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Abstract

Let m 6= 1 be a square-free integer. The aim of this paper is to construct
an integral basis of the pure octic field L = Q( 8

√
m) and to consider relative

monogenity of L over its quartic subfield K = Q( 4
√
m) as well as over its

quadratic subfield k = Q( 2
√
m). We prove that the field L is relatively

monogenic over k for the case of m ≡ 5, 13 (mod 16) and does not have
relative power integral basis over k for m ≡ 1, 9 (mod 16). Moreover we
prove that L has a relative power integral basis over K in the case of
m ≡ 5, 9, 13 (mod 16). We show that the field Q( 8

√
m) is monogenic as well

as relatively monogenic over k and K when m ≡ 2, 3 (mod 4). In the case of
m = −1 we prove our results by observing that the field L coincides with
the 16th cyclotomic field k16.
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1 Introduction

Let F be a number field over the field Q of rational numbers. We denote the ring
of integers of F by ZZF . For a finite field extension F/K of degree n, it is said that
an element η ∈ ZZF generates a relative power integral basis 1, η, , η2, · · · , ηn−1
for F over K if ZZF = ZZK [η] = ZZK1 + ZZKη + · · · + ZZKη

n−1 is of rank n. For
K = Q, an element η ∈ ZZF generates power integral basis if ZZF = ZZ[η]. When
a field F has a power integral basis over K, the field F is said to be relatively
monogenic over K. In the case of K = Q, we say that ZZF has a power integral
basis or equivalently F is monogenic. The existence of power integral bases in
algebraic number fields is a classical problem in algebraic number theory [4, 6, 11].
It is especially delicate in the case of relative extensions when the existence of a
relative integral basis is not guaranteed.



420 A. Hameed and T. Nakahara

For a finite extension field F/Q of degree n, dF and dF (α1, α2 · · · , αn) with
αj ∈ ZZF (1 5 j 5 n) denote the field discriminant of F and the discriminant of
the numbers α1, · · · , αn with respect to the extension F/Q, respectively.
If αj = αj−1 for a number α ∈ F, we denote dF (α1, · · · , αn) by dF (α), which
is called the discriminant of α. We denote the module index (ZZF : ZZ[α]) of a
submodule ZZ[α] in the module ZZF by indF (α), which is a positive integer given
by dF (α) = (indF (α))2dF [11].

Let L be a pure octic field Q( 8
√
m) and ZZL the ring of integers in L. The

purpose of this paper is to construct an integral basis of ZZL over Q and relative
integral bases of ZL over the quadratic and quartic subfields. We work in the
relative extension L/K and consider the relative trace TL/K(η) and the relative
norm NL/K(η) of an algebraic integer η ∈ ZZL with respect to a relative extension
L/K. To determine the unknown coefficients α, β in K with η = α + βθ we use
the fact that TL/K(η) and NL/K(η) are algebraic integers in the subfield K.

On the determination of integral or relative integral bases for Galois and
specifically abelian extensions with degree 3 or 4, there are many works [2, 9,
10, 12, 13], but for non Galois extensions with degree greater than or equal to 4,
there are a few works [3, 5].

2 Integral Bases of Pure Octic Fields

In this section, we construct an integral basis for the pure octic field L = Q( 8
√
m).

For m = −1 the field L = Q( 8
√
−1) coincides with the 16th cyclotomic field k16.

Let ζ16 be a primitive 16th root of unity. Then it is known that k16 = Q( 8
√
−1)

and each of its maximal real subfield k+16 = Q(ζ16 +ζ−116 ), the 8th cyclotomic field
k8 = Q(ζ216), k+8 = Q(ζ28 + ζ−28 ), k−8 = Q(ζ28 − ζ

−2
8 ) and k4 = Q(ζ416) = Q(i) are

monogenic [14]. The subfield structure of k16 = Q( 8
√
−1) and the corresponding

Galois groups are shown in Figure 1.

Subfield Structure of L = Q( 8
√
−1)

The actions of the two automorphisms are ζ16
τ = ζ316 and ζ16

ρ = ζ−116 . Then
G =< τ, ρ : τ4 = ρ2 = 1, τρ = ρτ > the Galois group of k16 is the direct product
of ZZ4 by ZZ2. In general, for h = 2n+1 with n = 2 the Galois group of the
cyclotomic field Q(ζh) is the direct product

ZZ2n−1 × ZZ2 =< τ, ρ : τ2
n−1

= ρ2 = 1, τρ = ρτ >
with τ and ρ having the same action as above. Here ζh

τ = ζ3h gives

ζh
τ 2n−1

= ζh, because 32
n−1 ≡ 1 (mod 2n+1).

For m = 2, the pure octic field Q( 8
√
m) coincides with the maximal real

subfield k+32 = Q(ζ32+ζ−132 ) and is monogenic by Proposition 2.16 of [14]. For m =
−2, the field coincides with the maximal imaginary subfield k−32 = Q(ζ32 − ζ

−1
32 )

whose monogenity is proved in the next lemma.

Lemma 1. Let h = 2n+1 with n = 2. Put η = ζh − ζ
−1
h with ζh = e

2πi
h . Then

the maximal imaginary subfield k−h = Q(ζh − ζ
−1
h ) is monogenic.
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Figure 1:

Proof: By ητ
( h
23

)ρ
= (ζτ

h
23

h − ζ−τ
h
23

h )ρ = (−ζh + ζ−1h )ρ = ζh − ζ
−1
h = η,Q(η)

coincides with the fixed field k−h of the subgroup < τ
h
4 ρ > of G(kh/Q) for n = 3

and of < τ > of G(k8/Q) for n = 2. Since η2 = ζ2h − 2 + ζ−2h , · · · and η2
n−1 =

ζ2
n−1

h − · · · − ζ
−(2n−1)
h hold, we have ZZ[1, η, · · · , η h

2−1] j Zk−
h
. If there exists

an integer α ∈ Zk−
h
\ZZ[η], with a` ∈ Q\ZZ and aj ∈ ZZ for j = ` + 1 such that

α = a0 + · · ·+ a`η
` + a`+1η

`+1 + · · ·+ ah
2−1

η
h
2−1, then

β = α − (a`+1η
`+1 + · · · + ah

2−1
η

h
2−1) ∈ Zk−

h
⊂ Zkh

. However the coefficient a`

of ζ`h (0 5 ` 5 h
2 − 1) is not a rational integer, which contradicts that β ∈ Zkh

= ZZ[ζ
−(h

2−1)
h , · · · , 1, · · · , ζ

h
2−1
h ].

For m 6= ±1,±2, the Galois closure of L = L̃ = L(ζ8) = Q( 8
√
m, ζ8) has degree

32. Let G be the corresponding Galois group G(L̃/Q) of L̃ over Q. Then G is
generated by three automorphisms σ, ρ and τ . The actions of the automorphisms
on θ and ζ8 are shown in Table 1.

θ ζ8
σ θζ8 ζ8
τ θ ζ38
ρ θ ζ−18

Table 1: Action of Automorphisms of G on θ and ζ8

Thus G =< σ, τ , ρ : σ8 = τ2 = ρ2 = (στ)
2

= (σρ)
2

= (τρ)
2

= ι > with
the identity map ι of L̃. In Figure 2, we identify an isomorphism ρ ∈ G and
its restriction map ρ | F to any subfield F of L̃. Then the structure of the
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subfields F of L̃ and the corresponding subgroups HF of G for a square-free
integer m 6= ±1,±2 is depicted in Figure 2.

The Galois Structure of a Pure Octic Field L = Q( 8
√
m) for m 6= ±1,±2.

Figure 2:

For m ≡ 2, 3 (mod 4), since the defining polynomials f(x) = x8 −m for
m ≡ 2 (mod 4) and f(x+ 1) = (x+ 1)8 −m for m ≡ 3 (mod 4) are of Eisenstein
type with respect to a prime number 2, by [7] the field L has a power integral
basis generated by θ = 8

√
m, i.e ZZL = ZZ[θ].

Our main result is based on the description of an explicit integral basis for a pure
quartic field given by T. Funakura [3].

Lemma 2. [3] For an eighth root θ = 8
√
m of a square free integer m 6= 1, let K be

the pure quartic field Q(θ2) and k the quadratic subfield Q(ω) with ω = (1+θ4)/2
if m ≡ 1 (mod 4), and ω = θ4 otherwise. Let ZZK and ZZk be the ring of integers
in K and k, respectively. Then we have

ZZK =


ZZ[1, θ2, θ4, θ6] = ZZk[θ2] if m ≡ 2, 3 (mod 4),

ZZ[1, ω, θ2, ωθ2] = ZZk[θ2] if m ≡ 5, 13 (mod 16),

ZZ[1, ω, θ2, ω 1+θ2

2 ] if m ≡ 1, 9 (mod 16)
and hence

dK =

 −28m3 = −22 · d3k if m ≡ 2, 3 (mod 4),
−24m3 = −24 · d3k if m ≡ 5, 13 (mod 16),
−22m3 = −22 · d3k if m ≡ 1, 9 (mod 16).

In the case m ≡ 1 (mod 4), the following lemma is indispensable in constructing
an integral basis.
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Lemma 3. Let η = α + βθ be any integer in L with α, β ∈ K. Then 2α and 2β
are integers in K, namely indK(η) = 1 or 2.

Proof: For any integer η in the field L, there exist numbers α and β in K such
that η = α+βθ. Since η is an integer in L, the relative trace TL/K(η) = η+ησ

4

=

2α of η and its relative norm NL/K(η) = ηησ
4

= α2−β2θ2 are integers in K. Thus
2α ∈ ZZK . Taking norms on both sides of 2η = 2α + 2βθ with respect to L/K,
we have 4NL/K(η) = (2α)2 − (2β)2θ2 ∈ ZZK and hence (2β)2θ2 ∈ ZZK holds. In
the ideal decomposition A/B of the principal ideal (2β) with (A,B) = 1, assume
that B 6∼= 1. Then there exists a prime factor P of B. Since the principal ideal
(2β)2θ2 is integral, then θ2 is divisible by P2, namely θ2 = P2C holds for an ideal
C. Taking the ideal norm of both sides with respect to K/Q, it follows that

m = θ2(ζ28θ)
2(ζ48θ)

2(ζ68θ)
2 = θ2(θ2)σ

2

(θ2)σ
4

(θ2)σ
6

= (NKP)2NKC = (pef )2NKC,

where NK(·) means the norm of an ideal from K to Q, and e and f denote the
ramification index and the residue class degree of P in K/Q, respectively. Since
ef = 1, m is divisible by p2, which contradicts that m is square-free. Thus
2β ∈ ZK holds.

Then we have our main result as follows;

Theorem 1. For an eighth root θ = 8
√
m of a square-free integer m 6= 1, let L

be the pure octic field Q( 8
√
m) and ZZL its ring of integers. Then we have

ZZL =


ZZ[θ] = ZZK [θ] = ZZk[θ2][θ] if m ≡ 2, 3 (mod 4),

ZZ[1, ω, θ2, ωθ2, θ, ωθ, θ3, ωθ3] if m ≡ 5, 13 (mod 16),

ZZ[1, ω, θ2, ω 1+θ2

2 , θ, ωθ, θ3, ω θ+θ
3

2 ] if m ≡ 9 (mod 16),

ZZ[1, ω, θ2, ω 1+θ2

2 , θ, ωθ, θ3, ω 1+θ2

2
1+θ
2 ] if m ≡ 1 (mod 16),

and hence

dL =


−224m7 = −28 · dk · d2K if m ≡ 2, 3 (mod 4),
−216m7 = −28 · dk · d2K if m ≡ 5, 13 (mod 16),
−212m7 = −28 · dk · d2K if m ≡ 9 (mod 16),
−210m7 = −26 · dk · d2K if m ≡ 1 (mod 16).

Proof: When m ≡ 2, 3 (mod 4) we have already proved the monogenity.
Next we consider the case when m ≡ 5, 13 (mod 16).

For an integer η = α′ + β′θ ∈ ZZL with α′, β′ ∈ K, we have the relative norm
4NL/K(η) = α2 − β2θ2 ≡ 0 (mod 4) with 2η = α+ βθ. Using α = α0 + α1θ

2 and

β = β0 + β1θ
2 with αj , βj ∈ ZZk(j = 0, 1), we obtain

α2 − β2θ2 = (α0 + α1θ
2)2 − (β0 + β1θ

2)2θ2

≡ α2
0 + α2

1θ
4 + 2α0α1θ

2 − (β2
0 + β2

1θ
4 + 2β0β1θ

2)θ2 ≡ 0 (mod 4ZZK). (2.1)

Reducing modulo 2, we deduce

α2 − β2θ2 ≡ α2
0 + α2

1θ
4 − (β2

0 + β2
1θ

4)θ2 ≡ 0 (mod 2ZZK). (2.2)
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As (m− 1)/4 ≡ 1 (mod 2) the following congruences hold modulo 2ZZK , namely
θ4 = 2ω − 1 ≡ 1 and ω2 = ω + (m− 1)/4 ≡ ω + 1. Therefore, relation (2.2) gives

α2 − β2θ2 ≡ α2
0 + α2

1 + (β2
0 + β2

1)θ2 ≡ 0 (mod 2ZZK). (2.3)

Using αj = aj0 + aj1ω and βj = bj0 + bj1ω with aij , bij ∈ ZZ (0 5 i, j 5 1)
together with the fact that x2 ≡ x (mod 2) for all x ∈ ZZ we have
α2 − β2θ2 ≡ (a00 + a10 + a01 + a11)+ (a01 + a11)ω +(b00 + b10 + b01 + b11)θ2

+(b01 + b11)ωθ2 ≡ 0 (mod 2ZZK).
Since the set {1, ω, θ2, ωθ2} is an integral basis ofK, the coefficients of 1, ω, θ2, ωθ2

are congruent to 0 modulo 2, namely

a00 + a10 + a01 + a11 ≡ 0 (mod 2), a01 + a11 ≡ 0 (mod 2),
b00 + b10 + b01 + b11 ≡ 0 (mod 2) and b01 + b11 ≡ 0 (mod 2).

Then we have

a01 ≡ a11, b01 ≡ b11 (mod 2) and a00 ≡ a10, b00 ≡ b10 (mod 2). (2.4)

Thereby
a201 ≡ a211, b201 ≡ b211, a200 ≡ a210 and b200 ≡ b210 (mod 4), (2.5)

and
2a00a01 ≡ 2a10a11 and 2b00b01 ≡ 2b10b11 (mod 4). (2.6)

Substituting (2.5) and (2.6) into (2.1) we obtain
α2 − β2θ2 ≡ 2(a200 + a201ω

2)ω
+2(b200 + b201ω

2) +{2(a200 + a201ω
2)− 2(b200 + b201ω

2)ω }θ2 ≡ 0 (mod 4ZZK).
Since {1, θ2} is a relative integral basis of ZZK over ZZk, the coefficients of 1 and
θ2 in the above relation are congruent to 0 modulo 4. The coefficient of 1 gives
2(a200 + a201ω

2)ω +2(b200 + b201ω
2) ≡ 0 (mod 4), which implies that

a00ω + a01(ω2 + ω) + b00 + b01(ω + 1) ≡ 0 (mod 2). Thus

a01 + b00 + b01 + (a00 + b01)ω ≡ 0 (mod 2). (2.7)

The coefficient of θ2 gives 2(a200 + a201ω
2) + 2(b200 − b201ω2)ω

≡ 2(a00 + a01(ω + 1)) + 2(b00ω + b01) ≡ 0 (mod 4),
from this, we obtain

a00 + a01 + b01 + (a01 + b00)ω ≡ 0 (mod 2). (2.8)

Since 1, ω are linearly independent over ZZk, it follows from (2.7) and (2.8) that

a01 + b00 + b01 ≡ 0 (mod 2), a00 + b01 ≡ 0 (mod 2),
a00 + a01 + b01 ≡ 0 (mod 2) and a01 + b00 ≡ 0 (mod 2).

From these congruences we deduce a01 ≡ 0 ≡ b01 (mod 2) and hence b00 ≡ 0 ≡
a00 (mod 2). Together with the congruences in (2.4) we conclude that all the
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coefficients aij , bij (0 5 i, j 5 1) are even and hence η = α′ + β′θ is an integer,
so that ZZL j ZZK [θ].

Conversely, since ω and θ are integers in L, ZZK [θ] = ZZ[1, ω, θ2, ωθ2][1, θ] j ZZL

holds. Thus we obtain ZZL = ZZ[1, ω, θ2, ωθ2, θ, ωθ, θ3, ωθ3] as asserted.
We now determine dL. LetA be the representation matrix of t(1, θ, θ2, θ3, θ4, θ5, θ6, θ7)
with respect to an integral basis t(1, θ, θ2, θ3, ω, ωθ, ωθ2, ωθ3), where tC denotes

the transpose of the matrix C. Then we obtain A =

(
E4 O4

−E4 2E4

)
, where

E4 is the 4 × 4 identity matrix and O4 is the 4 × 4 zero matrix. Thus by
dL(θ) = det(A)2 · dL, we have

NL(f ′(θ)) = (23)8NL(θ7) = 224(−m)7 = 28 · dL
and hence dL = −216m7.

Next, we consider the case of m ≡ 9 (mod 16), i.e., m = 9 + 16m1,m1 ∈ ZZ.

By Lemma 2 and ZZK = ZZ[1, ω, θ2, ω 1+θ2

2 ], for any integer η ∈ ZZL we have
2η = α+ βθ with α, β ∈ ZZK such that

4NL/K(η) = NL/K(2η) = (α+ βθ)(α+ β(−θ)) = α2 − β2θ2

with α = a00 + a01ω+ a10θ
2 + a11ω

1+θ2

2 and β = b00 + b01ω+ b10θ
2 + b11ω

1+θ2

2 .

Put η3 = ω 1+θ2

2 . Then

α2 − β2θ2 ≡ a200 + a201ω
2 + a210θ

4 + a211η
2
3

− {b200 + b201ω
2 + b210θ

4 + b211η
2
3}θ

2 (mod 2ZZK). (2.9)

We have the following congruences

ω2 = ω + 2 + 4m1 ≡ ω (mod 2ZZK),

η23 = η3 + 1 + 2m1 + (1 + 2m1)(1 + θ2) + (1 + 2m1)(ω − 1)

≡ η3 + θ2 + 1 + ω (mod 2ZZK),

θ4 = 2ω − 1 ≡ 1 (mod 2ZZK)

ωθ2 = 2η3 − ω ≡ ω (mod 2ZZK)

and η3θ
2 = η3 − ωωσ ≡ η3 (mod 2ZZK).

Substituting these congruences into (2.9) we obtain

α2 − β2θ2 ≡ (a00 + a10 + a11 + b11) + (a01 + a11 + b01 + b11)ω

+ (a11 + b00 + b10 + b11)θ2 + (a11 + b11)η3 ≡ 0 (mod 2ZZK).

Thus we have

a00 + a10 + a11 + b11 ≡ 0 (mod 2), a01 + a11 + b01 + b11 ≡ 0 (mod 2),

a11 + b00 + b10 + b11 ≡ 0 (mod 2), and a11 + b11 ≡ 0 (mod 2).
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From these congruences we deduce that

a00 ≡ a10, a01 ≡ b01, b00 ≡ b10, a11 ≡ b11 (mod 2). (2.10)

Next, for the congruence
0 ≡ 4NL/K(η) = α2−β2θ2 ≡ c0 ·1+c1 ·ω+c2 ·θ2 +c3 ·η3 (mod 4ZZK) we evaluate
the coefficients cj(0 5 j 5 3). From (2.10) we have

a200 ≡ a210, a201 ≡ b201, b200 ≡ b210, a211 ≡ b211 (mod 4), (2.11)

2a00a10 ≡ 2a200, 2a01a10 ≡ 2a01a00, 2a10a11 ≡ 2a00a11 (mod 4), (2.12)

2b00b10 ≡ 2b200, 2b01b10 ≡ 2b01b00, 2b10b11 ≡ 2b00b11 (mod 4). (2.13)

In this case we use the congruences
ω2 ≡ ω+ 2 (mod 4ZZK), θ4 = 2ω−1, ωθ2 ≡ 2η3−ω, ωη3 = η3 +(1 +θ2)(1 +2m1),
η3θ

2 ≡ η3 + 2 (mod 4ZZK) and η23 = η3 + (1 + 2m1) + (1 + 2m1)ω + (1 + 2m1)θ2.
Together with (2.11), (2.12) and (2.13) we have
α2 ≡ {a200 + 2a201 − a210 + a211(1 + 2m1) + 2a01a11}

+{a201 + 2a210 + a211(1 + 2m1) +2a00a01 − 2a01a10}ω
+{a211(1+2m1)+2a00a10+2a01a11}θ2 +{a211+2a00a11 +2a01a11+2a10a11}η3
≡ {2a201 + a211(2m1 + 1) + 2a01a11} +{a201 + 2a200 + a211(2m1 + 1)}ω
+{a211(2m1 + 1) + 2a200 + 2a01a11}θ2 +{a211 + 2a01a11}η3 (mod 4ZZK) and

β2θ2 ≡ −{a211(2m1 + 1) + 2b200 + 2a01a11 −2a211 − 4a01a11}
−{a201 + 2b200 + a211(2m1 +1)− 2a211(2m1 + 1)− 4b200 − 4a01a11}ω
+{2a201 + a211(2m1 + 1) + 2a01a11}θ2
+{2a201 + 4b200 + 2a211(2m1 + 1) +a211 + 2a01a11}η3 (mod 4ZZK).

Then we obtain
0 ≡ α2 − β2θ2 ≡ {2a201 + 2a211} +{2a201 + 2a200 + a211 + 2b200}ω

+{2a201 + 2a211 +2a200}θ
2 +{2a201}η3 (mod 4ZK).

As the set {1, ω, θ2, η3} forms an integral basis of ZZK , we have
0 ≡ 2a201 + 2a211 (mod 4), 0 ≡ 2a201 + 2a200 + a211 + 2b200 (mod 4),
0 ≡ 2a201 + 2a211 + 2a200 (mod 4) and 0 ≡ a01 (mod 4),

which yields
a01 ≡ a11 ≡ a00 ≡ b00 ≡ 0 (mod 2).

Together with the congruences (2.10) we have proved that all the coefficients
aij , bij(0 5 i, j 5 1) of η are even. Thus it follows that ZZL j ZZK [1, θ] and
ZZK [1, θ] j ZZL because θ is an integer of L. Therefore we obtain

ZZL = ZZK [1, θ] = ZZ[1, ω, θ2, ω 1+θ2

2 , θ, ωθ, θ3, ω θ+θ
3

2 ].

Let B be the representation matrix of t(1, θ, θ2, θ3, θ4, θ5, θ6, θ7) with respect to

the integral basis t(1, θ, θ2, θ3, ω, ωθ, ω 1+θ2

2 , ω θ+θ
3

2 ). Then we obtain

B =

(
E4 O4

A4 B4

)
with B4 =


2 0 0 0
0 2 0 0
−1 0 4 0
0 −1 0 4

 and a suitable 4 × 4 matrix
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A4. Thus from dL(θ) = det(B)2 · dL, we deduce −224m7 = (26)2 · dL and hence
dL = −212m7.

Finally, we consider the case of m ≡ 1 (mod 16). We set m−1 = 16m1, where
m1 ∈ ZZ. As in the case m ≡ 9 (mod 16), by Lemmas 2 and 3, for any integer
η ∈ ZL, there exist α, β ∈ ZZK such that 2η = α+ βθ with

α = a00 + a01ω + a10θ
2 + a11ω

1+θ2

2 and β = b00 + b01ω + b10θ
2 + b11ω

1+θ2

2 .

Then we have NL/K(2η) = (α + βθ)(α + β(−θ)) = α2 − β2θ2 ≡ 0 (mod 4ZZK).

Thus α2 − β2θ2 ≡ (a00 + a10) · 1 +(a01 + b10)ω + (b00 + b10)θ2 + (a11 + b11)η3
≡ 0 (mod 2ZZK) holds. Here we used ω2 = ω + 4m1 ≡ ω (mod 4ZZK),
θ4 = 2ω − 1 ≡ 1 (mod 2ZZK), η23 ≡ η3 (mod 2ZZK), ω2θ2 ≡ ω (mod 2ZZK),
and θ6 = θ2(2ω − 1) ≡ θ2 (mod 2ZZK). Thus, it follows that

a00 ≡ a10, a01 ≡ b01, b00 ≡ b10 and a11 ≡ b11 (mod 2). (2.14)

Next we evaluate aij , bij modulo 4 (0 5 i, j 5 1). We have
NL/K(2η) = {a00 + a01ω + a00θ

2 + a11η3}2 − {b00 + a01ω + b00θ
2 + a11η3}2θ

2

≡ 0 (mod 4ZZK).
Using θ4 = 2ω − 1, ω + ωσ = 1, ω − 1 = −ωσ,
η23 = η3 + 2m1θ

2 + 2m1ω − 2m1, ωθ
2 = 2η3 − ω and ωη3 = η3 + 2m1 + 2m1θ

2,
we deduce that η3θ

2 ≡ η3 (mod 4ZZK), ω2θ2 ≡ (2η3 − ω) (mod 4ZZK),
θ6 ≡ (2ω − θ2) (mod 4ZZK), η23θ

2 ≡ (η3 + 2m1θ
2 + 2m1ω + 2m1) (mod 4ZZK),

ωθ4 = ω(2ω−1) ≡ ω (mod 4ZZK) and ω2 1+θ2

2 ·θ
2 ≡ η3+2m1θ

2+2m1 (mod 4ZZK).
Thus 0 ≡ 4NL/K(η) ≡ (2a11m1− b200− 2a11m1 + 2b00) · 1 +(a201 + 2a00 + 2m1a11
+2a00a01 − 2a01a00 + a201 −2b00 − 2m1a11 + 2b00a01 + 2a01b00)ω +(2a00 − b200)θ2

+(a211 + 2a00a11 + 2a01a11 + 2a00a11 −2a01−a211− 2b00a11− 2a01a11− 2a11b00)η3
(mod 4ZZK). Then we obtain that
i) 0 ≡ b00(b00 − 2) (mod 4),
ii) 0 ≡ 2a01 + 2a00 + 2b00 (mod 4), i.e., 0 ≡ a01 + a00 + b00 (mod 2)
iii) 0 ≡ 2a00 − b200 (mod 4) and
iv) 0 ≡ 2a00a11 + 2a01 + 2a01a11 (mod 4), i.e., 0 ≡ a00a11 + a01 + a01a11 (mod 2).
By (i) we see that b00 ≡ 0 (mod 2). Then by (iii) we deduce that a00 ≡ 0 (mod 2),
and hence by ii) a01 ≡ 0 (mod 2). The values of a00 and a01 satisfy the condition
iv). Moreover, from (2.14), we get a10 ≡ b01 ≡ b10 ≡ 0 (mod 2) Thus

η =
α

2
+
β

2
θ ≡ a11ω

1 + θ2

2
+ b11ω

1 + θ2

2
θ (mod ZZL).

Next, by (2.14) both a11 and b11 are of the same parity. In even case
η = 2η3(1 + θ) ≡ 0 (mod 2ZZK). In the odd case we obtain the integer

η ≡ ω 1+θ2

2
1+θ
2 (mod 2ZZL), which is denoted by η7. In fact η7 is an integer in

ZZL, because TL/K(η7) = η7 + ησ
4

7 = η3 ∈ ZK and

NL/K(η7) = η7 · ησ
4

7 = ω 1+θ2

2
1+θ
2 · ω

1+θ2

2
1−θ
2 = 1

4ωω
ση3 = m1η3 ∈ ZK .

Then it follows that η ∈ ZZ[1, ω, θ2, η3, θ, ωθ, θ
3, η7], so that



428 A. Hameed and T. Nakahara

ZZL j ZZ[1, ω, θ2, η3, θ, ωθ, θ
3, η7]. On the other hand

ZZ[1, ω, θ2, η3, θ, ωθ, θ
3, η7] j ZZL holds as η7 = ω 1+θ2

2
1+θ
2 ∈ ZZL. Therefore we

obtain ZZL = ZZ[1, ω, θ2, η3, θ, ωθ, θ
3, η7] for any pure octic field Q( 8

√
m) with a

square-free integer m ≡ 1 (mod 16),m 6= 1.

Let C be the representation matrix of t(1, θ, θ2, θ3, θ4, θ5, θ6, θ7) with respect to
the integral basis t(1, ω, θ2, η3, θ, ωθ, θ

3, η7). Then we obtain

C =

(
E4 O4

C4 D4

)
, where D4 =


2 0 0 0
0 2 0 0
−1 0 4 0
−1 −1 −1 8

 and a suitable4 × 4

matrix C4. From dL(θ) = det(C)2 · dL, we have −224m7 = (27)2 · dL and hence
dL = −210m7.

3 Relative Monogenity of a Pure Octic Field over its Quartic and
Quadratic Subfield

In this section, we determine the relative monogenity of a pure octic field
L = Q(θ) with θ = 8

√
m of a square-free integer m 6= 0,±1 over its quartic

subfield K = Q(θ2) and its quadratic subfield k = Q(θ4). It follows from Lemma
2 and Theorem 1 that ZZL = ZZK [θ] = ZZk[θ] for m ≡ 2, 3 (mod 4) and m ≡
5, 13 (mod 16), that is, the pure octic field L = Q[ 8

√
m] is relatively monogenic

over its quartic subfield K and its quadratic subfield k. We also see from Lemma
2 and Theorem 1 that

ZZL = ZZ[1, ω, θ2, ω
1 + θ2

2
, θ, ωθ, θ3, ω

θ + θ3

2
] = ZZK [θ],

namely L is relatively monogenic over K for m ≡ 9 (mod 16). We summarize
these results in Theorem 2.

Theorem 2. With the same notation as above, the pure octic field L is rel-
atively monogenic over its quartic subfield K for m ≡ 2, 3 (mod 4) and for
m ≡ 5, 9, 13 (mod 16). Moreover L is relatively monogenic over its quadratic
subfield k for m ≡ 2, 3 (mod 4) and for m ≡ 5, 13 (mod 16).

Thus we must investigate the existence or non-existence of a relative power in-
tegral basis of ZZL over ZZk when m ≡ 9 (mod 16) and over ZZK and ZZk when
m ≡ 1 (mod 16). The next lemma is available to avoid lengthy and complicated
computations in the succeeding proofs.

Lemma 4. With the same notation as above, the following congruences modulo
2ZZL hold.
(i) Let m ≡ 9 (mod 16). Then θ4 ≡ 1, ω2 ≡ ω, ωθ2 ≡ ω, η3ω ≡ 1 + θ2 + η3,
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η23 ≡ 1 + ω + θ2 + η3 and η3θ
2 ≡ η3 (mod 2ZZL).

(ii) Let m ≡ 1 (mod 16). Then θ4 ≡ 1, ω2 ≡ ωθ2 ≡ ω, η3ω ≡ η23 ≡ η3θ
2 ≡ η3,

η7ω = η7 +m1(1 + θ + θ2 + θ3), η7θ
2 ≡ η7 and

η27 ≡ m1(1 + ω + θ2 + η3 + θ + ωθ + θ3) + η7 (mod 2ZZL).

Proof: (i) Put m = 9 + 16n = 1 + 8m1 with m1 ≡ 1 (mod 2).

Then ω = 1+θ4

2 gives θ4 = 2ω − 1 ≡ 1 (mod 2ZZL),

ω2 = { 1+θ
4

2 }
2 = ω + m−1

4 = ω + 2m1 ≡ ω (mod 2ZZL),

ωθ2 = 2ω 1+θ2

2 − ω = 2η3 − ω ≡ ω (mod 2ZZL),

η3ω = ω2 1+θ2

2 = (ω + m−1
4 )( 1+θ2

2 ) = (ω + 2m1)( 1+θ2

2 ) = m1 +m1θ
2 + η3

≡ 1 + θ2 + η3.
Similarly, we have

η23 = ω2(
1 + θ2

2
)2 = (ω +

m− 1

4
)(

1 + θ4 + 2θ2

4
) = (ω + 2m1)(

ω

2
+
θ2

2
)

= m1(ω + θ2) +
1

2
(ω2 + ωθ2) = m1(ω + θ2) +

1

2
(2m1 + ω + 2η3 − ω)

= m1 +m1ω +m1θ
2 + η3 ≡ 1 + ω + θ2 + η3 (mod 2ZZL),

and finally

η3θ
2 = ω( 1+θ2

2 )θ2 = ω( 1+θ2

2 )(θ2 − 1 + 1) = −ωωσ + η3 = 2m1 + η3
≡ η3 (mod 2ZZL).

(ii) We prove congruences for θ4, ω2, ωθ2, η3ω, η
2
3, η3θ

2 and η3ω modulo 2ZZL by
using ωωσ = −4m1, ω

σ − 1 = −ω and m−1
8 = 2m1 ≡ 0 (mod 2) and η7 =

ω 1+θ2

2
1+θ
2 = η3

1+θ
2 , as follows:

η7ω = ω2 1+θ2

2
1+θ
2 = (ω + 4m1) 1+θ2

2
1+θ
2 = η7 +m1(1 + θ + θ2 + θ3),

η7θ
2 = ω 1+θ2

2
1+θ
2 (θ2 − 1 + 1) = −ωωσ 1+θ

2 + η7 = 2m1(1 + θ) + η7 ≡ η7, and in
the same way

η27 = ω2(
1 + θ2

2
)

2

· (1 + θ

2
)
2

= (4m1 + ω){1 + θ2

2
− 1− θ4

4
}{1 + θ

2
− 1− θ2

4
}

= (4m1 + ω){1 + θ2

2
}{1 + θ

2
}+ (4m1 + ω){−1

4
ωσ − 1

2
ωσ

1 + θ

2
+

1

2
ωσ

1− θ2

4
}

= m1(1 + θ2)(1 + θ) + η7 + (4m1ω
σ − 4m1){−1

4
− 1

2

1 + θ

2
+

1

2

1− θ2

4
}

= m1(1 + θ2)(1 + θ) + η7 +m1ω(1 + 1 + θ − 1− θ2

2
)

= m1(1 + θ2)(1 + θ) + η7 +m1ω(1 + θ + η3)

= m1(1 + ω + θ2 + η3 + θ + ωθ + θ3) + η7
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Theorem 3. With the same notation as above, let m ≡ 9 (mod 16). Then the pure
octic field L = Q(θ) with θ = 8

√
m does not have a relative power integral basis over

its quadratic subfield k, that is, ZZL 6= ZZk[η] for any η ∈ ZZL if m ≡ 9 (mod 16).

Proof: Suppose that L has a relative power integral basis over k, that is,
ZZL = ZZk[η] = Zk[1, η, η2, η3] = ZZ[1, ω, η, ωη, η2, ωη2, η3, ωη3]

holds for some integer η ∈ ZZL. By Theorem 1 we have an integral basis

ZZL = ZZK [θ] = ZZ[1, ω, θ2, η3, θ, ωθ, θ
3, η3θ] with η3 = ω 1+θ2

2
Then there exists an 8× 8 matrix A with coefficients in ZZ such that

t(1, ω, η2, ωη2, η, ωη, η3, ωη3) = At(1, ω, θ2, η3, θ, ωθ, θ
3, η3θ).

Therefore for η = a0 + a1ω + a2θ
2 + a3η3 + (b0 + b1ω + b2θ

2 + b3η3)θ with
aj , bj ∈ ZZ, j = 0, 1, 2, 3, we deduce the following congruences modulo 2ZZL using
Lemma 4 (i)
η2 ≡ a0 + a1ω

2 + a2θ
4 + a3η

2
3 + (b0 + b1ω

2 + b2θ
4 + b3η

2
3)θ2

≡ (a0 + a2 + a3 + b3) + (a1 + a3 + b1 + b3)ω + (a3 + b0 + b2 + b3)θ2

+ (a3 + b3)η3 + 0 + 0 + 0 + 0 (mod 2ZZL) and
ωη2 ≡ (a0 + a2 + a3 + b3)ω + (a1 + a3 + b1 + b3)ω2 + (a3 + b0 + b2 + b3)ωθ2

+ (a3 + b3)ωη3 + 0 + 0 + 0 + 0
≡ (a3 + b3) + (a0 + a1 + a2 + a3 + b0 + b1 + b2 + b3)ω + (a3 + b3)θ2

+ (a3 + b3)η3 + 0 + 0 + 0 + 0 (mod 2ZZL).
Then we obtain η2 ∼ η2 + ωη2 ≡ (a0 + a2) + (a0 + a2 + b0 + b2)ω + (b0 + b2)θ2

≡ a+(a+b)ω+bθ2 (mod 2) with a0+a2 = a and b0+b2 = b.Here for γ, δ ∈ L, γ ∼ δ
means the corresponding row vectors of γ and δ with respect to an integral basis
of L are equal to each other modulo an elementary row operation.
Consider the last row of the matrix A corresponding to the integer ωη3. We have
ωη3 = ω · η2 · η ≡ ω{a+ (a+ b)ω + bθ2}η ≡ {aω + aω2 + bω2 + bθ2ω2}η
≡ {aω + aω + bω + bω}η ≡ 0 (mod 2ZZL). Thus we obtain det(A) ≡ 0 (mod 2).
Thereby ZZL has no relative power integral basis over ZZk for m ≡ 9 (mod 16).

Theorem 4. With the same notation as above, let m ≡ 1 (mod 16). Then the
pure octic field L = Q(θ) with θ = 8

√
m is relatively non monogenic over its

quadratic subfield k = Q(θ4), that is, ZZL does not have a power integral basis
over ZZk.

Proof: Assume that ZZL = ZZk[η] = ZZk[1, η, η2, η3] = ZZ[1, ω, η, ωη, η2, ωη2, η3, ωη3].
Then there exists a representation matrix A of size 8 by 8 with coefficients in

ZZ with respect to an integral basis {1, ω, θ2, η3, θ, ωθ, θ
3, η7} with η7 = η3

1+θ
2 .

Therefore for η = a0 + a1ω + a2θ
2 + a3η3 + b0θ + b1ωθ + b2θ

3 + b3η7 we have
t(1, ω, η2, ωη2, η, ωη, η3, ωη3) = A · t(1, ω, θ2, η3, θ, ωθ, θ

3, η7),
with aj , bj ∈ ZZ, j = 0, 1, 2, 3. Using Lemma 4 (ii) we compute the row vectors of
A corresponding to the integers η2 and ωη2 as follows:
η2 ≡ (a0 + a2 +m1b3) + (a1 + b1 +m1b3)ω + (b0 + b2 +m1b3)θ2

+(a3 +m1b3)η3 +m1b3θ +m1b3ωθ +m1b3θ
3 + b3η7 (mod 2ZZL), and
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ωη2 ≡ (a0+a2+m1b3)ω+(a1+b1+m1b3)ω2 +(b0+b2+m1b3)ωθ2+(a3+m1b3)ωη3
+m1b3ωθ +m1b3ω

2θ +m1b3ωθ
3 + b3ωη7

≡ m1b3 + (a0 + a1 + a2 + b0 + b1 + b2 +m1b3)ω +m1b3θ
2 + (a3 +m1b3)η3

+m1b3θ +m1b3ωθ +m1b3θ
3 + b3η7.

We reduce η2 ∼ η2 + ωη2 ≡ (a0 + a2) + (a0 + a2 + b0 + b2)ω + (b0 + b2)θ2

≡ a+ (a+ b)ω + bθ2 (mod 2ZZL) with a = a0 + a2 and b = b0 + b2.
Consider the 8th row of A corresponding to ωη3. By Lemma 4(ii) we have
ωη3 = ωη2 · η ≡ [aω+ (a+ b)ω2 + bωθ2]η ≡ [aω+ (a+ b)ω+ bω]η ≡ 0 (mod 2ZZL),
so that det(A) ≡ 0 (mod 2).
Thus ZZL has no relative power integral basis over ZZk for m ≡ 1 (mod 16).

Theorem 5. With the same notation as above, let the square-free integer m
satisfy m ≡ 1 (mod 16) with m = 1 + 16m1,m1 ∈ ZZ. If the pure octic field
L = Q( 8

√
m) has a relative power integral basis over the quartic subfield K, that

is, there exists η ∈ ZZL such that ZZL = ZZK [η] for η = α+b0θ+b1ωθ+b2θ
2 +b3η7

with α ∈ ZZK , then the necessary congruence conditions are
b1 +m1 ≡ 0, b0 + b2 ≡ 1 and b3 ≡ 1 (mod 2).

Proof: Assume that ZZL = ZZK [η] = ZZ[1, ω, θ2, η3, η, ωη, θ
2η, η3η] for some

η ∈ ZZL. Put η = α+ βθ + b3η7 with α = a0 + a1ω + a2θ
2 + a3η3 and

β = b0 + b1ω + b2θ
2 ∈ ZZK . Then using the congruence relations modulo 2ZZL in

Lemma 4 (ii), we deduce that ωη ≡ m1b3 + (a0 + a1 + a2)ω + m1b3θ
2 + a3η3 +

m1b3θ+(b0 +b1 +b2)ωθ+m1b3θ
3 +b3η7 (mod 2ZZL) ≡ m1b3θ+(b0 +b1 +b2)ωθ+

m1b3θ
3 + b3η7 (mod (ZZK , 2ZZL)). Similarly it is deduced that

θ2η ≡ b2θ + b1ωθ + b0θ
3 + b3η7 (mod (ZZK , 2ZZL)) and

η3η ≡ m1b3 +m1b3ωθ +m1b3η7 (mod 2ZL). Thus we have

t(1, ω, θ2, η3, η, ωη, θ
2η, η3η) =

(
E4 O4

A4 B

)
t(1, ω, θ2, η3, θ, ωθ, θ

3, η7) with a suit-

able 4× 4 matrix A4 and B =


b0 b1 b2 b3

m1b3 b0 + b1 + b2 m1b3 b3
b2 b1 b0 b3

m1b3 m1b3 m1b3 b3

 .

Then we obtain det(B) ≡

∣∣∣∣∣∣∣∣
b0 + b2 0 b0 + b2 0

0 b0 + b1 + b2 +m1b3 0 0
b2 b1 b0 b3

m1b3 m1b3 m1b3 b3

∣∣∣∣∣∣∣∣ (mod 2)

≡ (b0 + b2)b3(b0 + b1 + b2 +m1b3)(b0 + b2) (mod 2).
If b3 6≡ 0 (mod 2) and b0 + b2 6≡ 0 (mod 2), then det(B) ≡ 1 · 1 · (1 + b1 + m1) ·
1 (mod 2). Thus it is deduced that det(A) ≡ 1 (mod 2) if b1 +m1 ≡ 0, b0 + b2 ≡ 1
and b3 ≡ 1 (mod 2).
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Bessatsu, B12 (2009) 209–221

[11] W ladys law Narkiewicz, Elementary and Analytic Theory of Algebraic Numbers,
Springer-Verlag, Third edition, Berlin-Heidelberg-New York; PWM-Polish Scientific
Publishers, Warszawa, 2007.

[12] Blair K. Spearman and Kenneth S. Williams, Relative Integral Bases for
Quartic Fields over Quadratic Subfields, Acta Math. Hungar., 70(3) (1996), 185–
192

[13] Blair K. Spearman and Kenneth S. Williams, The index of cyclic quartic
field, Monatsh. Math., 140 (2003), 19–70



Integral bases and relative monogenity of pure octic fields 433

[14] L. C. Washington, Introduction to Cyclotomic Fields, Springer-Verlag, Berlin-
Heidelberg-New York; 1982

Received: 24.06.2014
Revised: 03.09.2015
Accepted: 05.09.2015

(1) National University of Computer Emerging Sciences,
Lahore Campus,

the Islamic Republic of Pakistan
E-mail: abdul.hameed@lhr.nu.edu.pk

(2) National University of Computer Emerging Sciences,
Peshawar Campus,

the Islamic Republic of Pakistan
E-mails: toru.nakahara@nu.edu.pk

toru.nakahara@qu.edu.pk


