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Abstract

In this paper, we introduce the notion of weakly F-stationary map with
potential which is a critical point of the functional ®r r with respect to
variations in the domain. It is a generalization of F-stationary maps with
potential. We obtain some Liouville theorems for these maps under some
curvature conditions of the domain manifolds and some conditions on H.
We obtain similar theorems for maps obeying a class of integral equations
involving the stress-energy tensor.
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1 Introduction

Let F : [0,00) — [0,00) be a C? function such that F(0) = 0 and F'(t) > 0
on [0,00). For a smooth map u : (M™,g) — (N™,h) between two Riemannian
manifolds (M, g) and (N, h), Asserda in [1] introduced the following functional

u*h|[?
vt = [ B,
M
(see[10, 11, 12, 6]) where u*h is the symmetric 2-tensor defined by
(W h)(X,Y) = h(du(X), du(Y))

for any vector fields X, Y on M and ||u*h]|| is given by

m

lu*hl[* = Th(du(e;), dule;))]?

ij=1
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with respect to a local orthonormal frame (eq, - ,e,,) on (M, g). They derived
that first variation formula of @, then, by using stress-energy tensor, they ob-
tained some monotonicity formulas and some Liouville theorems for stationary
maps for the functional ®p. Following [1], Han and Feng in [5] introduced the
following functional ®f g by

B (u) = /M[F(””;h”) — H o uldv,,

where H is a smooth function on N™. The map u is F-stationary with potential
H for ®p g if it is a critical point of ® r i with respect to any compact supported
variation of u. They obtained some Liouville theorems for F-stationary maps
with potential H and also investigated the stability for F-stationary maps with
potential H from or into the standard sphere.

Let ug : (M™,g) — (N™,h) (—e < t < €) be a variation of u, i.e. u; = ¥(t,.)
with ug = u, where ¥ : (—¢,e) x M — N is a smooth map. Let ¢ = %hzo €
I'(u='TN) be the variational field, where I'(u='TN) is the set of all smooth
cross sections of the bundle. Let T'o(u~*T'N) be a subset of I'(u~'T'N) consisting
of all elements with compact supports contained in the interior of M. For each
Y € To(u™'TN), there exists a variation u;(x) = exp,,(,)(t) (for ¢ small enough)
of u, which has the variational field ). Such a variation is said to have a compact
support. Let Dy®p g (u) = Mﬂdiz(’“)h:o.

Remark 1. From the definition of F'-stationary map with potential H, we know
that a smooth map w from M to N is called F-stationary map with potential H

for the functional ®p g if Dy ®p g(u) = d@Fai’i(u”)h:O =0 for V€ To(u™'TN).

It is known that du(X) € T'(u"!TN) for any vector field X of M. If X
has a compact support which is contained in the interior of M, then du(X) €
Lo(u'TN).

Definition 1. A smooth map u : (M™,g) — (N™, k) is said to be a weakly F-
stationary map with potential H for the functional @ p(u) if Dgy(x)®ra(u) =0
for all X € To(TM).

Remark 2. From Remark 1 and Definition 1, we know that F'-stationary maps
with potential H must be weakly F'-stationary maps with potential H, that is,
the weakly F-stationary maps with potential H are the generalization of the F-
stationary maps with potential H.

In this paper, we investigate weakly F-stationary maps with potential H and
obtain some Liouville theorems for these maps under some curvature conditions
of the domain manifolds and some conditions on H. We also investigate some
special maps, i.e. maps obeying the integral eqation (3.11) or (3.19) and obtain
the Liouville theorems for these maps.
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2 Preliminaries

Let V and MV always denote the Levi-Civita connections of M and N respec-
tively. We choose a local orthonormal frame field {e;} on M. We define the
F-H-tension field 74, , (u) of u by

Topy(U) = T@F(u)-i-NVHOU,

where 7¢ . (u) = F’(W)divg(ou)—l—ou(grad(F'(M))) as defined in [1], and
ou =5 h(du(.), du(e;))du(e;) as defined in [10].

Lemma 1. [5/(The first variation formula) Let w : M — N be a smooth map.
Then

Dw‘I’F,H(U) - 7/M h’(T‘:DF,H (U)ﬂ/f)dvga (21)

where 1 = To(u"*TN).

Let w: M — N be a weakly F-stationary map with potential H and X €
To(TM). Then by (2.1) and the definition of weakly F-stationary maps with
potential H, we have

Ddu(X)CDF’H(u) = — /M h(T@F’H(u), du(X))dvg =0. (22)

Recall that for a 2-tensor field T € T'(T*M ® T*M), its divergence divT €
[(T*M) is defined by

(divT)(X) = S (Ve, T (ews X), (2.3)

3

where X is any smooth vector field on M. For two 2-tensors Ty, 7o € I'(T*M ®
T*M), their inner product is defined as follows;

< Tl,TQ >= ZT(ei,ej)TQ(ei, Gj), (24)
ij

where {e;} is an orthonormal basis of with respect to g. For a vector field X €
I'(T'M), we denote by 0x is dual one form i.e. 0x(Y) = g(X,Y). The covariant
derivative of 0x gives a 2-tensor field VOx:

(VOx)(Y,Z) = (Vz0x)(Y) = g(VzX,Y). (2.5)

If X = Vo is the gradient of some function ¢ on M, then fx = dyp and Vlx =
Hessp.
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Lemma 2. (c¢f.[2, 3]). Let T be a symmetric (0,2)-type tensor field and let X be
a vector field, then

1
div(ixT) = (divT)(X)+ < T, VOx >= (divT)(X) + 5 < T,Lxg>. (2.6)

where Lx is the Lie derivative of the metric g in the direction of X. Indeed, let
{e1, - ,em} be a local orthonormal frame field on M. Then

1 1
5 < T,Lxg >= Z 5 < T(ei,ej),LXg(ei,ej) >
ij=1
m
= Z T(ei,ej)g(Ve, X, e5) =<T,Vlx > .
=1

Let D be any bounded domain of M with C! boundary. By using the stokes’
theorem, we immediately have the following integral formula:

2

where v is the unit outward normal vector field along dD.
From the equation (2.7), we have

/ T(X,v)ds, = / [< T, Lo +div(T)(X)]dv,, (2.7)
oD D

Corollary 1. If X is a smooth vector field with a compact contained in the
interior of M, then

/M[< T, %Lxg > +div(T)(X)]dv, = 0. (2.8)

Asserda in [1] introduced a symmetric 2-tensor Sg ., to the functional ®p(u)
by
[lu*h]|?
4
which is called the stress-energy tensor.

w*hl[?
Sor. = FY ]

)g — F'( )h(ou(.), du.)). (2.9)
Lemma 3. [1] For any smooth vector field X of M, we have
(divSe, ) (X) = —h(Te, (u), du(X)). (2.10)

By using the equations (2.2), (2.8) and (2.10), we know that if u : M — N is
a weakly F-stationary map with potential H, then we have

1
0 / < Sapu 5 Lxg > dug - / W7o, (u) +N VH(u) = VH(u), du(X))dv,
M M

1
/ < Sep.,=Lxg > dv, — / W7o (u) = VH(u), du(X))dv,
M 2 M '

1
/ < S‘I)F_u7 7LXg > d’Uq +/ h(NVH(U), dU(X))d’Uq
M 2 ’ M ’
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i.e.

2

for any X € T'o(T'M).
Han and Feng in [5] introduced a symmetric 2-tensor Sg. ,, , to the functional
@ (u) by

1
/ < Sop. zLxg > dvy, +/ h(NVH (u), du(X))dv, =0 (2.11)
M M

[|u*h]|?
1

which is called the stress-energy tensor.

[[u*h]|?

S(I)F,H,u = [F( 4

) — Houlg— F'( Yh(oul), du()). (2.12)

Lemma 4. [5] For any smooth vector field X of M, we have
(A0S0 (X) = — (7, (0), du( X)), (2.13)

By using the equations (2.2), (2.8) and (2.13), we know that if u: M — N is
a weakly F-stationary map with potential H, then we have

1
/ <Sop a5 Lxg > dug =0 (2.14)
M 2

for any X € T'o(T'M).

3 Liouville theorems

Let (M, go) be a complete Riemannian manifold with a pole xy. Denote by r(x)
the go-distance function relative to the pole xg, that is r(z) = distg, (x, o). Set
B(r) = {x € M™ : r(z) < r}. It is known that 2 is always an eigenvector of
Hessg, (r?) associated to eigenvalue 2. Denote by Amax (resp. Amin) the maximum
(resp. minimal) eigenvalues of Hess,,(r?) — 2dr ® dr at each point of M — {z¢}.
Let (N™, h) be a Riemannian manifold, and H be a smooth function on N.
From now on, we suppose that u : (M™, g) — (N, h) is a smooth map, where
9= f%g0,0 < f € C®(M). Clearly the vector field v = f‘l% is an outer normal
vector field along OB(r) C (M, g). The following conditions that we will assume

for f are as follows:

(f1)
dlog f >0,
or —
(f2) there is a constant C' > 0 such that
01 -1
(m —4dp)r 0g f + m Amin + 1 — 2dF max{2, Apax} > C,

or 2
where dp is defined as follows: dp = sup;> t?;g) (lp = infi>o t?%) (cf. [9],

[3]). In this paper we assume that dp is finite.
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Theorem 1. Let u : (M, f?go) — (N,h) be a weakly F-stationary map with

potential H. If f satisfies (f1)(f2), H <0 (or H|,y <0) and fM[F(M) _
H ou)dvy < oo, then u is a constant.

Proof: We take X = ¢(r)r% = %gb( )V972, where VO denotes the covariant
derivative determined by gy and ¢(r) is a nonnegative function determined later.
By direct computation, we have

Odlog f
or

Let {e;}", be an orthonormal basis with respect to go and e, = %. We
may assume that Hess,, (r?) becomes a diagonal matrix with respect to {e; }1 .
Then {¢; = f~'e;} ia an orthonormal basis with respect to g.

Now we compute

1 1
< Sopis gLxg>= o(r)r < Soppard > +§f2 < St Lyryr2 90 >(3.1)

< Soppnd> = 3 Sopu (@ )96 &)

= lp("E) — ow) - D) S o @), duen)

= (P gy - pr LRI e

> m[F(%)—Hou]—éldpF(%)
L S

> (m— (D) oy (32)

and
f2 < Sq)F,H,u’L(b(T)r%gO -
= f? Z 5@ .11, (€15 €5) (Lig(ryr 2. 90) (€3 €5)

- P{EIF ME) — 1 oulg(@. ) (Lygyr 2. 0)(65.8)
—ZF’(%)M%@du(@»(%)r%go)(a,e})}
u* 2
- SIF AT — 1 o u)(L g 2 90)(e1rc0)

- ZF’(@W%(&),du(e}»@mﬂr%go)(ei,ej>}
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[lw*hl[*

= ¢(r) Z[F( 1 ) — H ou]Hess, (1) (e;, €;)

[[w*hlf?
4

o) 32 P (U D@0, @) Hess, () e, 5)

+2[F(

) — H oulrg/(r)

[lu*h]|?

—2F'( )1’ (r)h(ou(em), du(én))

> (A

|| Ry|?

) — Hou)[2+ (m — 1) Amin]

—o(r)F'( ) max{2, Amax } Z h(ou(€i), du(é:))

[lu*h]|? [lw*h]|?

) = Houlrg!(r) — 2P'(

U* 2
= o

 [Ju*hl”

—o(r)F'(

7”“?”2) — Houlrg/(r) — 2F'(

[lu*h]|?
4

+2[F( )ré! (r)h(ou(em), du(ém))

) — Hou][2+ (m — 1)Anin)

) max{2, Amax }H|u"h[*

[lw*h]|?

+2[F( )ré! (r)h(ou(em), du(em))

= o(r)[F( ) = Hou[2+ (m — 1) Amin]

()4 max{2, Amax}[F(””*f” )~ Houl

21r(ME) o et ) — 27 (D o 7). auter)

4
> ¢o~>m%> ~ Hou]2+ (m — 1)Amin — 4dp max{2, A )]

*h 2
H“4 5y oo () (3.3)
[[u*hl|?
1

+2[F(

—2F'( )r¢! (r)h(ou(em), du(em))-
From (3.1), (3.2), (3.3), (f1) and (f2), we have

1 u*hl||?
< S‘I’F,H,m*LXg > 2> ¢(’I‘)[F(|| ||

+1

)~ H o ull(m — 4dr)r 28

5 4
+ (m; ]') Amin — 2dp maX{Q, Amax}]
* 2
" [F(M) — H oulre/(r)

4
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[lw*hl[*

_
F'( 1

Jré! (r)h(ou(em), du(em))
[[u*h]|? [lu”h]|*
4 4

) (r) (o (@), du(érn). (3.4)

> Co(r)[F(

[[u*h]|?
4

)— Hou|+ [F( ) — H ourd(r)

—F’(

For any fixed R > 0, we take a smooth function ¢(r) which takes value 1 on

B(%), 0 outside B(R) and 0 < ¢(r) < 1 on T(R) = B(R) — B(%). And ¢(r)

also satisfies the condition: |¢/(r)| < % on M, where Cj is a positive constant.
From (2.14) and (3.4), we have

[lu*h]|?

. Al
[ ieomir ™) - o)+ 1
M

4

o
IV

) = H oujrd/(r)]dvg

- [ e e @, du@an,
M

(3.5)

* 2 * 2
> [ oM —mouan,+ [ D) - mour(ra,
B(%) T(R)
* 2
R e LN CARTCA I
* 2 * 2
2/ C[F(%)_Hou]dvg_q}/ [F(w)_hrou]dug
B(%) T(R)
u*h||?
- o f P,
*h2 *hQ
2/ C[F(M)_Hou]dvg—co(1+4dF)/ [F(M)_Hou}dvg.
B(&)

T(R)

From fM[F(W) — H o u]dvy < 0o, we have

lim / [F(M) — H o u]dvy = 0. (3.6)

From (3.5) and (3.6), we have

Il
4

[u*h?
0>C [ [F( )—Houldv, >C | F( )dvg,
M 4 M

so we know that u is a constant. 0O

Theorem 2. Let u : (M, f?g0) — (N,h) be a weakly F-stationary map with

potential H. If f satisfies (f1)(f2), ag:“ >0 and [, F(W)dvg < 00, then
u 48 a constant.
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Proof: By using the similar method in the proof in Theorem 1, we can obtain
the following:

[lu*h]|?

5 ) (r)
) ({0 (Em), du(n).

1 u*h||?
<S<I>F,1L7§LX9> > C¢(T)F( u

[[u*h]|?
4

+ F(

F'(

From % > 0, we have

OH ou
or
|[w*h]?
4

)1 (1) h(ou(em), du(em))- (3.7)

1
< Sap., §LXg > +¢(r)r
|[w*h]?
4

> Co(r)F(

[lu”h]|?
4

Jre'(r)

)+ F(
—F’(

For any fixed R > 0, we take a smooth function ¢(r) which takes value 1 on

B(%), 0 outside B(R) and 0 < ¢(r) < 1 on T(R) = B(R) — B(£). And ¢(r)
also satisfies the condition: |¢'(r)| < % on M, where Cj is a positive constant.

From (2.11) and (3.7), we have

0 = [ eonrd )4 p g ar,
| Py o @) dutn )y,
M
en enl,
> /B(g>CF( ), CO/T(R)F( ),

- C

o

|[wn]]?\ .
Jo POl iy
*h 2 *h 2
> / CF(M)dvg—co(HzldF)/ F(w)dvg. (3.8)
B(%) T(R)
From [, F(%)dvg < 00, we have

*h 2
lim F(M)dvg —0. (3.9)
R—o0 T(R)
From (3.8) and (3.9), we have

|| Rj|?

0> 0/ 7 Vv,
M 4

so we know that u is a constant. 0O
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Lemma 5. [5, 7, 8] Let (M™, g) be a complete Riemannian manifold with a pole
xg. Denote by K, the radial curvature of M.
(i) if —a? < K, < —p% with a > 8> 0 and (m — 1)3 — 4dpa > 0, then

4dpa
B

(i) if — mglﬂgﬁwiths>0,/l20 and 0 < B < 2¢, then

[(m — 1) Amin + 2 — 4dp max{2, Apax }] > 2(m —

);

B

A
_ Admest
25) re¥,

[(m — D) Amin + 2 — 4dp max{2, Amax}] > 2[1 + (m —1)(1 —

(i) if — 02+2§K < 2_~_2umfha>0 = [,Z] and ¢ > 0, then

[(m — D)Amin + 2 — 4dp max{2, Amax }]

14+ /1 —4b2 1++1+4a?
> 91 + (m — 1)—- : —4dp—t 2+ “.

Theorem 3. Let (M, g) be an m-dimensional complete manifold with a pole xg.
Assume that the radial curvature K, of M satisfies one of the following three
conditions:

(i) if —a® < K, < =% with o > 8> 0 and (m —1)3 — 4dpa > 0,

(n’)z'f—ﬁgKrgﬁwz’tha>o,A20,0§B<2gand
1+ (m—1)(1— B) Adpei: >0
(iii) if — 5% < K, < 2 witha >0, b> € [0,1], ¢ > 0 and 1 + (m
1) L= g HHE s,
Ifu: (M,g) = (N,h) is a weakly F-stationary map with potential H, H <0
* 2
(or H|yary <0) and fM[F(%) — H o u]dvy < 00, then u is a constant.

Proof: From the proof of theorem 1 for f = 1 and Lemma 5, we know that
theorem 3 is true. U

Theorem 4. Let M and K, be as in Theorem 3. If u : (M,g) — (N,h) is a

* 2
weakly F'-stationary map with potential H, alg% >0 and [, F(%)dvg < 00,
then u is a constant.

Proof: From the proof of theorem 2 for f = 1 and Lemma 5, we know that
theorem 4 is true. D
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We say the functional ®p g (u) (Pr(u)) of u is slowly divergent if there exists

a positive function ¢(r) with foj r;f(rﬂ = 400 (Rp > 0), such that

[F(llu*h||2) — Hou F(Hu*hl\Q)
lim 4 dvg < oo( lim 4

R—c0 Jp(R) o(r(z)) R—oo | p(p) deg < 00)(3.10)

Theorem 5. Let u : (M, f2go) — (N,h) be a smooth map which satisfies the
following

/ (divSay 5, )(X)dvg =0 (3.11)

for any X € T(TM). If f satisfies (f1)(f2), H <0 (or H|yry <0) and @ g (u)
of u is slowly divergent, then u is a constant.

Proof: From the inequality (3.4) for ¢(r) = 1, we have

1 * 2
“Lxg>> C[F(w

< S‘I’F,H,u 9

) — Hou). (3.12)
On the other hand, taking D = B(r) and T' = S, , in (2.7), we have
1 ;
< Sop s §LXg > dvg + (divSep 4., )(X)dvg
B(r) B(r)

:/ S‘i’F H,u (Xa l/)ng
dB(r) o

u* 2
= [, pME) b o ujg(x,v)as,

/ F' ||u*h|\2) h(du(X),0,(v))ds,
OB(r)
*p )2
/ e h\l Rl g g2 go(,ﬂi e la) .
dB(r
”“*h”2 _ P P
/QB(T) — ) 1rh(du(§),au(a))d89
T/(’?B( )[F(|u4||)HOU]fdsg
_/BB( )F/(||U4 I )f_lrzh(du(ei%du(E))Zng

i

Il
< T/BB(r)[F(4) — Hou|fds,. (3.13)
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Now suppose that v is a nonconstant map, so there exists Ry > Ry > 0 such that
for R Z R1,

* 2
/ WTM%QL%—HOMM@ECm (3.14)
B(R)

where ¢ is a positive constant. From (3.12), (3.13) and (3.14), we have

* 2 1
/ [F(M) — Houlfdsy > “C + = (divSep ) (X)dv, (3.15)
9B(R) 4 R R Jpw) "
for R > R;. From (3.11), we have
lim (divSsp 4, )(X)dvg =0,

so we know that there exists a positive constant Ry > Ry such that for R > Rs,
we have

_2C / (divSey ) (X)dv, < 2C. (3.16)
From (3.15) and (3.16), we have
||u*h||? coC
F — Houlfds, > — 3.17
o FC) — Bl gasy 2 S (317)
for R > Ry. From (3.17) and |Vr| = f~1, we have
F Nu*hl]®y H
lim ) °ul dvg
R—oco Jp(R) o(r(z))
* dR / [|u*hl|?
= — F — Hou|/|Vr|ds
L5t o P~ H ol 9rids,
[e’e) * 2
:/ ﬁi/’ RIS g s,
o P(R) Japr) 4
e’} * 2
2/ ﬂ/ [F(M)—Hou]fdsg
Ry ¢(R) dB(R) 4
o0 CoCdR
I 319
This contradicts (3.10), therefore u is a constant.
O

From the proof of Theorem 5 for f = 1, we immediately get the following:
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Corollary 2. Let M and K, be as in Theorem 3. If u : (M,g) — (N,h) is a
smooth map which satisfies the following

[ (@S (X)dvy =0
M

forany X e I(TM),H <0 (or H|y(my <0) and ®p i (u) of u is slowly divergent,
then u is a constant.

Theorem 6. Let u : (M, f2go) — (N,h) be a smooth map which satisfies the
following

/ divSe, ,dvy = / hNVH ou,du(X))dv, (3.19)
M M

for any X € T(TM). If f satisfies (f1)(f2), 2% >0 and ®p(u) of u is slowly
or
divergent, then u s a constant.

Proof: From the inequality (3.7) for ¢(r) = 1, we have

[[w*hl[*

1
< Sap.s5lxg > +h(YVH o u,du(X)) > CF(F— ).

(3.20)

On the other hand, taking D = B(r) and T' = Sg,,, in (2.7), we have

1
/ < Sop. §LXg > du, +/ (divSs ., )(X)dvy, = / Sep., (X,v)ds,
B(r) B(r) OB(r)
u*hl|? u*h||?
- [ e s, - [ P o, auw)as,
OB(r) 0B(r)

|[w*h|[* / s uhl P ~ 9 \\2
=r F ds, — F(——— r h(du(e;), du(=))"ds
Jopey PO s = [ PO S (@), duC) s,
* 2
gr/ F(%)fdsg. (3.21)
dB(r)

Now suppose that v is a nonconstant map, so there exists Rz > Ry > 0 such that
for R > R3,

*h 2
/ F(M)dvg > ¢, (3.22)
B(R) 4
where ¢ is a positive constant. From (3.19), we have

lim (divSs,. ; )dvy, = lim h(NVH o, du(X))dv,, (3.23)
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so we know that there exists a positive constant R4 > R3 such that for R > Ry,

we have
_Ca / (divSa,.,;)dv, —/ h(NVH o, du(X))dv, < G500
2 B(R) ' B(R) 2
From (3.21)(3.22) and (3.24), we have for R > Ry
*h 2
R[ e,
9B(R) 4
1
> / <So..,=Lxg > dv, +/ (divSe .., )(X)dv,
B(R) 2 B(R) '
1
> / < Sep.,=Lxg> d’l}g
B(R) 2
N CC]_
+ h("VH ou,du(X))dvy — ——
B(R) 2
* 2
> C/ F(M)d% _Ca > Ca (3.25)
s 4 2~ 2
From (3.25) and |Vr| = f~!, we have
F M > d *h, 2
Jim FCH Dy, = / i/ rHES g s,
R—co Jp(R) o(r(z)) o P(R) Jopr) 4
[e’e] * 2
_ / dR / pllehlPy
o ¢(R) OB(R) 4
(e’ * 2
N AT Ty
Ry o(R) OB(R) 4
* ¢;CdR
= +o00. 3.26
S ot (520
This contradicts (3.10), therefore w is a constant. 0

From the proof of Theorem 6 for f = 1, we immediately get the following:

Corollary 3. Let M and K, be as in Theorem 3. If u :

smooth map which satisfies the following

I,

divSs, ,dvy = /

M

(M,g) — (N,h) is a

h(NVH owu,du(X))dv,

for any X e T(TM), % >0 and Pp(u) of u is slowly divergent, then u is a

constant.
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