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Integral bases and relative monogenity of pure octic fields
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Abstract

Let m # 1 be a square-free integer. The aim of this paper is to construct
an integral basis of the pure octic field L = Q(&m) and to consider relative
monogenity of L over its quartic subfield K = Q(/m) as well as over its
quadratic subfield k = Q(&m). We prove that the field L is relatively
monogenic over k for the case of m = 5,13 (mod 16) and does not have
relative power integral basis over k for m = 1,9 (mod 16). Moreover we
prove that L has a relative power integral basis over K in the case of
m =5,9,13 (mod 16). We show that the field Q({/m) is monogenic as well
as relatively monogenic over k and K when m = 2,3 (mod 4). In the case of
m = —1 we prove our results by observing that the field L coincides with
the 16th cyclotomic field ki6.
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1 Introduction

Let F' be a number field over the field Q of rational numbers. We denote the ring
of integers of F' by Zp. For a finite field extension F//K of degree n, it is said that
an element 7 € Zp generates a relative power integral basis 1,7,,n%,--- ,n""!
for F over K if Zr = Zk([n) = Zx1 + Zgn+ -+ Zgn"~ ' is of rank n. For
K = @, an element ) € Zp generates power integral basis if Zp = Z[n]. When
a field F' has a power integral basis over K, the field F is said to be relatively
monogenic over K. In the case of K = Q, we say that Zp has a power integral
basis or equivalently F' is monogenic. The existence of power integral bases in
algebraic number fields is a classical problem in algebraic number theory [4, 6, 11].
It is especially delicate in the case of relative extensions when the existence of a
relative integral basis is not guaranteed.
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For a finite extension field F//Q of degree n, dr and dp(ay,as- - , ) with

a; € Zp (1 £ j < n) denote the field discriminant of F' and the discriminant of
the numbers «aq, - - - , i, with respect to the extension F'/Q, respectively.
If aj = o/~! for a number a € F, we denote dp(ai,--- ,ay) by dp(a), which
is called the discriminant of a. We denote the module index (Zp : Z[a]) of a
submodule Z[a] in the module Zr by indr(«), which is a positive integer given
by dr(a) = (indp(a))?dr [11].

Let L be a pure octic field Q(5/m) and Zj, the ring of integers in L. The
purpose of this paper is to construct an integral basis of Z, over @ and relative
integral bases of Z; over the quadratic and quartic subfields. We work in the
relative extension L/K and consider the relative trace 77,/ (n) and the relative
norm Ny /g (n) of an algebraic integer n € Z 1, with respect to a relative extension
L/K. To determine the unknown coefficients «, § in K with n = a + 86 we use
the fact that 77,k (1) and Ny, k(n) are algebraic integers in the subfield K.

On the determination of integral or relative integral bases for Galois and
specifically abelian extensions with degree 3 or 4, there are many works [2, 9,
10, 12, 13], but for non Galois extensions with degree greater than or equal to 4,
there are a few works [3, 5].

2 Integral Bases of Pure Octic Fields

In this section, we construct an integral basis for the pure octic field L = Q(/m).
For m = —1 the field L = Q({/—1) coincides with the 16th cyclotomic field k1.
Let (14 be a primitive 16th root of unity. Then it is known that kg = Q(v/—1)
and each of its maximal real subfield ks = Q(C;4+Cg ), the 8th cyclotomic field
ks = Q(CT6), ks = QG +¢5%), ks = Q(CE — ¢ %) and ks = Q(Te) = Q(6) are
monogenic [14]. The subfield structure of kjg = Q({/—1) and the corresponding
Galois groups are shown in Figure 1.

Subfield Structure of L = Q(+v/—1)

The actions of the two automorphisms are C16T = (?6 and Cle = Cl_61. Then
G =<T,p: 7 = p?=1,7p= pr > the Galois group of k¢ is the direct product
of Z, by Z,. In general, for h = 27! with n = 2 the Galois group of the
cyclotomic field Q(¢;,) is the direct product

Zon X Ly =< T,p: A p?=1,7p=pr >
with 7 and p having the same action as above. Here ¢, 7 = C;Q’L gives

ChTzn_ = ¢}, because 32" =1 (mod 2"1).

For m = 2, the pure octic field Q(&/m) coincides with the maximal real
subfield k3y = Q(C30+C5s ) and is monogenic by Proposition 2.16 of [14]. For m =
—2, the field coincides with the maximal imaginary subfield k3, = Q(Cso — C39)
whose monogenity is proved in the next lemma.

Lemma 1. Let h = 2" withn = 2. Putn = ¢, — C;l with ¢, = e Then
the mazimal imaginary subfield k, = Q(C, — ¢, ') is monogenic.
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k16 = Q(Cy6) {1}
ks ke ks = Q(¢Te) ¥
\ /
kI/k \=Q(1) e> <T> < pr>
\Q/ Chiie =<p.1’:7"=p24='rp>
Figure 1

Proof: By 7 2" — (T _ T yp — (- Gt )P =G =Gt = Q)

coincides with the fixed field k, of the subgroup < Tip> of G(k;h/(Q) for n =3
and of < 7 > of G(ks/Q) forn— 2. Since n? = Ch—2+Ch ;oo and 2" =

in - - Cp "= hold, we have Z[1,n,--- 0% -1 C Zk;. If there exists
an integer o € Zk; \Z[n], with ay € Q\Z and a; € Z for j 2 ¢+ 1 such that
a=ag+-+am’ +an™t +-+ a%,mgfl, then
B =a— (aHmZJrl + -+ agum%‘l) IS Zk; C Zy,, - However the coeflicient a,
of Ch(0<¢< % 1) is not a rational integer, which contradicts that 3 € Zj,

—_(h_q h_q
:Z[Ch(2 )7“'71,"'34-}72, ] U

For m # +1,+2, the Galois closure of L = L = L(¢g) = Q(¥/m, Cg) has degree
32. Let G be the corresponding Galois group G(E/Q) of L over Q. Then G is
generated by three automorphisms o, p and 7. The actions of the automorphisms
on 6 and (g are shown in Table 1.

4 (s
o | 0Cs | Cs
T 10 (2
p 10 [¢!

Table 1: Action of Automorphisms of G on 6 and (g

Thus G =< o,7,p : 0® = 72 = p? = (07)* = (op)® = (mp)> = ¢+ > with
the identity map ¢ of L. In Figure 2, we identify an isomorphism p € G and
its restriction map p | F to any subfield F' of L. Then the structure of the



422 A. Hameed and T. Nakahara

subfields F of L and the corresponding subgroups Hp of G for a square-free
integer m # +1, 42 is depicted in Figure 2.

The Galois Structure of a Pure Octic Field L = Q(¥/m) for m # +1, £2.

L=Q(0,%) It Ee
I o
M= Hy =<7p>
0
e \ 2N
L=Q(®) '2_ i) Hy=<T1.p> Hy =< o, T >
ot o’
K = Q(Hg) D= Q(f)‘l‘ i) Hyg =< o7 P> Hp =< o2, TP >
o
k= Q(#Y) ks=Q(i) E=Q(i#") H, Hy, Hp
G=<or,p>
Figure 2:
8

For m = 2,3 (mod 4), since the defining polynomials f(x) = 2® — m for

m =2 (mod 4) and f(z + 1) = (z + 1)® —m for m = 3 (mod 4) are of Eisenstein
type with respect to a prime number 2, by [7] the field L has a power integral
basis generated by 0 = /m, i.e Z = Z[0).

Our main result is based on the description of an explicit integral basis for a pure
quartic field given by T. Funakura [3].

Lemma 2. [3] For an eighth root 0 = /m of a square free integer m # 1, let K be
the pure quartic field Q(6%) and k the quadratic subfield Q(w) with w = (14 6%)/2
if m=1(mod 4), and w = 0* otherwise. Let Zyx and Zj, be the ring of integers
i K and k, respectively. Then we have

Z[1,6%6%,0° = [ 1 if m =2,3(mod 4),
Zi ={ Z]1,uw, 92 w@z] Z,[0%] if m =5,13(mod 16),
Z[l,w,eﬂw#} if m=1,9 (mod 16)

and hence
—28m3 = —22.42 if m=2,3(mod 4),
dig =4 —2'm3=—24.d% if m=5,13(mod 16),
—22m3 =-22.43 if m=1,9(mod 16).

In the case m = 1 (mod 4), the following lemma is indispensable in constructing
an integral basis.
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Lemma 3. Let n = a+ 80 be any integer in L with o, 8 € K. Then 2a and 20
are integers in K, namely indi (n) =1 or 2.

Proof: For any integer 7 in the field L, there exist numbers « and £ in K such
that n = a+ 6. Since 7 is an integer in L, the relative trace Tk () = 77+1704 =
2 of 1 and its relative norm Ny /i (1) = m°" = a?— %6 are integers in K. Thus
200 € Z k. Taking norms on both sides of 2n = 2« + 2660 with respect to L/K,
we have 4Nk () = (2a)% — (28)%0” € Zg and hence (28)%6° € Z holds. In
the ideal decomposition 2(/*B of the principal ideal (20) with (2, B) = 1, assume
that B 22 1. Then there exists a prime factor P of B. Since the principal ideal
(26)26? is integral, then 6 is divisible by 92, namely 6% = 932¢ holds for an ideal
€. Taking the ideal norm of both sides with respect to K/Q, it follows that

m = 0%(GR0)°(G0)*(CR0)* = 6°(0)7 (69)7 (6%)7" = (NxB)’Nk€ = (p°)°N €,
where Ng () means the norm of an ideal from K to Q, and e and f denote the
ramification index and the residue class degree of P in K/Q, respectively. Since
ef 2 1, m is divisible by p?, which contradicts that m is square-free. Thus
28 € Zk holds. D

Then we have our main result as follows;

Theorem 1. For an eighth root 0 = &/m of a square-free integer m # 1, let L
be the pure octic field Q(</m) and Zy, its ring of integers. Then we have

Z[0] = Zk[0) = Z1[6%][6) if m=2,3(mod4),
- Z[1,w,60% wb? 6,10, 6°, wh?| if m=5,13 (mod 16),
L= Z[l,w,@z,wlgo ,9,w9793,w9+20 ] if m =9 (mod 16),
Z[l,w,@Q,wH'Qe ,9,0.)9793,0.)%%] if m =1 (mod 16),
and hence

—224mT = 28 . dy - d% if m=2,3(mod 4),
—216m7 = —28 .4y - d% if m =5,13(mod 16),
—22m7 = 28 .4y - d% if m =9 (mod 16),
—210m7 = —26. 4y -d% if m =1 (mod 16).

dr, =

Proof: When m = 2,3 (mod 4) we have already proved the monogenity.

Next we consider the case when m = 5,13 (mod 16).
For an integer n = o’ + 3’6 € Z; with o/, 5’ € K, we have the relative norm
ANp k() = a® — B%6% = 0 (mod 4) with 27 = a + 6. Using o = o + 10% and
B =5+ ,6% with aj,B; € Zi(j = 0,1), we obtain
a? — B%0° = (g + a16%)% — (B, + 4,6%)%0°

= a2 + 20" + 200010 — (B3 + 510" +26,5,0%)6% = 0 (mod 4Z).  (2.1)
Reducing modulo 2, we deduce

a? — B%0* = ok + a20* — (B2 + 536*)6* = 0 (mod 2Zk). (2.2)
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As (m —1)/4 =1 (mod 2) the following congruences hold modulo 2Z , namely
0* =2w—1=1and w? = w+ (m —1)/4 = w+ 1. Therefore, relation (2.2) gives

o — B20° = a2 + o2 + (B + 1) = 0 (mod 2Zk). (2.3)

Using a; = ajo + a;1w and ﬁj = 0j0 + bjlw with aij,bij e Z (0 <45 < 1)
together with the fact that 22 = 2 (mod 2) for all x € Z we have

a? — §%0* = (ago + a1o + aor + a11)+ (aor + arr)w +(boo + bio + bo1 + 1711)92
+(bo1 + bll)w02 = 0 (mod 2Z).

Since the set {1, w, 62, w92} is an integral basis of K, the coefficients of 1, w, 62, wf?
are congruent to 0 modulo 2, namely

ago + aig+ag1 +a11 =0 (mod 2), apr +a11 =0 (Il’lOd 2),
boo + big +bo1 +b11 =0 (mod 2) and bg; +b11 =0 (mod 2).

Then we have
apr = aii, b01 = b11 (mod 2) and app = aio, boo = b10 (mod 2) (24)

Thereby
a%l = a%l,bgl = b%l, ago = a%o and bgo = b%o (mod 4), (2.5)

and
2a00a01 = 20,10&11 and 2b00b01 = 2b10b11 (HlOd 4) (26)

Substituting (2.5) and (2.6) into (2.1) we obtain

o? — 3267 = 2(ad, + a3, w)w

+2(03, + b2 w?) +{2(ady + a3 w?) — 2(b3y + b3, w?)w }6% = 0 (mod 4Z ).

Since {1,6} is a relative integral basis of Zy over Zj, the coefficients of 1 and
6? in the above relation are congruent to 0 modulo 4. The coefficient of 1 gives
2(ady + a? w?)w +2(b3; + b3,w?) = 0 (mod 4), which implies that

agow + ap1 (w? + w) + boo + bo1 (w + 1) = 0 (mod 2). Thus

aop1 + boo + bo1 + (aoo + bm)w =0 (mod 2). (27)

The coefficient of 6 gives 2(aZ, + a2 w?) + 2(b3, — b3,w?)w
= 2(&00 + ap1 (w + 1)) + Q(boow + b01) =0 (HlOd 4),
from this, we obtain

ago + ag1 + bo1 + (a01 + boo)w =0 (mod 2) (28)

Since 1,w are linearly independent over Zj, it follows from (2.7) and (2.8) that
aopl + b()o —+ bOl = O (mod 2), apo + b01

ago +ap1 +bpr =0 (mod 2) and ag1 + bog

From these congruences we deduce ag; = 0 = by (mod 2) and hence byg = 0 =
ago (mod 2). Together with the congruences in (2.4) we conclude that all the
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coefficients a;;,b;; (0 < i,j < 1) are even and hence = o’ + 8’6 is an integer,
so that Zj, € Zk|0].

Conversely, since w and 6 are integers in L, Zx[0] = Z[1,w, 0%, w6?|[1,60] € Z;,

holds. Thus we obtain Z; = Z[1,w, 8% ,w6?,6,wh, 6> wh’] as asserted.

We now determine dy,. Let A be the representation matrix of (1, 6, 62,03, 0%,6°,6°, 97)

with respect to an integral basis *(1, 6, 6%, 0%, w,wf,wh?, wh?), where *C' denotes

the transpose of the matrix C. Then we obtain A = ( Es = O ) , where
_E, 2E,

E, is the 4 x 4 identity matrix and O, is the 4 x 4 zero matrix. Thus by

dr(0) = det(A)? - dy,, we have

NL(F/(8)) = (23N, (67) = 22 (—m) = 28 - 4
and hence dj, = —216m7.

Next, we consider the case of m =9 (mod 16), i.e., m = 9+ 16my,m; € Z.

By Lemma 2 and Zyg = Z[l,w,@z,wngQ], for any integer n € Z; we have
2n = a4+ B0 with a, 8 € Zk such that
ANp/k(n) = Ny (2n) = (a + B0)(a + B(=0)) = o® — %6
2
with o = agg + ag1w + &1092 +aw 1+20 and 8 = bgg + borw + b1092 +b1iw 1+29

2
Put n; = w#. Then

2

o® = 3207 = afy + agyw® + afof" + afyn
— {3y + b3y w? + b70" + b3 n3}10% (mod 2Z k). (2.9)
We have the following congruences
w? =w+244m; = w(mod 2Zg),
2 =ns+142my 4+ (1+2my)(1+6*) 4+ (1 +2my)(w—1)
=13+ 60> +1+w(mod 2Zx),
0" = 2w —1=1(mod 2Z)
wh? =23 — w = w (mod 2Z k)

and 730% = 1; — ww? =13 (mod 2Z ).

Substituting these congruences into (2.9) we obtain

o? — 5292 = (ago + a10 + a11 + b11) + (@01 + ar1 + bo1 + bi1)w
+ (@11 + boo + b1o + b11)92 + (a11 + b11)773 =0 (mod 21}().

Thus we have

ago + a10 + a11 +b11 =0(mod 2), ap1 +a11 +bo1 +b11 = 0(mod 2),
ai1 + bog + big + b11 EO(mOd 2)7 and a1 + b11 =0
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From these congruences we deduce that
app = a0, ap1 = bol, boo = blo, al] = b11 (mod 2) (210)

Next, for the congruence
0=4Ny/k(n) = o? —B%0? = co-1+c1-w+er 0% +c3-n5 (mod 4Z i) we evaluate
the coefficients ¢;(0 < j < 3). From (2.10) we have

a(2)0 = a%magl = bgl»bgo = b%Oa a%l = b%l (mod 4), (2.11)
2a00010 = Qago, 2ap1a10 = 2ap1a00, 2610011 = 2agpair (mod 4), (2.12)
2b00b10 = 2()(2)0, 2b01b10 = 2b01b00, 2b10b11 = 2b00b11 (mod 4) (213)

In this case we use the congruences
w? = w+2(mod 4Z), 0* = 2w —1,wh? = 23 —w, wny = N3 +(1+6%)(1+2my),
1n36% = 15 + 2 (mod 4Z ) and 03 = 0y + (1 + 2my) + (1 + 2my)w + (1 + 2m, )6
Together with (2.11), (2.12) and (2.13) we have
a? = {ay + 243, — a3y + a2, (1 +2mq) + 2ap1a11}
—&-{a%l + 204%0 + a%l(l + 2m1) +2a00a01 — 2@()1@10}&)
+{a?, (14+2my) +2appa10+2ap1a11 }6° +{a?; +2agoa11 +2ao1a11 +2a10a11 13
= {24, +af,(2ma + 1) + 2a01a11} +{ag, + 2ad + ay (2 + 1)}w
+{a2,(2m1 + 1) + 203, + 2ag1a11 10 +{a?, + 2ap1a11}15 (mod 4Z ) and
ﬂ202 = —{a%l(Zml + 1) + Qb%O + 20,01&11 72&%1 - 4a01a11}
—{ad, + 2%, + a3, (2my +1) — 2a3,(2my + 1) — 4b%, — 4agra1; jw
+{2a3, + a2,(2my + 1) + 2ag1a1: }6*
+{2a3; + 463, + 2a3,(2m1 + 1) +a?; + 2a01a11 15 (mod 4Z k).
Then we obtain
0=a® - %6% = {2a3, + 2a3,} +{208, + 208, + ai, + 26y }w
+{2a3, + 2a}, +2a3,}60° +{2a,}n; (mod 4Z).
As the set {1,w, 67,13} forms an integral basis of Z, we have
0 = 242, + 2a?, (mod 4),0 = 2a3; + 2a3, + a3, + 2b3, (mod 4),
0 = 2a3; + 2a}, + 2a3, (mod 4) and 0 = ag; (mod 4),
which yields
ap1 = a1 = agp = bop = 0 (mod 2).
Together with the congruences (2.10) we have proved that all the coefficients
a;j,b;;(0 < 4,5 < 1) of n are even. Thus it follows that Z; & Zg[1,6] and
Zk[1,0) C Z1, because 0 is an integer of L. Therefore we obtain

Zy, = Zx[1,0) = Z[1,w, 0%, w0 0 w0, 05 W00,

Let B be the representation matrix of t(1,9,92, 03,0, 6° 6°, 97) with respect to
- 2 3
the integral basis (1,6, 62,0% w,wh,w 140" 040 ). Then we obtain

2 W3
2 0 0 0
[ Es Oy . . 0 2 0 0 . .
B = < A, Bu > with By = 1 0 4 0 and a suitable 4 x 4 matrix
0O -1 0 4
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Ay4. Thus from dp(0) = det(B)? - dr, we deduce —2%*m” = (2)? - d;, and hence
dL = 7212m7.

Finally, we consider the case of m = 1 (mod 16). We set m —1 = 16my, where
my € Z. As in the case m = 9 (mod 16), by Lemmas 2 and 3, for any integer
n € Zy,, there exist «, 8 € Zk such that 2n = a + 56 with

146°

o = agg + ag1w + (11002 + anw# and ﬂ = boo + bmw + b1092 + blle.
Then we have Nz, x(2n) = (a + 80)(a + B(—0)) = o® — 326* = 0 (mod 4Zk).
Thus a2 - 6292 = (CLOO + alo) -1 +(a01 + blo)w + (boo + b10)02 + (a11 + b11)7]3
= 0 (mod 2Z ) holds. Here we used w? = w + 4m; = w (mod 4Z),

0* = 2w — 1 =1 (mod 2Zx), n3 = 13 (mod 2Z ), w?6? = w (mod 2Z),

and 0% = 0%(2w — 1) = 6 (mod 2Z ). Thus, it follows that

app = a1p, ao1 = bo1, boo = b1o and aj; = by (mod 2). (2.14)

Next we evaluate a;j,b;; modulo 4 (0 £ ¢,5 < 1). We have
N1,k (2n) = {aoo + ao1w + agod” + a11n3}> — {boo + ao1w + bood”> + a11n5}26

= 0(mod 4Zg).
Using 0* = 2w —1l,w+w? =1,w—1=—w,
n3 = 13 4 2m10% + 2miw — 2my, wh? = 2y — w and wis = 13 + 2my + 2m1 62,
we deduce that 1756% = 13 (mod 4Z ), w?6* = (2n; — w) (mod 4Z k),
0° = (2w — 0%) (mod 4Zx), 136° = (93 + 2m10° + 2miw + 2my) (mod 4Z),
wh* = w(2w—1) = w (mod 4Z ) and wQ# 07 = n3+2m10°+2my (mod 4Z k).
Thus 0 = 4Ny /(1) = (2a11m1 — b2y — 2a11my + 2bgo) - 1 +(ady + 2a00 + 2mya;
+2ag0a01 — 2ao1a00 + a2y —2bgo — 2miai1 + 2booaot + 2ao1boo)w +(2a00 — bZy)6”
+(a?; +2apoa11 + 2ap1a11 + 2ag0a1n —2ap1 — a3y — 2booair — 2ap1a11 — 2a11boo )13
(mod 4Z ). Then we obtain that
i) 0 = boo(boo — 2) (mod 4),
11) 0 = 2ag1 + 2ag0 + 2bgo (mod 4), i.e., 0 = agp1 + ago + boo (HlOd 2)
iii) 0 = 2agp — b3, (mod 4) and
iV) 0= 20,000,11 + 20,01 + 2(1010,11 (mod 4), i.e., 0= appQ11 + Gg1 + ap1a11 (mod 2)
By (i) we see that byg = 0 (mod 2). Then by (iii) we deduce that agyg = 0 (mod 2),
and hence by ii) ag; = 0 (mod 2). The values of agy and ag; satisfy the condition
iv). Moreover, from (2.14), we get a19 = bp1 = b1p = 0 (mod 2) Thus

o 1+6° 1+6°
n:§+§95a11w 5 +bijw

0 (mod Zj,).

Next, by (2.14) both a;; and b1y are of the same parity. In even case
1 =2n3(1 +6) =0 (mod 2Z). In the odd case we obtain the integer

2
n= w## (mod 27Z,), which is denoted by 7,. In fact 7, is an integer in

Zy,, because Ty (n;) =17 + 19 =15 € Zx and

4 2 2.
Noyk(ng) =np - ng" = ol 07120 1,00, — iy, € Zg.

Then it follows that n € Z[l,w,@z, 5,0, wh, 937777], so that
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Z, CZ[1,w,6% n3,0,w0,6° n,]. On the other hand

2
Z[1,w,6%,15,0,w0,0° ;] € Z, holds as 1; = w240 ¢ 7, Therefore we
obtain Z; = Z[l,w,92,n3,9,w0,03,n7} for any pure octic field Q(/m) with a
square-free integer m = 1 (mod 16), m # 1.

Let C be the representation matrix of *(1, 6, 02,03, 0, 6°,6°, 97) with respect to
the integral basis (1, w, 82,75, 6, w8, 6%,1,). Then we obtain

2 0 0 O
_ [ Es Oy B 0 2 0 0 _
¢ = ( Cy, Dy >7 where Dy = 1 0 4 0 and a suitable4 x 4
-1 -1 -1 8
matrix Cy. From dp,(0) = det(C)? - dr,, we have —2*'m7 = (27)? - dj, and hence
dp = —2'm7. q

3 Relative Monogenity of a Pure Octic Field over its Quartic and
Quadratic Subfield

In this section, we determine the relative monogenity of a pure octic field

L = Q(0) with 6 = ¥m of a square-free integer m # 0,%1 over its quartic
subfield K = Q(6?) and its quadratic subfield k = Q(8*). It follows from Lemma
2 and Theorem 1 that Zj = Zkl[0] = Z;[0] for m = 2,3(mod 4) and m =
5,13 (mod 16), that is, the pure octic field L = Q[¢/m)] is relatively monogenic
over its quartic subfield K and its quadratic subfield k. We also see from Lemma
2 and Theorem 1 that

1+ 6 0+ 6°

Z,=7Z[1,w,6*w ,0,w0,0% w | = Zkl6],
namely L is relatively monogenic over K for m = 9 (mod 16). We summarize
these results in Theorem 2.

Theorem 2. With the same notation as above, the pure octic field L is rel-
atively monogenic over its quartic subfield K for m = 2,3 (mod 4) and for
m = 5,9,13 (mod 16). Moreover L is relatively monogenic over its quadratic
subfield k for m = 2,3 (mod 4) and for m = 5,13 (mod 16).

Thus we must investigate the existence or non-existence of a relative power in-
tegral basis of Z, over Z; when m = 9(mod 16) and over Zx and Zj when
m = 1(mod 16). The next lemma is available to avoid lengthy and complicated
computations in the succeeding proofs.

Lemma 4. With the same notation as above, the following congruences modulo
277, hold.
(i) Let m = 9 (mod 16). Then 6* = 1,w? = w,wh? = w, Nyw = 1+ 62 + 13,
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M =1+w+ 0%+, and 1730 = 1, (mod 2Z1).

(ii) Let m = 1(mod 16). Then 6* = 1,w? = wh? = w, Nyw = N3 = 736° = 1,
New =0, +my(1 40 + 6% +6°),n,0° =, and
ne=mi(1+w+60>+n; +0+wd+ 6% +n; (mod 2Z1).

Proof: (i) Put m =9+ 16n = 1 4 8my with m; =1 (mod 2).
Then w = 1+9 gives 0* = 2w — 1 =1 (mod 2Zy),
wQZ{%}zszrT:ijle = w (mod 2Z},),

wh” = 2w1+29
Naw = w? 14—29
=1+6°+ 3.
Similarly, we have
1+ 6
2_ 2
=my(w+6°) +

)2 = (w+

Sy =213 —w = w (mod 2Z,),
2
=W+ m4—1)(1+2¢9

2
)= (cu—i—2m1)(1+2 ) =my +m192+773

1+ 6% 4+ 20° w 6

%(uﬂ + wh?) = my(w + 6%) +

-1
) = m)(5 + )

1
5(2m1 +w+2n; —w)

:m1+m1w+m192+n3El+w+02+n3(mod2ZL),

and finally
1t = ()8 = w(H) (6 141) = w4y = 2m1 4
= 1 (mod 2Z,).

(ii) We prove congruences for 6% w?,wh?, nsw,n3,n360% and nsw modulo 2Z;, by

using ww? = —4my,w’ — 1 = —w and 2 = 2m; = 0(mod 2) and 1, =
1"'29 140 7773# as follows:
777w:w21+‘9 1+9 = (w+ 4my) E‘gzﬁ =0, +mi(1+6+ 6%+ 6%,
7.6 = %%(9 —141)=—ww 01+9+777—2m1(1+9)+777_777, and in
the same way
2
1+60*° 1407 1+6* 1-6* 1+6 1-6°
2 2
— 4 — —
B=w( 0 (1) = m ot - 0
1+92 1+06 1 ;140 1 51-6°
= (dmq + w){ }{7}+(4m1 —|—w){—7w — 5w ?—i—iwg 1
1 1146 116

1
mi(1+60*)(1+0) + 1, + miw(l+1+6—

—6?

)

=mi(1+0%)(1+6) +n; + miw(l + 0 +1n;)
=mi(l+w+60°+n5+0+wd+6%) +n;

}
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Theorem 3. With the same notation as above, let m = 9 (mod 16). Then the pure
octic field L = Q(8) with 8 = /m does not have a relative power integral basis over
its quadratic subfield k, that is, Zj, # Zy[n] for anyn € Z1, if m = 9 (mod 16).

Proof: Suppose that L has a relative power integral basis over k, that is,
Zy =Ziln) = Z[l,n.0* 0% = Z[1,w,n,0n, 0%, wn?, 1%, wi’]
holds for some integer n € Z. By Theorem 1 we have an integral basis

Z;, = Zxlh) = Z[1,w, 0% 13, 0,00, 0%, s8] with 1, = wltl
Then there exists an 8 x 8 matrix A with coefficients in Z such that
H(1,w,m?,wn?,n,wn,n?,wn?) = AH(1,w, 0%, 13,0, w0, 0%, 1n30).
Therefore for n = ag + ajw + as6® + asns + (bo + bw + bet? + bsns)8 with
aj,b; € Z,j =0,1,2,3, we deduce the following congruences modulo 2Z;, using
Lemma 4 (i)
772 = Qg —+ a1w2 =+ a204 —+ (lg??% =+ (bo —+ b1w2 —+ b204 —+ b3n§)02
= (a0+a2+a3+b3)+(a1+a3+b1 +b3)w+(a3+bo+b2+b3)92
+ (a3 +b3)n3 +04+ 0+ 0+ 0(mod 2Z,) and
wn? = (ag + az + as + bs)w + (a1 + az + by + bg)w? + (as + bo + bz + bs)wb”
+ (ag +b3)wns +0+0+0+0
= (a3+b3)+(a0+a1+a2+a3+b0+b1+b2+b3)w+(a3+b3)92
+ (ag +b3)773 +0+0—|—0+0(m0d QZL)
Then we obtain 1? ~ n? +wn? = (ap + az) + (ag + az + by + ba)w + (bo + b2)92
= a+(a+b)w+bf? (mod 2) with ag+as = a and bg+by = b. Here for v, € L,y ~ 8
means the corresponding row vectors of v and § with respect to an integral basis
of L are equal to each other modulo an elementary row operation.
Consider the last row of the matrix A corresponding to the integer wn3. We have
wt =w-n?-n=wla+ (a+bw+ b8*}n = {aw + aw? + bw? + %W }n
= {aw + aw + bw + bw}n = 0 (mod 2Z ). Thus we obtain det(A) = 0 (mod 2).
Thereby Zj, has no relative power integral basis over Zj for m = 9 (mod 16).
0

Theorem 4. With the same notation as above, let m = 1(mod 16). Then the
pure octic field L = Q(0) with 6 = &/m is relatively non monogenic over its
quadratic subfield k = Q(64), that is, Zj, does not have a power integral basis
over Zy,.

Proof: Assume that Z;, = Zy[n] = Zx[1,n,7%,m%] = Z[1,w,n,wn, n?,wn? 3, wn?].
Then there exists a representation matrix A of size 8 by 8 with coefficients in
Z with respect to an integral basis {1,w,6? 13,0, w8,0° n,} with 1, = 773#.
Therefore for n = ag + a1w + as6* + asns + bof + biwl + o6 + bsn, we have
t(lawa 772a w"727 n,wn, 7737(*”73) =A- t(law7 927 URY) 0, w0, 937 777)a

with a;,b; € Z, j =0,1,2,3. Using Lemma 4 (ii) we compute the row vectors of
A corresponding to the integers n? and wn? as follows:
n? = (ag + ag +mabs) + (a1 + by +mybs)w + (bo + by 4+ m1b3)6?

+(as + myb3)ng +mibsh + mibswb + mybs0° + bsn, (mod 2Z;,), and
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wn? = (ag+az+mibs)w+(ay +by+myb3)w? +(b0—|—b2—I—mlbg)w92+(a3+m1b3)w773
+m1bswb + mybsw?0 + mqbswd® + bswn,
= m1b3 + (ao —+ ay —+ as —+ bo —+ bl —+ b2 +m1b3)w + m1b302 + (a3 + m1b3)773
+ m1b30 + mybswh + mybs6® + b1
We reduce 72 ~ n% + wn? = (ag + az) + (ag + az + by + b2)w + (b + b2)02
=a+ (a+dbw + bo? (mod 2Z1,) with a = ag + a2 and b = by + bo.
Consider the 8th row of A corresponding to wn®. By Lemma 4(ii) we have
wn® = wn? -1 = [aw+ (a4 b)w? + bwh?n = [aw + (a+ b)w + bw|n = 0 (mod 2Z),
so that det(A) = 0 (mod 2).
Thus Z , has no relative power integral basis over Zy, for m = 1 (mod 16). o

Theorem 5. With the same notation as above, let the square-free integer m
satisfy m = 1(mod 16) with m = 1+ 16my,my € Z. If the pure octic field
L = Q(/m) has a relative power integral basis over the quartic subfield K, that
is, there exists ) € Zy, such that Zy, = Zk|n) forn = a+b09+b1w9+b202+b3777
with a € Zg, then the necessary congruence conditions are

by +m1 =0, bo+bs =1 and b3 =1 (mod 2).

Proof: Assume that Zj, = Zg[n] = Z[l,w,92, N3, 1, W1}, 9277,7737]] for some
n€Zr Putn=oa+ B0+ bsn; with o = ap + a1w + ax0? + aszns and

B8 =by + byw + b292 € Zk . Then using the congruence relations modulo 2Z, in
Lemma 4 (ii), we deduce that wn = mi1bs + (ap + a1 + a2)w + mybs6? + asns +
m1bsl + (b() + b1 +b2)w9 +m1b393 +b3’l77 (mod QZL) = m1b30+ (bo +b1+ bz)w9+
mybs0® + bsn, (mod (Zk,27Z1)). Similarly it is deduced that

021 = b2 + bywh + bob> + bsn, (mod (Zx,2Z1)) and

Ngn = mybs + mybswl + mybsn; (mod 2Z1). Thus we have

t(17w>92,773»777W7779277777377) = ( ij % ) t(l’w792,773797wa7937777) with a suit-

bo by by b3
able 4 x 4 matrix A4 and B = mibs bo+b1+by mabs by
bg bl bO b3
mqbs mqbs mibz b3
bo + bo 0 bo+bx O
Then we obtain det(B) = 0 bo + b1+ b+ mabs 0 0 (mod 2)
b2 b1 bO b3
myb3 m1b3 mibs b3

= (bo + bg)b3(b0 + by + by + m1b3)(bo + b2) (mod 2)

If b3 # 0(mod 2) and by + b2 # 0(mod 2), then det(B) =1-1- (1 +by +mq) -
1 (mod 2). Thus it is deduced that det(A) =1 (mod 2) if by +mq1 =0, bg+by =1
and b3 = 1 (mod 2). O
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