from the Bott complex as in [15, §3], via the partial inverse of the map © therein
defined, only this time restricted to GL,-basic forms.
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