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Abstract. In this paper we investigate some exponential convergence

concepts for linear recurrence sequences. Some illustrating examples clarify
the connections between these concepts.
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1. INTRODUCTION

A real sequence (x,,) defined by the recurrence relation
Tp+l = ApTp, N EN, (1)

where (ay,) is a given sequence of real numbers, is called the linear recurren-
ce sequence generated by the sequence (a,).

If there exists k € N with a; = 0 then x,, = 0 for every n > k. Let us
further assume that a,, # 0 for any n € N and xy # 0. Using these hypotheses
we have that x,, # 0 for any n € N.

We observe that

T1 = apxo, T2 = apa1Tg, .- ITp = apQy ...Ap—-12Q, - ..
In what follows we will denote by

Ap oo A1, Mm>n-+1
1, m =n.

X7 def Tm
o= =
Tn

(2)

for all (m,n) € A =l {(m,n) € N2 :m >n}.
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The aim of this paper is to define and exemplify various concepts of con-
vergence as uniform exponential convergence, nonuniform exponential con-
vergence, exponential convergence, strong exponential convergence and to
emphasize connections between them.

2. UNIFORM EXPONENTIAL CONVERGENCE.

Let (x,) be the linear recurrence sequence generated by the sequence
(an).

Definition 1. The sequence (xy,) is called uniformly exponentially con-

vergent to 0, and we write x,, —=5 0, if there exist N > 1 and o > 0 such
that
2| < Nem M| | for all (m,n) € A.

u.€e.s.

Remark 1. It is obvious that if z,, — 0, then x,, — 0. The following
example shows that the converse implication is not valid.

Example 1. Let xg =1 and a, = efﬁrl. We have that

v, = e~ (IH5+t3) 0.

Uu.e.s.

If we suppose that x, — 0, then the are some constants N > 1 and
a > 0 with
e7(1+%+.‘.+%) < Ne—om
This implies

am <1+ InN.

1
1+-+...4+—
2 m

Using Stolz-Cesaro theorem we obtain

am
oo = lim <14+InN,
Mm—00 1 1
1+-+...+—
2 m

which is a contradiction.

Proposition 1. For every linear recurrence sequence (x,) the following

statements are equivalent:
u.e.s.

(i) xn, —= 0;
(ii) there are two constants N > 1 and o > 0 such that
|X7| < Ne~®m=m) - forall  (m,n) € A;
(iii) there exist N > 1 and r € (0,1) such that
| X7 | < Nr'™™"  forall (m,n) € A.
(iv) there exist a constant N > 1 and a nondecreasing sequence of real
numbers (by)n, C (0,1] with li_>m b, = 0 such that
n [e.9]

| X < Nbp—p, forall (m,n) € A.
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Proof. The implications (i) = (ii) = (i13) = (iv) are trivial.
(iv) = (1) We observe that if hm b, = 0, then there exists k € N* such

that Nby < 1. Let (m,n) € A. There are s,r € N with r € [0, k) such that
In(NVb) > 0. If s =0, then

m-—-n=ks+r Let a =—

‘X’r?m < Nbr < Nedre—or < Neake—a(m—n) _

e—a(m—n)

— Ne™ ln(ka)e—a(m—n) _
b

For the case s € N* using

n<nt+k<n+2k<...<n+(s—1Dk<n+sk<m

we obtain

[ X0

n+sk| ‘XnJrSk’ < Nb ‘ n—&—sk‘ <

+(s—1)k
_N’Xn—i-s 1k| \XZHZ |<N(ka>‘X (s— 1)1<;| <

< N(NBRIX (ol < - < N(NB)* =
_ Nesln(ka) _ Ne—aks _ Ne—a(m—n—r) _

e—a(m—n)

— Ne®e —a(m—n) < Neake—a(m—n) _

> (0 such

This shows that there are M = bl >1and oo = ’
k

that
|X7 | <me ™) forall (m,n) € A.

a

Theorem 2. For every linear recurrence sequence (x,) the following state-

ments are equivalent:

u.e.s.

(i) z, —=0;
(ii) there are some constants D > 1 and d > 0 such that

Z edm=m|xn| < D, forall neN,;

m=n

(iii) there is a constant D > 1 such that

Y IXpl <D, forall neN.

m=n
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Proof. (i) = (i1) Let n € N. By our hypothesis there are N > 1 and o > 0
such that for all d € (0, «) we have that

Z edm=n)| x| < Z Ne—(a=d)(m-n) _ Ne =D
—~ — e¥ —e

(13) = (417) It is obvious.
(1i1) = (i) Let (m,n) € A. For any k € N with n < k < m we have
that | X% | < D. We deduce that

(m—n+ DX = |Xn =D IXh] X7 <
k=n k=n

m m
<DY IX{|<DY |Xp|=D*=N,
k=n k=n

thus,
N

X9 | < —— = Nby,,—

where b, = ey for all n € N. Using Proposition 1 we conclude that
u.e.s. " +
Ty, — 0. O

Theorem 3. For every linear recurrence sequence (x,,) the following state-
ments are equivalent:

u.e.s.

(ii) there are B > 1 and b > 0 such that

=R\ xk| < B, forall meN,;

NE

i

0

(iii) there exists B > 1 such that
m
Z \XE| < B, forall meN.
k=0

Proof. (i) = (ii) Let m € N. By our hypothesis there are N > 1 and a > 0
such that for all b € (0, ) we have that

—k| vk —(a—=b)(m—k) —
’;_0 emHIXE| < k§_0 Nele0tmh) < - = B.

(id) = (di) It is trivial.
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(¢73) = (i) Let (m,n) € A. We have that |X}}| < B for all k£ € N with
n < k < m. Thus, we obtain that

m m
(m—n+D|X5 =Y |Xnl =Y |Xp| X5 <
k=n k=n

m n
<BY |XKI<BY |Xh|=B=N,
k=n k=0

thus,
N
X' < ———— = Nb,,—
‘ m| — m—-n + 1 m—n»
1
where b, = i for all n € N. Using Proposition 1 we conclude that
n

u.e.s.
Tn — 0. O

A generalization of uniform exponential convergence is introduced by

3. NONUNIFORM EXPONENTIAL CONVERGENCE.

Definition 2. The linear recurrence sequence (x,,) is called nonuniformly

exponentially convergent to 0 and we denote x,, —=>% 0 if there exist a
constant o > 0 and a nondecreasing sequence of real numbers N : N — [1, 00)
such that

|2m| < N(n)e ™™ |z,|,  for all (m,n) € A.
Remark 2. The linear recurrence sequence (z,) is nonuniformly exponen-

tially convergent to 0 if and only if there exist a constant o > 0 and a
nondecreasing sequence of real numbers N : N — [1, 00) such that

X2 < N(n)e ™™ forall (m,n) € A.

Remark 3. If the linear recurrent sequence (z,,) is nonuniformly exponen-
tially convergent to 0 then there are a constant @ > 0 and a sequence of real
numbers N : N — [1, 00) such that
|z | < N(0)e™ ™, for all m € N.
Remark 4. It is obvious that
u.e.s.

n.e.s.
Ty, —0=>2, — 0= 2, — 0.

The converse implications are not valid. In this sense, we present:

ce™™ if n=2k

Example 4. Let ¢ > 0, 9 =1 and an:{ ot if n— 2k 4+ 1

‘We observe that

X — " M m>n
m 1, m=n,

where
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e qif m=2q and n=2p
S e if m=2q and n=2p+1
meeY e ™ if m=2¢+1 and n=2p

1 if m=2¢+1 and n=2p+ 1.

We shall prove that

(i) the sequence (x,) is not uniformly exponentially convergent to 0;

(ii) 2, ==% 0 if and only if ¢ € (0,1/e).

Firstly, if we suppose that the sequence z, —— 0, then there exist
some constants N > 1 and a > 0 such that (ce®)™ "am, < N, for all
(m,n) € A. In particular, for n = 2p + 1 and m = 2p + 2 it follows that
(ce®)e?+2 < N, for all positive integers p, which is a contradiction.

If we suppose that z,, —5 0, then there exist a constant a > 0 and
a sequence of real numbers N : N — [1,00) such that (ce®)™ ", < N(n),
for all (m,n) € A.

This implies

(ce@THym=n if m =2q and n=2p
(ce@thym=nen if m =2q and n=2p+1

(cedt)ym=ne=n if m=2¢+1 and n=2p
(ce®)m—n if m=2¢+1 and n=2p+1.

N(n)>

Given any n € N; the sequence ((ceaﬂ)m*")m is bounded. This shows
that ce®™! < 1, and from o > 0 we deduce that ¢ € (0,1/e). Further we
observe that the sequence N : N — [1,00) have the property that N(n) > e"
for all n € N.

Conversely, for all ¢ € (0,1/e), « = —In(ce) > 0 and N(n) =e", n € N,
we have that |X| < N(n)e=®™ ") for all (m,n) € A. This shows that

n.e.s.

x, —— 0.
— . if n=2k
Example 5. Let b,c € (0,1), 29 = land a, = { (n+2)
ctn+1)° if n=2k+1.
Then
" "a m>n
n __ mmn»s
Xm_{ 1, m=n,
where
b
1
(n+ > if m=2¢+1 and n=2p+1
m+1
1 .
Amn, = 1 if m=2¢+1 and n=2p
(n4+1)% if m=2q and n=2p+1
1 if m=2 and n = 2p.

We shall prove that the linear recurrence sequence (x,) is
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(i) not uniformly exponentially convergent to 0, and

(ii) zn === 0.

If we suppose that x, —— 0, then there exist some constants N > 1
and « > 0 such that (ce®)™ "a,,, < N for all (m,n) € A. In particular, for
n = 2p+1and m = 2p + 2 we have that (ce®)(2p +2)® < N for all p € N,
which is a contradiction.

From o = —In ¢ we have that ce® = 1. Hence

(€)™ "y = amn < (n+1)° = N(n),
for all (m,n) € A. This shows that x, —~% 0.
Theorem 6. The linear recurrence sequence &, —— 0 if and only if there
exitst a constant d > 0 and a nondecreasing sequence of real numbers
S :N —[1,00) such that
o0
Z edm=m)| x| < S(n), forall neN. (3)

m=n

Proof. If we suppose that z,, ——— 0 then there exists a constant a > 0 and
a sequence N : N — [1,00) such that for all d € (0, «) we have that

Z ed(mfn)‘X;H < Z N(n)ef(afd)(mfn) _ N(n)e _ S(n)

ea_ed

Conversely, if the relation (3) is true, then there exist a constant d > 0
and a sequence S : N — [1,00) such that
o0

edlm=n)| x| < Z A=) X7| < S(n), forall (m,n)e€ A.

k=m

This shows that z, ——3 0. O

Theorem 7. If there are a constant b > 0 and a nondecreasing sequence of
real numbers ¢ : N — [1,00) such that

m

D emTRIXE | < o(n), forall (m,n)€ A,

k=n

o n.e.s.
then the linear recurrence sequence x, —— 0.

Proof. By hypothesis we have that exists a constant b > 0 and a sequences
¢ : N —[1,00) such that

eblm=—m)| xm | < Zeb(m_k)lXﬁll < ¢(n), forall (m,n)e€A.
k=n

n.e.s.

This shows that x,, —— 0. O
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A particular case of nonuniform exponential convergence is introduced
next.

4. EXPONENTIAL CONVERGENCE.

Definition 3. The linear recurrence (x,,) is called exponential convergent
to 0, and we write x,, = 0, if there exist N > 1, & > 0 and 8 > 0 such that
|| < Nem@m=mefr g | for all (m,n) € A.

Remark 5. The sequence z,, — 0 if and only if there are N > 1, o > 0

and 8 > 0 such that
|X7| < Ne~®m=m)efn  for all (m,n) € A.

Remark 6. It is obvious that if x,, — 0, then x, 2% 0. The converse is
not valid. This is illustrated by the following

en(1+2") if n = 2k

Example 8. Let ¢ > 0 and a, = { co— (1) (14271 = 2%+ 1.

Then .
A" " s m>n
X = { 1, " m =n,
where
en(142") g—m(142™) if m=2qand n=2p
- e—m(th’”) %f m=2qandn=2p+1
en(1+2") ifm=2¢+1andn=2p
1 ifm=2¢+1and n=2p—+ 1.

We shall prove that xz, 222 0 and z, S5 0.
If we suppose that x, — 0, then there exist some constants N > 1,
a >0 and 8 > 0 such that (ce®)™ ™am, < Nef”. This implies

aym—nn 1+2") —m(142™)

(ce®) if m =2q and n = 2p
Nebn > (ce®)m—ne=m(1+2™) ifm=2¢gandn=2p+1
- (cea)m nen(142") if m=2g+1andn=2p
(ce®)™— ifm=2¢+1and n=2p+ 1.
In particular, for n = 2p and m = 2p + 1 we have that
e8P ce®
>

e2p(142%7) = N
for all p € N, which is a contradiction.
For ¢ = 1/e and @ = 1 we have that ce® = 1. This shows that
(€)™ "y = Gy < €12 = N(n) < N(n)e” for all § > 0 and
(m,n) € A. Finally we obtain that z,, == 0.

Theorem 9. The linear recurrence sequence T, —> 0 if and only if there
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are some constants D > 1, d > 0 and ¢ > 0 such that

[e.e]
Z cdm=m)| X < De,  forall neN. (4)
m=n
Proof. If the sequence z,, — 0, then there exist some constants N > 1,
a >0 and § > 0 such that for all d € (0, ) we have

0 o0 Ne
Z ed(m—n)|X7’r?LZ‘ < Z Neﬁne—(a—d)(m—n) =—— de,Bn _ Decn’
m=n m=n € ¢

for all n € N.

Conversely, if the relation (4) is true, then there are D > 1, d > 0 and
¢ > 0 such that

o0
edlm=n)| xn | < Z b= | X1 < De™, for all (m,n) € A,

k=n

hence the sequence z,, — 0. O

Theorem 10. The linear recurrence sequence ,, — 0 if and only if there
are some constants B > 1, b >0 and c € [0,b) such that

m
Z =R xk | < Be™  for all m e N. (5)
k=0
Proof. If z, =% 0, then there are N > 1, & > 0 and 3 > 0 such that
m m
Neoth
b(m—k)| xk B— +6-b)k _ pm _
Ze(m )|Xm|§N€( a>mz€(a ) —me m—Becm7
k=0 k=0

for all m € N and all b € (3, a + f3).
Conversely, if the relation (5) is true, then there are B > 1, b > 0 and
¢ € [0,b) such that

m m
eb(m—n)‘X7r711| < Z eb(m_k)’ij < Z eb(m—k)‘le < Bef™.,
k=n k=0
It follows that | X" | < Bee~(=A)(m=n) for all (m,n) € A and hence
Ty <25 0. U
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5. STRONG EXPONENTIAL CONVERGENCE.
Let (z,) be a linear recurrence sequence generated by the sequence (a.,).

Definition 4. The sequence (x,,) is called strongly exponentially conver-

gent to 0, and we write x,, =<5 0, if there are N > 1, a > 0 and B € [0, a)
such that

|Zm.n| < Ne=m=mebn iz 1 for all (m,n) € A.
Remark 7. The sequence z,, 2250 if and only if there are N > 1, a > 0
and S € [0, «) such that
|X7| < Ne=®m=m)efn o for gl (m,n) € A.

Example 11. Let ¢ > 0, zp = 1 and let (a,) be the sequence defined in
Example 4. Then:

(i) x, <% 0 if and only if ¢ € (0,1/e);

(ii) @, =3 0 if and only if ¢ € (0,1/¢?) .

If 2, <% 0, then there are & > 0, 3 > 0 and N > 1 such that

(ce) ™" ", < NP for all (m,n) € A, i.e.

(cedthym—n if m=2q and n=2p
Nebfn > (ce@ThHym=men if m =2q and n=2p+1
=) (ce®t)ym e ™ if m=2¢+1 and n=2p
(ce)m—m if m=2¢+1 and n=2p—+1.

If the previous inequalities hold, then, from the considerations given in Ex-
ample 4 it follows that ¢ € (0,1/e), 3> 1and N > 1.

Conversely, for any ¢ € (0,1/e), « = —1In(ce) >0, 5 =1and N =1 we
have that | X2 | < Ne~*m="en for all (m,n) € A.

The second statement can be obtain analogously, with the additional
condition that Ine =1 < 8 < a < In(ce) L.

Remark 8. It is obvious that
u.€e.s.

S.e.S. €e.S. n.e.s.
Ty —0=>2, —0=>2, —0=2, ——0
The converse implications are not true, as we shown in the previous examples.
Theorem 12. The linear recurrence sequence x,, RRSEIN) if and only if there

are D>1,d>0 and c> 0 with 0 < ¢ < d such that

Z edm=m)| X" < De",  for all neN.

Proof. 1t follows from the Definition 4 and the proof of Theorem 9. m|
Similarly, from the proof of Theorem 10 it follows the following

Theorem 13. The linear recurrence sequence T, ——s 0 if and only if there
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are B>1,b>0 and ¢ > 0 with 0 < 2¢ < b such that
m
> e mRIXE| < Bee™, forall m €N,
k=0

Remark 9. From z,, — =z € R < x,—x — 0, the preceding considerations
can be generalized to the exponential convergence to = € R.
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On homogeneous and approximately homogeneous functions
DORIAN Popal)

Abstract. We give some properties of homogeneous functions and prove
that for every approximately homogeneous function there exists a homo-
geneous function near it.

Keywords: Homogeneous functions, approximately homogeneous func-
tions, Euler equation.

MSC: 26D10, 39B82

1. HOMOGENEOUS FUNCTIONS

Homogeneous functions play an important role in many branches of
mathematics, as geometry, analysis, differential equations. They are also
often used in economic theory as production functions (see [1], [2]) and in
physics. A precise definition and a characterization of homogeneous functions
of several real variables will be given in what follows.

Recall that a nonempty set K C R" is called a cone if for every x € K
and every t € (0,00) we have tx € K.

Definition 1.1. Let K be a cone in R™ and p € R. A function f: K - R
1s called homogeneous function of degree p if

[tz txg, ... txy) =t f(x1, 22, ..., 2p)

for every x = (x1,...,x,) € K and every t € (0, 00).

DTechnical University of Cluj-Napoca, Department of Mathematics
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For example the function f(z1,79) = 23 + 22179 — 2235 defined for all
(w1, 22) € R? is homogeneous of degree p = 2 and g(r1,22) = Inz; — Inxy
defined for z1,z9 € (0,00) is homogeneous of degree p = 0.Throughout this
paper by D;f we denote the partial derivative of f with respect to i-th
variable.

A characterization of differentiable homogeneous functions is given in
the following theorem.
Theorem 1.2. (Euler) Let K be an open cone in R™ and f: K — R be a
differentiable function. Then f is a homogeneous function of degree p € R if
and only if the following relation holds

x1 D1 f(x) + xoDof (x) + ... + 2Dy f(x) = pf(2) (1)

for all x = (x1,x9,...,2,) € K.
Proof. ,=*“ Suppose that f is a homogeneous function of degree p.
Then

fltzy, teg, ... tey) =t f(x1, 22, ..., Ty) (2)

for all x = (x1,...,z,) € K. Differentiating with respect to ¢, the relation
(2) becomes

Dy f(tx)xy + Dof(tx)zy + ... 4+ Dy f (tx)z, = ptP~Lf(z). (3)

Now (1) follows for ¢t = 1 in (3).
»<="“ Suppose that (1) holds for all z € K. Fix z € K and define the
function ¢ : (0,00) — R by
try,txo, ..., 1t
@(t) — f( X1, -:U;;) 9 JZ'n)’ V te (O’OO)

We prove that ¢/(t) = 0 for all ¢t € (0,00). Let u; = tzq, ug = txo, ...,
U, = txr,. We have

(Dif(tz)zy + ...+ Dy f(tx)x,)tP — f(tz)ptP~!

@/(t) = £2p
_ (Dif(tz)zy + ... + Dy f(tx)z,)t — pf(tz)
- tp+1
te1D1f(tx) + ...+ te, Dy f(tx) — pf(tx)
_ 1M1 pras| = 07 Vit>O0.

The function ¢ is constant, therefore ¢(t) = (1) for all t € (0, 00),
which is equivalent with f(tx) = tPf(x), and since € K is an arbitrary
element, it follows that f is a homogeneous function of degree p. ([l

A property of the partial derivatives of a homogeneous function is given
in the next theorem.

Theorem 1.3. Let K C R"” be an open cone and f : K — R a differentiable
and homogeneous function of degree p € R. Then the partial derivatives D, f,
1 <i < n, are homogeneous functions of degree p — 1.
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Proof. Take z € K, h = (0,...,0,h;,0,...,0) € K, where h; # 0 is the
i-th coordinate, such that x + h € K. We have
f(tex +th) — f(tx)  tPf(x+h)—tPf(x)
thz‘ B thi
)~ f()
h; '
Now letting h; — 0 in the previous relation we get

D;f(tx) = "' D; f (),

i.e., D; is a homogeneous function of degree p — 1. (]

2. APPROXIMATELY HOMOGENEOUS FUNCTIONS

In what follows let Ry = (0,00) and € € Ry.
Definition 2.1. A function f : R — R of class C' is called e-homogeneous
function of degree p € R if

[21D1f(x) + ... + 2 Do f(z) —pf(2)] < € (4)

forall x = (x1,...,x,) € R

A function f : R — R which is e-homogeneous function of degree p
for some € > 0 and for some p € R is called approrimately homogeneous
function. In other words an approximately homogeneous function satisfies
approximately Euler’s equation for homogeneous functions. This notion is
in connection with Hyers-Ulam stability of functional equations (for more
details see [3], [4], [5]).

The main result of this work is contained in the next theorem.

Theorem 2.2. For every e-homogeneous function f : Rt — R of degree
p € R\ {0} there exists a unique continuous homogeneous function
g : R} — R of degree p with the property

|ﬂ@—g@ﬂ§érvxeRi (5)

Proof. Ewistence. Let f : R — R be a function satisfying (4) for some
e > 0 and some p € R\ {0} and denote

1D f(x) 4+ ...+ 2, Dpf(x) — pf(z) =: h(z),Qr € RY. (6)
Consider the function w defined by

T2 x
f(x17x27"'>xn):w<xlv7"'7n> <~
T T

< (21,00 2n) = u (21,2122, .-, 2120) ,
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x .
where z1 = x1, 2z, = —k, Tk, 2k € Ry, 2 < k < n. We have, omitting the
‘gl

arguments of functions (for simplicity)

Dif = Dyw— 2Dyw — ... — 2Dy
Iy 7
1
Dgf ngw
x1
......... e
D,f=—D,w
T

and replacing in (6) it follows

z21D1w(z1, ..., 2n) = pw(z1, ..., 2n) + h(z1, 2122, ..., 212n)

which is equivalent to

1 1
Dl <pw (217-'-72’/1)) = ﬁh(zlazlz%---azlzn)'
Zl Zl

An integration with respect to z; leads to

21

1
w(z1,...,2n) = 2] /Sth(s,zQS,...7zns)ds+90(22,...,zn)
1

)

where ¢ : R} — R is an arbitrary function of class C L or

z
T2 Tn, 1 T Tn,
_ D
f(x1,...,2p) =23 (p<$17”"561>+/5pﬂh(87$18"”,S>d5
1

T

We distinguish two cases in the definition of g, as follows:
i) If p>0let g : R? — R be given by

o0
o (22 Lo Tn
g(x1,...,xy) = ] 90<$1,...,x1>+/8p+1h s,xls,..., s) ds
1

x1

The function g is well defined, since by the relation |h(z)| < & for all
r € R} and p > 0 it follows that

[e.o]

1 To T
/+1h s,~Zs,..., s |ds
sP T T

1
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is absolutely convergent. On the other hand, g is obviously a continuous
homogeneous function of degree p. We get

T 1 To Ty
If(z) —g(z)| = ZL’II)/Sp_Hh <s$s,...,s> ds| <
1

[e.o]

e €
< P _— = — TL'
_xl/SpHds o z € Rl
x1

b

i) If p < 0let g: R} — R be given by

1
To Ty 1 9 Ty
P
Ty XTp) =X — .., — —f s, —s,...,—s]| ds
g( 1 an) 1 90<$17 7$1>+/Sp+1f(7$1’ ’.'E1>
0

The existence and homogeneity of g follows analogously as in the pre-
vious case i) and

1

1 T9 Tn
)~ ool = o [ s (s 20 20 ) ] <
0

1

€ €
§m119/8p+1:m, z € RY.
0

The existence is proved.

Uniqueness. Suppose that for an e-homogeneous function f of degree
p€eR\ {0} there exist two continuous homogeneous functions g1, g2 : R, =R
of degree p satisfying (5). Since g1 # go there exists xo € R’ with
g1(xo) # g2(xo). For every t > 0 we have

l91(txo) — ga(tzo)| < |g1(two) — f(two)| + [f(two) — g2(tzo)| < 2

Ip|

Taking account of the homogeneity of g1, go it follows

2e
t*g1(z0) — g2(wo)| < Ik

contradiction, since t is an arbitrary positive number.
The theorem is proved. O
Remark 2.3. The result proved in Theorem 2.2 states that for every
approximate homogeneous function of degree p # 0 there exists a homoge-
neous function of degree p close to it, i.e., Euler’s equation characterizing
homogeneous functions of degree p # 0 is stable in Hyers-Ulam sense (see

[3])-
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Remark 2.4. A surprising result holds for homogeneous functions of
degree zero, proving that Euler’s equation is not stable in this case. Indeed,
let f: R} — R be a solution of the equation

1D f(x) + ...+ z,Dpf(x) =¢, >0,

i.e., an e-homogeneous function of degree zero.
Then it can be easily proved that

flx1, ... xn) =p(x1,...,2,) +elnmy

for all (x1,...,2,) € R}, where ¢ is a homogeneous function of degree zero.
Let now g : R? — R be an arbitrary homogeneous function of degree zero.
Then for every t > 0

f(tt o t) —gltt . t) = oL, 1) —g(1,.. ., 1) +elnt] 2% oo,

therefore

sup | f(z) — g(z)| = +o0.
z€RT

Remark 2.5. Professor Valeriu Anisiu from Babes-Bolyai University, Cluj-
Napoca, proved that we cannot choose the function g from Theorem 2.2 in
C' ( see [6]). Indeed, consider ¢ : R — R defined by

2
() = - for [a] <1 and g(x) = Jo| for |o] > 1.

The function ¢ is in C!(R). For the function f(x1,22) = ¢(z1 —2), denoting

h(zy,22) = 21Dy f(21,22) + w2 Do f (21, 2) — f(21, 22)
we have

|h(z1,22)| = [(21 — 22)¢ (21 — x2) — q(21 — x2)], hence
|h(z1,22)] =0 for |1 — 22| > 1 and

1
|h(z1,29)| < 5 for |x1 — mo| < 1.

1
So, f satisfies the hypothesis of Theorem 2.2 for n = 2, ¢ = 3 and

p = 1. Taking g(z1,z2) = |21 — z2| we have

|f(z1,22) — g(x1, 22)| = [p(x1 — 22) — |71 — 22| <

N

We know that g is unique but it is not differentiable at the points (z, z),
x> 0.
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An Elementary Characterization of the Orders of
Non-Abelian Groups

NICOLAE ANGHELY

Abstract. In this note we present an elementary proof of a result due to
Dickson characterizing those integers n admitting non-abelian groups of
order n.

Keywords: Non-abelian group, Maximal subgroup, Automorphism, Cen-
tralizer, Normalizer.
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The classification, up to isomorphism, of the abelian groups of a given
order is a fully-understood topic, a chapter in any book on finite groups.
They are uniquely representable as direct products of cyclic p-groups and
there are m(a)m(ag) ... m(ay,) non-isomorphic abelian groups of order n, if
a1,Q3,. .., q, are the exponents in the prime factorization of n and m(«) de-
notes the number of partitions of a positive integer « [2]. By comparison, the
similar problem for non-abelian groups is extremely hard, but not hopelessly
hard, given the current state of the art in finite group theory [7]. Meanwhile,
there are many interesting and approachable topics regarding general non-
abelian groups of finite order. One of them is the description of the positive
integers n for which there are non-abelian groups of order n. In its equivalent
form, the characterization of those integers n for which all the groups of or-
der n are abelian, the problem was solved by Dickson in 1905 [1]. Dickson’s
proof relied on work by Miller and Moreno on the non-abelian groups whose
proper subgroups are all abelian [5], which in turn relied on Jordan’s work on
permutation groups [3]. As such, the proof can be judged as non-elementary.
That is also the case for more modern treatments of this problem [6], where it

1)Department of Mathematics, University of North Texas, Denton, anghel@unt.edu
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appears as a specialization of a certain arithmetic description of the nilpotent
groups, the direct products of p-groups corresponding to distinct primes.

The main purpose of this note is to give an elementary proof to Dick-
son’s result. It relies only on very basic concepts in group theory, such as
center, centralizer, normalizer, and automorphism group, and on the La-
grange and Cauchy theorems for groups.

Theorem 1. Letn > 1 be an integer with prime factorization p p5? ... pSm,

i distinct primes, o > 0 for all k’s. Then there is a non-abelian group of
order n if and only if either a; > 3 for some index i (n contains perfect
cubes), or n is cube free (ax < 2 for all k’s) and there are indices i and j
such that p; divides p — 1.

The Theorem provides a simple arithmetic criterion for testing integers
n vis-a-vis the existence of non-abelian groups of order n, as soon as their
prime factorization is known. At the same time, it can be seen to yield, for a
fixed n, a sieve for detecting all the integers m, 1 < m < n, with the property
that all the groups of order m are abelian, much like, and at the same level of
difficulty as, the Eratosthenes sieve. For instance, there are no non-abelian
groups of order 91 = 7 - 13, however there are non-abelian groups of order
1,183 = 7-132. Also, there are exactly 43 numbers m, 1 < m < 100, for
which all the groups of order m are abelian.

The overall proof of the Theorem rests heavily on the following Lemma.
In addition, for the necessity part of it we are going to employ a method
developed by Jungnickel [4] for the purpose of characterizing the integers n
admitting only one (cyclic) group of order n, in fact a particular instance of
the present Theorem.

Lemma 2. Let p be a prime number and let H be a finite abelian group of
order |H|. Then there is a non-abelian group G of order p|H| possessing an
element a of order p and a normal subgroup H isomorphic to H such that
the cyclic group (a) generated by a and H intersect trivially if and only if p
divides |Aut(H)|, where Aut(H) represents the automorphism group of H.

Proof. [Proof of the Lemma] Assume first that G, a, and H, exist as stated.
Then any element of G is uniquely representable as ao‘h for some integer
0<a<p-1and h € H. In terms of this representation the multiplication
in G can be written as

(a®h)(a’k) = a®"P((a Pha®)k), 0<a,B<p—1, hkeH. (1)

Also, since G is non-abelian and H is abelian there is an element lin H
such that al #+ la. This and the fact that H is a normal subgroup of G
yield a non-trivial automorphism ¢ of H namely the restriction to H of the
inner automorphism of G given by g — a~'ga. In Aut(H), a group under
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composition, ¢ has order p, since p is prime and a has order p in G. Then the
Lagrange theorem for groups implies that p divides |Aut(H)| = |Aut(H)|.
Conversely, suppose |Aut(H)| is divisible by p and, by Cauchy’s the-
orem, let ¢ be a (non-trivial) element of order p in Aut(H). If C) is the
cyclic group of order p, with generator x, take G to be, as a set, the cartesian
product C}, x H, and suggested by (1) define on G an internal operation * by

(2% h) * (2P, k) = (P ¢P(Wk), 0<a,f<p—1, hkecH. (2

The choices of x and ¢ imply that the definition (2) is correct even
if a, B8 are unrestricted non-negative integers. It is easy to check now that
(G, %) is a group of order p|H| with identity element (1,1). In particular, the
inverse of (%, h) is seen to be (xP~%, ¢P~*(h™1)). (G, *) is also non-abelian
since for any element | € H such that ¢(l) # 1, (z,1) * (1,1) # (1,1) * (=, 1).

By setting a := (z,1) and H := {1} x H it is clear that a and H have
all the properties specified in the Lemma. O

Remark. The reader more seasoned in group theory may have noticed

that the construction in the Lemma is merely a particular instance of a semi-
direct product.
Proof. [Proof of the Theorem — Sufficiency] If a; > 3 for some index ¢, then
the Lemma applied to p = p; and H = C)2, the cyclic group of order p?,
with generator x, guarantees the existence of a non-abelian group G of order
pg’, since any automorphism of H is uniquely determined by an assignment
z — 2%, a relatively prime to p?, and therefore |Aut(H)| = p?—p; = p(p—1).
Then the direct product G x C,, /p3 yields a non-abelian group of order n.

If instead n is cube-free and for some necessarily distinct 7 and j, p;
divides p?j — 1, two cases present themselves.

If a; = 1 then the Lemma applies to p = p; and H = Cy,, |Aut(H)| =
pj — 1, to give a non-abelian group G of order p;p;, and so G x C, is a
non-abelian group in support of the conclusion of the Theorem.

If aj = 2 one can implement the Lemma as above, by taking p = p; and
H = Cp, x Cp;, with generators x and y. Clearly, any automorphism of H
is uniquely determined by sending z to some element of H \ {1}, say z, then
sending y to any element of H \ (2), i.e., |[Aut(H)| = (pf — 1)(p§ —pj). O

/(pipj)

Proof. [Proof of the Theorem — Necessity| Arguing by contradiction, let n be
the least positive integer with prime factorization pi*p5?...p%m, 1 < oy < 2
for any index k, with no indices ¢ and j such that p; divides p?j —1, for which
there is a non-abelian group G of order n. In order to provide the reader
with a better way of following the flow of the proof we divide the argument
below into several sub-steps, some trivial, others not.

i) The center Z(G) is a proper subgroup of G. — G is non-abelian.

ii) Any proper subgroup of G is abelian. — It follows from the the
Lagrange theorem for groups and the minimality of |G].
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iii) For any a € G\ Z(G) the centralizer of a in G, Cg(a), contains
Z(G) and is a maximal (abelian) subgroup of G. — This is true because
Cg(a) # G and any proper subgroup of G containing a, being abelian is
contained in Cg(a).

iv) Z(G) cannot be a maximal subgroup of G. — By iii), if a € G\ Z(G),
Z(G) € Cgla) € G.

v) All maximal subgroups of G must be of type Cg(a) for some a €
G\ Z(G). — If U is a maximal subgroup, there is a € U \ Z(G). By ii),
U C Cg(a), therefore U = Cg(a).

vi) If U is a maximal subgroup of G and a € U\ Z(G), then U = Cg(a).
— Same proof as that of v).

vii) if U and V are two distinct maximal subgroups of G, then (U \
Z(G@)N(V\Z(G)) =0. — It follows from vii), by contradiction.

viii) Any maximal subgroup U of G is in fact equal to its normalizer,
Ng(U). — If not, for some a € G\ Z(G) there is x € Ng (Cg(a)) such that
z ¢ Cg(a). The automorphism ¢, of C(a) induced by conjugation with x
has order the least integer ¢ > 1 such that 29 € Cg(a). Obviously, this order
is also a divisor of n = |G|. Without loss of generality,  can be chosen so
that the order of ¢, is a prime divisor of |G|, say p;. The subset K of G
consisting of elements of the form z®h, 0 < a < p; — 1, h € Cg(a), is seen,
by an argument similar to that presented in Equation (1), to be closed under
group multiplication and inverse taking. So K is a group and since Cg(a) is
maximal, K = G. Notice also that the choice of x makes the elements of K
uniquely representable in terms of a and h. Consequently,

|K| = pilCo(a)] = n = |G]. 3)

Now a simple argument by induction on the number of primes appearing in
the order of the abelian group Cg(a) shows that if pfj , 1 < 8 <2, appears

in the prime factorization of |Cg(a)|, then pfj contributes to |Aut(Cg(a))| a
factor of type

pj -1 lf 6]‘ = 1,
p? —pj if B; = 2 and Cg(a) has an element of order pjz, (4)
(p? — 1)(p? —p;) if B; =2 and Cg(a) has no element of order p?,

and these are precisely all the factors of |Aut(Cg(a))|. However, the assump-
tion made on the order of G and Equations (3) and (4) show that p;, the
order of ¢, cannot divide |Aut(Cg(a))|, a contradiction. Thus, U = Ng(U).
ix) The conjugates of any maximal subgroup U of G by elements in G
are also maximal subgroups.
For a,b € G, a ¢ Z(G), bCq(a)b™! = Cg(bab™!), and clearly,
bab~! ¢ Z(G).
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x) If U is a maximal subgroup of G of order u|Z(G)|, u > 1, then the
total number of elements in all the distinct conjugates of U but not in Z(G)
equals n — n/u.

Indeed, the number of distinct conjugates of U is the index of the
normalizer of U in G, i.e., n/(u|Z(G)|), from Ng(U) = U. Since by ix)
and vii) the distinct conjugates of U are disjoint outside Z(G) and since
U\ Z(G)| = (u—1)|Z(G)|, the claim follows.

xi) There are elements in G which do not belong to the conjugates of
some fixed maximal subgroup U of G.

True, since from x), u|Z(G)| < n is equivalent to |Z(G)|+n—n/u < n.

xii) Statement xi) contradicts |G| = n.

If V' is a maximal subgroup of G containing an element as in xi), with
order v|Z(G)|, v > 1, there are another n —n/v elements in G, in addition to
those |Z(G)| +n — n/u, already provided by U. However, this is impossible
since |G| > |Z(G)| + (n —n/u) + (n —n/v) > n = |G]|.

The necessity part of the proof of the Theorem is now complete. O

Remark. In particular, the Theorem shows that a group of order p?,
p prime, must be abelian, a well-known fact. Our proof differs from the
standard one, based on the use of the class equation for a group.

We end this note by inviting the interested reader to explore, in con-
nection with the above Theorem, other stimulating and rewarding problems.

a) Make precise the sieve alluded to after the statement of the Theorem.

b) For which integers n is there exactly one non-abelian group of order
n?

¢) What is the asymptotic behavior, as n — oo, of the function
NA(n) := the number of integers m, 1 < m < n, such that there are non-
abelian groups of order m?
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Matrix adjugates and Additive Commutators
CEzAR LupuY,

Abstract. In this note we study some properties of the additive commu-
tator of two matrices in the spirit of the well-known problem which states
that if [A, B] = AB — BA = A, then A is nilpotent. We give four proofs
for this problem and then we study the relation between the commutator
[A, B] and the adjugate of A and we will show that if [4, B] = adj(A), then
(adj(A))? = O,. Other related problems between the additive commutator
and the adjugate are also given.

Keywords: matrix, commutator of a matrix, nilpotent matrix, adjugate
of a matrix.

MSC: 15A24, 15A27, 15A60.

1. INTRODUCTION AND MAIN RESULTS

Let M, (C) denote the ring of n x n matrices with complex entries.
Recall that:

(1) a matrix A € M, (C) is nilpotent if A™ = O,, for some positive
integer m,

(2) the (additive) commutator of two matrices A,B € My,(C) is
[A,B] = AB — BA.

An interresting property proved by Shoda in 1936 is that only additive
commutators have zero trace. For a detailed proof of this result see [8] or
[7]. Later, Thompson showed in [21] that if M, (F) denotes the algebra of
n-square matrices with elements in a field F' and M € M, (F) such that M
has zero trace, then M = AB — BA for certain A, B € M,(F), where A is
nilpotent and B has zero trace, apart from the cases when n = 2,3. In [21]
it is also determined when M = M B — BM for some B € M, (F). Sufficient
conditions for a matrix in M,,(C) to be nilpotent can be stated in terms of
commutators (see [5], [7]):

Theorem 1. Let A € M,(C). If [A,B] = A for some B € M,(C), then A
1s nilpotent.

Our first main result provides a similar sufficient condition for the ad-
jugate of a matrix in M, (C) to be nilpotent; recall that the adjugate or
classical adjoint of A = [a;;] € M, (C), written adj(A), is the n x n matrix
whose (i, j)-entry is the cofactor of a;;.

Theorem 2. Let A € M, (C). If[A, B] = adj(A) for some B € M,(C), then
(adj(A))? = On.

DUniversity of Pittsburgh, Department of Mathematics, Pittsburgh, PA 15260, USA,
lupucezar@gmail.com
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A key ingredient of the proof is the following theorem of Jacobson [6,
Lemma 2] which provides a sufficient condition for a commutator to be nilpo-
tent:

Theorem 3. Let A, B € M, (C). If A[A, B] = [A, B]A, then the commutator
[A, B] is nilpotent.

Combining Theorems 1 and 3, we prove a version of the former —
Theorem 4 below — and the Jacobson-type Theorem 5.

Theorem 4. Let A, B € M,(C).
(a) If [adj(A), B] = adj(A), then (adj(A))? = On;
(b) If [adj(A), B] = A, then A is nilpotent.

Theorem 5. Let A,B € M,(C), and let [A, Blagj = [adj(A), adj(B)].
(a) If adj(A) and [A, Blag; commute, then (adj([A, B]))* = Oy;
(b) If A and [A, Blaaj commute, then (adj([A4, B]))? = O,

For further properties of the two commutators see [7], [13] and [22]. The
additive commutator has also deep connections with Lie algebras because
one can turn an associative algebra A into a Lie algebra by the Lie bracket
[X,Y] = XY — Y X. Now, Lie(A) becomes a Lie algebra together with this
Lie bracket. Many important Lie algebras arise in this way. For example the
Lie algebra gl,, = Lie(A), where A is the algebra of n x n matrices with the
usual matrix multiplication. For more details one see [3].

2. PRELIMINARIES AND PROOFS OF MAIN RESULTS

The adjugate of a matrix plays an important role in matrix theory. The
computation of the adjugate from its definition involves the computation of
n? determinants of order n — 1, which is a prohibitively expensive O(n*)
process. More details and properties can be found in [10]. In [16] and [11]
other properties of the adjugate are developed. In what follows we state
a couple of Lemmas and give a proof of Theorem 3. Recall that a matrix
X € M, (C) is quasinilpotent if nh_)rrgo | X™||Y™ = 0. Equivalently, the matrix

X is quasinilpotent if the spectrum of X, denoted by o(X), is {0}, that is, X
is nilpotent. In [1], it was proved that a quasinilpotent operator T' € L(H)
is the uniform limit of a sequence {Qy} of nilpotent operators in H where H
is a Hilbert space. We begin with the following well-known result

Lemma 6. Let A € M, (C). Then tr(A*) =0,k = 1,2,...,n if and only if
A is nilpotent.

A proof of this Lemma can be found in [14]. Recall the following
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Definition 5. Let H be a complex Hilbert space and X : H — H a linear
bounded operator. The spectrum of X is given by

o(X)={\e C: X — A is noninvertible}.
The spectral radius of X is denoted by p(X) and

p(X) = sup [Al.
Aeo(X)

Concerning the spectral radius, there exists a formula (see [15]), namely
p(X) = lim | x"|'/".
n—00

If H = C"™ is finite-dimensional, then X is a matrix and the definition above
says that p(X) is the largest absolute value of an eigenvalue of X.

We have to prove that p(X) = 0, in our case p([4, B]) = 0. This means
that the matrix [A, B] is quasinilpotent which implies that the commutator
is nilpotent.

Definition 6. Let A be an algebra. We say that D : A — A is a derivation
if D is a linear mapping such that

D(ab) = aD(b) + bD(a),Ya,b € A.
The following property due to Leibniz holds:

n n n—1i %
D™ (ab) = 2; ( . ) (D" ""a)(D).

In [4] one can find other useful properties of D. For example, we have
D(a™) = na™ 'D(a) iff aD(a) = bD(b) and if D*(a) = 0, then by induction
and Leibniz property, we infer that D" (a") = n!(Da)",n > 1.

Proof of Theorem 3. Consider the derivation D : M,(C) — M,(C)
given by Da(X) = XA — AX, for all X € M,(C). From the hypothesis, we
have that D%(B) = O,, and thus D% (B") = n!(Da(B))". Since ||Da|| <
q2||Al|, it follows that

2n
1(DAB)" Il = ¢l AI"IBII"
which is equivalent to

2
ni|l/n -
IDAB I < asrAINBl 0 > 1

By passing to the limit when n — oo, we have that li_)m (DA(B)™|"™ =0,
n—oo

so we finally obtain p([A, B]) = 0 and thus [A, B] is quasinilpotent which

implies that [A, B] is nilpotent. O

Remark. This proof of Theorem 3 has its origins in a more general frame-

work. If we consider a Banach algebra A and for a,b € A we define [a,b] =
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ab — ba such that ala,b] = [a, b]a, then [a,b] is quasinilpotent. This was con-
jectured for the first time by Kaplansky and later proved independently by
Kleinecke in 1957 and Shikorov in [17] in 1961. For more details and history
of this problem we recommend [4].
We use Theorem 3 in order to prove Theorem 1.
First proof of Theorem 1. We can prove by induction that
A*B - B*"A = kA k> 1.

Now, for an operator X we define its norm by || X|| = sup || Xz|| and satisfies
||z[[=1

the inequality || XY|| < [|X]||-||Y]]- In our case, we have that
n||A"| = |[A"B — B"A|| < [|A"B|| + |[BA"|| < 2[|A™[| - [| B[|,n = 1.

From the relation above it follows that ||A™|| =0, so A is nilpotent.
Remark. This proof shows that the theorem holds true for infinite dimen-
sional spaces.

Second proof of Theorem 1. We have A¥B — B¥A = kA* k > 1. Let
f € R[X] and define g(x) = zf'(x), where f’ is the derivative of f. We prove
that if f(A) = Oy, then g(A) = O,. Denote f(z) = apz® + ... + a1z + ao
and f'(x) = kapz* ' 4 ... 4 a1 and from here, we have g(z) = kayz" + (k —
1)ak_1:ck*1 + ...+ ajz. Since f(A) = O,, we obtain

arAF + ...+ a1 A+ apl, = O,,.
Multiplying the above equality right and left with B we deduce that
arA*B+ ...+ a1AB + aogB = O,
and
akBAk +...+a1BA+ayB = O,,.
Thus, we obtain
ar(A*B — B¥A) + aj_1(A* 1B — B¥"1A) + ... + a1 (AB — BA) = O,.
Since A¥B — B¥A = kA for any k = 1,2, ..., n, the equality becomes
kay AR + (k — 1)ak_1Ak71 +...+a1A =0, =g(A).

On the other hand z¢'(x) = z(f'(z) + 2 f"(x)) = o f'(x) + 2*f"(x). By

putting x = A, we have
Af'(A) + A% f"(A) = Oy

But, from Af'(A) = O,, we have that A%2f"”(A) = O,. By an easy
induction we deduce that A f*)(4) = O,,. Considering the characteristic
polynomial of the matrix A, we have

PAX)=X"4ap 1 X" 1.+ a1 X +ao.

From P4(A) = O, we deduce that A”Plgn) (A) = Oy, and thus, A is
nilpotent. O
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Remark. Since [A, B] = A the condition from the Theorem 1.3 is automat-
ically satisfied, so it follows that the commutator [A, B] is nilpotent, so A is
nilpotent.

The following two Lemmas will be used in the proof of the Theorems
2, 4 and 5.

Lemma 7. (see also [18]) Let A € M,(C) be a singular matriz. Then there
exists a complex number \ such that (adj(A))* = Xadj(A).

Proof. Let r = rank(A). Since det(A4) = 0 we have that » < n — 1.
If » < n — 2, then all minors of order n — 1 of the matrix A are zero,
so adj(A) = O, and thus our conclusion will be valid for any A € C. If

dlj
r=mn-—1let dj = da; be the j-column of adj(A), where d;; is
dnj
the algebraic complement of the element a;;. Thus, we have Ad;; = O, 1,
Vji=1,2,...,n, so the columns of adj(A) are solutions of the homogenous

system AX = O, 1. It follows that every two columns of adj(A) are pro-
portional so rank(adj(A4)) = 1. In this case, there exists M € M, 1(C) and
N € M »(C) such that adj(A) = M N. Simple calculations yield

(adj(4))? = (MN)? = (MN)(MN) = M(NM)N =
= MAN = AMN = Xadj(A).

Lemma 8. If A € M, (C) is a matriz such that the adjugate adj(A) is nilpo-
tent, then (adj(A))? = O,

Proof. From the hypothesis, it follows that det(adj(A)) = 0. By Lemma
7 we have that (adj(A4))? = Xadj(A). Since adj(A) is nilpotent there exists
k > 1 such that (adj(A))¥ = O,,.. On the other hand, by iteration, we deduce
that

On = (adj(A))* = X¥"adj(A).

If adj(A) = O,, the conclusion is clear; if not we have A = 0 and then
(adj(A))? = O,.

Finally, we prove our main theorems. We begin with the

First proof of Theorem 2. Since adj(A) commutes with A, it follows
that A commutes with [A, B], so by Theorem 3 it follows that the commu-
tator [A, B] is nilpotent and thus adj(A) is nilpotent. By Lemma 8 we have
(adj(4))? = Op.

Second proof of Theorem 2. If rank(A) < n — 2, then adj(A) = Oy, so
(adj(A))? = O,,. If rank(A) = n — 1, then det(A) = 0 and by Sylvester rank
inequality we have

0 = rank(det(A) - I,,) = rank(Aadj(A)) > rank(A) 4 rank(adj(A)) — n,
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so rank(adj(A4)) € {0,1}. Since rank(adj(A)) = 0 is not the case, we have
rank(adj(A4)) = 1. Now, by Lemma 7 we have (adj(A4))? = Xadj(A). Since
0 = tr([4, B]) = tr(adj(A)), from (adj(A4))?> = Xadj(A) it follows that
tr((adj(A))?) = 0 and inductively we have tr(adj(A))*) = 0, for all & > 1.
By Lemma 6 and Lemma 8 we have (adj(A))? = O,,.

Third proof of Theorem 2. If rank(A) < n — 2, then adj(A) = O,, so
(adj(A))? = O,,. If rank(A) = n — 1, then det(A) = 0.

From AB — BA = adj(A), by multiplying with adj(A) on left, we have

det(A)B — adj(A)BA = (adj(A))?
Now, by multiplying the above equality right with adj(A), we obtain
det(A)Badj(A) — det(A) adj(A)B = (adj(A))>.

We have (adj(A))3 = O,, which shows that adj(A) is nilpotent and by Lemma
8 we obtain (adj(4))? = O,,.

Fourth proof of Theorem 2. Like in the third proof, if rank(A) < n — 2
there is nothing to prove. If rank(A) = n — 1, then rank(adj(A)) = 1.
Now the problem reduces to the fact that if rank(AB — BA) = 1, then
(AB — BA)? = O,,. Since rank([A, B]) = 1 there exists P € M; ,(C) and
Q € M, 1(C) such that [A, B] = PQ. From here, it follows that [A, B]? =
= «afA, B], where « = QP € C. Tt follows that the minimal polyno-
mial of [A, B] is ming p)(X) = X? — aX. On the other hand, we have
0 = tr([A, B]) = ka, where k is the algebraic multiplicity of a. So o = 0 and
ming4 5(X) = X? and we have that [A, B]? = (adj(A))? = O,. O

Remark. Let Ji(0) be the Jordan block of size k. If A is nilpotent
and has rank n — 1, then A is similar to J,(0). For any k > 1, adj(Jx(0))
is similar to J2(0) ® Og—_1, so adj(Jx(0)) is nilpotent and it has nilpotency
index 2. Thus, if A is nilpotent, then adj(A) is nilpotent and from Lemma 8
we finally obtain adj?(4) = O,.

Proof of Theorem /4. (a) It follows immediately from Theorem 1 and
Lemma 8.

(b) Since A - adj(A) = adj(A) - A = det(A) - I,,, we obtain that adj(A)
commutes with [adj(A), B], so by applying Theorem 3 we have that the com-
mutator [adj(A), B] is nilpotent, so A is nilpotent as desired. O

Proof of Theorem 5. (a) We have

[A, Blagj = [adj(A), adj(B)] = adj(BA) — adj(AB) =
= adj(BA — AB) = —adj([A, B]).
Now, by the hypothesis and Theorem 3 it follows that [A, B],q; is nilpo-
tent, and by the identity above it follows that adj([A, B]) is nilpotent and by
Lemma 8 we have (adj([4, B]))? = O,;

(b) Since adj(A) commutes with A by (a) the conclusion follows imme-
diately. O
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Remark. The 3 x 3 matrices below show that the Jacobson-type condition
of the form [adj(A), [A, B]] = O, is not enough for [A, B] to be nilpotent,

(1) - (4 3).
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Barbalat and his Lemma
C. CORDUNEANUY

Abstract. A key result in mathematical analysis, very useful in the quali-
tative theory of differential equations, which is quite elementary, is known
as the Barbalat lemma. The paper is devoted to some comentaries and
some mathematical perspectives on the Barbalat lemma.

Keywords: Barbalat lemma, qualitative theory, differential equations.
MSC: 01A70, 34CXX

1. INTRODUCTION

Ioan Barbalat (1907-1988) was a Romanian mathematician who had
contributed, mostly, within the Seminar of ,,Qualitative Theory of Differen-
tial Equations*, organized under the leadership of the late Professor Aristide
Halanay, at the Institute of Mathematics of the Romanian Academy (1952-
1997). His academic affiliation was with the ,Institute of Civil Engineering“
from Bucharest, where he held the chairmanship of the Mathematics Depart-
ment. Before occupying this position, he worked as a high-school teacher, in
insurance—actuarial companies or as an Assistant Professor, then Professor.

He was born in the city of Barlad, studied in Romania and in France. In
particular, he spent several years in Paris, where he acquired mathematical
skills, under distinguished French professors at Sorbonne.

One of his major contributions to Mathematical Analysis/Differential
Equations is, likely, his result known in the mathematical literature under his
name: Barbalat’s Lemma. It is a very simple, but handy result, which carried
his name, along the last half-a-century, being quoted/used by hundreds of
researchers and authors, in numerous journal papers and books. Wikipedia
has also included reference to the Lemma.

This paper is aimed to pay a homage to the memory of a colleague, who
distinguished himself by special amiability and refined personality.

We shall first present one of the variants of his Lemma, as it appears
in the recent book [3] of Ivan Tyukin, published by Cambridge University
Press.

Then, we shall consider similar results interesting the applications to
the Theory of Dynamical Systems.

2. BARBALAT’S LEMMA (1959)
The statement of the Lemma:

A real valued function, f : Ry — R, which is uniformly continuous and
such that

DUniversity of Texas, Arlington, Romanian Academy
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t

tlggo f(s)ds=a €R (1)
0
satisfies
T f(1) = 0. 2)

Proof. (see [3]) If (2) does not hold, there exists a sequence {t,; n > 1} C R4,
such that

|f(tn)] >e0>0, n>1. (3)

The uniform continuity of f(¢) on R, allows us to write
FO12 T lt—tal <8 mz1, (4)
for some § = d(gg) > 0, while (4) implies
fO 23 lt—tal <4, (5)

for infinitely many n > 1. Without loss of generality, we can assume that (5)
holds for any n > 1. Since (1) holds true when f(t) is substituted by — f(¢),
we still can rely on (5), which must be verified for either f(t), or —f(t).
Therefore, we derive from (3) and (5) the inequalities
tn+90
tn—9

which are incompatible with (1). Indeed, condition (1) implies, on behalf of
Cauchy’s criterion for existence of the limit, as t — oo, the inequality

/f@ﬂs<a LE> T(e), (1)

with arbitrary e > 0. In particular, for ¢ < 2dg, (7) becomes impossible,
which proves that our assumption (3) leads to a contradiction.
The Lemma is, thereby, proven.

Remark. Several variants of this Lemma can be found in various sources.
In our book [2], there are basically the same conditions, but (1) is substi-
tuted by

/ﬂmn<m,ﬂwzm (®)
0
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somewhat stronger. Obviously, (1) is the consequence of

/tf(s)ds — 7f(s)ds, as t — oo. 9)
0 0

Let us point out the fact that Barbalat’s Lemma is of current use in
stability theory, for which the space Cy(Ry,R™), consisting of all continuous
functions from R, into R"”, tending to zero at oo, is the natural choice.

Sometimes, the Lemma is stated in a slightly different form: f & L1(0,00),
f'(t) uniformly continuous on [0, c0) imply f’(¢t) — 0 as t — oc.

The dynamical interpretation is the following: the motion described by
the function f(t) leads to an equilibrium point (because the velocity f'(t) — 0
ast — 00).

3. A BOUNDEDNESS RESULT

As seen in case of Barbalat’s Lemma, the assumption of uniform con-
tinuity has important implications on the global behavior of the function
involved.

In concise formulation, the Barbalat’s Lemma can be expressed as

f: / f(s)ds € CuR+.R) S N {f; f € CuRR)} € Co(Ry,R).  (10)
0

The meaning of the notations are the following

e Cy(R4,R) is the Banach space of continuous maps from R, into
R, with the supremum norm on R, each function being such that
lim f(t) exists and is finite;

t—o00

o Cy(R4,R) stands for the set of uniformly continuous maps from R4
into R;

o Cp(R4,R) is the (closed) subspace of Cy(Ry,R), for which the limits
of functions at infinity are zero.

It is also a Banach space with the supremum norm on R.

We shall state and prove a result which provides a boundedness criterion
on Ry.

Again, using concise formulation, this result can be stated as follows:
Theorem 1. Let M(R,,R) be the Banach space of maps from R, into R,

locally integrable and such that
t+1
sup /[f(s)]ds:]f\M<oo. (11)
teERL )

(The functions of this space are called bounded in the mean.)
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By BC(Ry,R), one denotes the Banach space of all continuous and
bounded maps from Ry into R, with the supremum norm.
Then, the following relationship takes place:

M(R4,R) N Cu(R4,R) € BC(R,,R). (12)

Proof. One has to show that a uniformly continuous function on R, with
values in R, which is bounded in the mean, is actually bounded in usual
sense, i.e., |f(t)] < K < 400, t € Ry, for some K > 0.

One proceeds by contradicting the boundedness. This fact implies the
existence of a sequence t,, — 0o, as n — 0o, such that

|f(tn)] = 00, asn — oc. (13)

The uniform continuity of f implies the property: for each € > 0, there
exists § > 0, such that

|f(t)| - ’f(tn)| < |f(t) - f(tn)| <&, |t - tn| < 0. (14)
From (14) one derives
[ftn)] —e <|fOI <[fEn)l e [t —ta] <4, (15)

and furthermore, by integration

tn+9d

/ F(9)lds > 28(17 (ta)] — ). (16)

tn—0

It is not restrictive to assume 2§ < 1, which means that the length of the
interval of integration in (16) is less than 1. Hence, one can find 7, < t,,
n > 1, such that [1,, 7, +1] D [tn — 0, tn+6]. Therefore, from (16) one obtains

Tn+1 tn+§
[ ss= [ 1fes = 2005w 2 nz1 D
Tn tn—0

Now, if one takes (13) into account, one finds that

t+1
sup / F(8)]ds = oo, (18)
t

t€R+

which contradicts the definition of the space M (R4, R), according to (11).
Theorem 1 is thereby proven.
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4. ANOTHER KIND OF BARBALAT’S LEMMA

In order to state a criterion, for a function to belong to the space
Co(R4,R), we shall consider a subspace of the space M (R, ,R), defined by
(11), namely

t+1
Mo®eB) = fi f € b R), [ If(9)ds > 0ast s oo, (19
t

It is obvious that the integral condition in (19) is equivalent to
t+1

F(t) = / F(s)lds € Co(R o, R).
t

The result can be stated as follows:
Theorem 2. The following relationship is valid:

Moy(Ry,R) N Cy(Ry,R) C Co(Ry,R). (20)

Proof. The inclusion (20) means that a function f : Ry — R, belonging
to both My(R4+,R) and Cy(R4,R), must be in the space Ch(Ry,R). Let
us consider such a function and observe that, in case it would not be in
Co(R4+,R), one can find a sequence {tx; k> 1} C R, such that

1f(tr)] — €, as k — . (21)

From the uniform continuity of f on R, there results the property: to
each € > 0, one can find § > 0, such that

SO =1FER) < [f@) = fE)] <&, [t =t <6, k= 1. (22)

Let us point out the fact that the existence of § = d(¢) is guaranteed as
the maximum possible value for §, such that (22) holds.

We can diminish J, as much as we want, keeping it positive, and (22)
remains valid. More precisely, we shall always choose ¢ in (22), with 26 < 1.

From (22), one derives

FOI = [fE)] =& [t =tk <6, k>1, (23)

and, taking into account (21), with a sufficiently small ¢ > 0 in (23), one
obtains by integrating in (23), from t; — J to ¢ + 9,

ot

/ FOIdE > 25( ()] —e), k> 1. (24)

tp—0
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Taking into account our assumption 26 < 1, there results the existence
of a number 74, € R, such that [7g, 7% + 1] D [ty — J, tx + 6], which implies

Te+1 tp+9o
/ F(s)lds > / F($)lds > 26 f(t)| — ), > 1. (25)
Tk tr—0

Letting k — oo in both sides of (25), one obtains the impossibility:
0>26(f—¢), (26)

due to the fact that both factors in the right hand side are strictly positive.
Of course, from the beginning we chosen £ < ¢, while § > 0.
This ends the proof of Theorem 2.

Remark. Theorem 2 will be compared with the Barbalat’s Lemma, which
we shall rephrase in the form

{f; feCRLRIN{Sf; f € CuRy,R)} C Co(Ry,R),

where Cy(R4,R) denotes the Banach space of maps from Ry into R, such
that tl_i>m f(t) exists.

We shall now prove that the spaces Cy(R4,R) and My(R4,R) are dis-
tinct, though they contain both the space Cy(R4,R).

First, it is almost obvious that a function f € Cy(Ry,R), with
tliglo f(t) # 0, cannot be in My(R4,R).

Second, the space My(R4,R) contains also functions which do not
belong to Cy(Ry,R™). It is rather elementary to prove that the function
f(t) =0o0n [0,1], and

0 tClkk+1—k1]
— ? ) ) >
) { k(t—k—1+k7Y, tek+1—-k 1 k+1], k=21,
is in Mp(R4,R), but not in Cy(R4,R). This f(¢) is not continuous but it is

possible to construct even continuous examples.
We invite the reader to obtain such examples and get similar results to
the Barbalat’s Lemma.
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NOTE MATEMATICE

A property of the bidimensional sphere
MARIUS CAVACHIY,

Abstract. It is natural to ask for a reasonable constant k having the prop-
erty that any open set of area greater than k on a bidimensional sphere of
area 1 always contains the vertices of a regular tetrahedron. We shall prove

o . 3
that it is sufficient to take £k = —. In fact we shall prove a more general
result. The interested reader will not have any problem in establishing

3. . .
that 1 the best constant with this property.

Keywords: area; open set; Haar measure; rotation group of the sphere.
MSC: 97G40

Our result is the following:

Theorem 1. Let n be a positive integer, and let S be a bidimensional sphere
and X C S is

n
a finite set with n elements, then there exists a rotation p of the sphere such
that p(X) C M.

n
of area 1. If M C S is an open set of area greater than

In the proof, we use the following result whose proof we postpone:

Lemma 2. Let M, M’ C S be open sets such that A(M) > A(M')?. Then
there exists a finite number of mutually disjoint spherical caps U, and rota-
tions po such that:

(i) | JUa € M;
(i1) M’ C | pa(Ua);

[0
(vi1) M\ U Uy has non-empty interior.

o

Proof of the Theorem. Let p be a Haar measure on SO(3) such that
n(SO(3)) = 1.
For any A C 5, let &4 be the characteristic function of A.
Fix a € S and let IA € R be I = / D4 o z(a)du(x).
50(3)

D,,Ovidius“ University of Constanta, Constanta, Romania, mcavachi@yahoo.com
2For any A C S, A(A) denotes its area.
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Remark 1. Note that if b is an arbitrary point on S, then I(f = 154. Indeed
if p € SO(3) is such that p(a) =b (and such a p always ezists), then:

= [ eacapa)du@ = [ ®ac(wop)@)dutep) -
SO(3) SO(3)
— [ tacatduto)
50(3)

since du(x o p) = du(z), the Haar measure being rotation invariant.
Moreover, if B C S is an open set such that there exists py € SO(3)
with p1(A) = B, then again I2 = IB. Indeed,

2= [ umost@int) = [ @0 osa)duts) -

S0(3) SO(3)
= [ ac i on @ity o) = 1.
50(3)

Returning to the problem, if X = {ai,...,a,}, let
f:S0(3) =R,  flz)=> Py ox(a).
i=1

Note that it is enough to find an x € SO(3) with f(z) > n — 1. Then, since
f(zx) is an integer < gn, we obtain f(z) = n and hence z(a1),...,z(a,) € M,
which proves the Theorem. To find such an z, it is enough to show that

/ F@)du(z) > n - 1.
SO(3)
But this means that

n
ZI% >n—1,
i=1

which is implied by

Mo n—1
I, > -
for each 7, that is
—1
Mo
n
We divide the sphere S in n spherical lunes Fi,..., F, of equal areas.
Obviously, each F; can be obtained as a rotation of F;. This implies:
n
1
S F;, F P
1=1; = z;[a =nl;', hence I;'= o
i
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Let now M’ = S\ F,,. Then
= n—1
pd :;If':n :
1=

With U, and p, as in the Lemma, we deduce:

/ n—1
Iéw > I(;JaUa — Zlga — ZIapa(Ua) Z Iéw — T’
(0% 0%
and the proof is complete. O
Proof of the Lemma. Let 0 < m < 1 and let C;, fori € {1,...,k}, be spherical
caps of diameter d such that

and let P; be the plane containing the center of S and parallel to the circle
bounding C;. If m; : S — P, is the orthogonal projection on F;, we can choose
d small enough such that:

e For any open C C C;, we have A(m;(C)) > mA(C).
e For any A # B € C;, we have the inequality of segment lengths:
|mi(A)m;(B)| > m - |AB.
Define now M7 =CiNM, My =Cy N (M\Ml),
Ms :Cgﬂ(M\Ml UMQ),..., M;, = Ckﬂ(M\MIU"'UMk_l), and
similarly construct M1, M3, ..., M.
Let N; = m;(M;), N} = m;(M]). For 1 —m close enough to 0, we have:

k k
D> AN > AN,
i=1 i=1
In each plane P;, we fix a side length ¢ square lattice. It can be proven
(see [1, pag. 315,327]) that the number n; of squares contained in Nj; is

1 1
) NZ O(- ’
SAN) +0()

and analogously we have an approximation for the number n of squares
contained in N;. Hence, for small enough ¢, we get

k k
=1 =1

Therefore, we can choose an injection u from the set P’ of squares
k k

contained in U N; into the set P of squares contained in U N;.
i=1 1=1
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Let P € P’ (and hence P C N/ for some i), let @ € C; be the point
whose projection on P; is the center of P, and let Dp be the spherical cap
defined as the intersection of S with the ball centered in @) and of radius /2.
Similarly, define D,,p), corresponding to u(P). Clearly, Dp = pp(Dyp)) for
some pp € SO(3). We remove from M all the caps D, (p) and from M’ all
the caps Dp, for P € P'.

Define now s = A(M), s’ = A(M’). Since Y nle? — > A(N!), when
€ — 0, we can choose € and 1 — m small enough such the above procedure

1
removes from M and M’ the sets M; and M of area greater than —s'.

Inductively, define S;, S! as follows: S; = M \ M; and S} = M’ \ M.
By repeating the above process, obtain the sets Sz, S5 and so on.

1\
Obviously, A(S}) < (2> — 0 as t grows to infinty.

Since A(S;) > s — s’ > 0, there exists some ¢ such that
A(Sy) > 4- A(S)).

Once again, we go through the first step of the above construction

applied to the sets Sy, S with the difference that P’ will be the minimal set
k

of all squares of lattices in P; which cover U N/, and P will contain all the
i=1

k
squares of lattices with side length 2¢ that are included in U N;. Also, Dp
i=1
will be the intersection of S with the ball centered at ) and of radius %,
and D, py is constructed analogously. The circle with the same center as

u(P), of radius %, is included in u(P).

Letting the set of U, be the set of all D, py, the conditions (i) — (4ii)
in the Lemma, are satisfied and the proof is complete. O

REFERENCES
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PROPOSED PROBLEMS

323. If m, n are given positive integers and A, B, C are three matrices
of size m x n with real entries, then

> (det(ABT))? det(CCT) < [ det(AAT) + 2] ] | det(ABT)].
cyc cyc
Proposed by Flavian Georgescu, student, University of Bucharest,
Bucharest and Cezar Lupu, Politehnica University of Bucharest,
Bucharest, Romania.

324. Let p be a prime number and a, b, ¢, d positive integers such that
a>candb,de{0,1,...,p—1}. Show that

(D) <o () (75 e (21 D)0 () () oty

Proposed by Marian Tetiva, Gheorghe Rogca Codreanu National
College, Barlad, Romania.

P
325. Let p be a prime number. Show that Z \p/ k + k cannot be

. k=1
rational.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Constanta, Romania.

326. Let A, B € M, (R) be diagonalisable in M, (R) such that exp(A) =
exp(B). Show that A = B.

Proposed by Moubinool Omarjee, Jean Lurcat High School, Paris,
France.

1
327. Let N be the n x n matrix with all its elements equal to — and
n

A e My(R), A = (aij)i<ij<n, such that for some positive integer k one has



108 PROBLEMS

A¥ = N. Show that
Z a?j > 1.
1<i,j<n
Proposed by Lucian Turea, Bucharest, Romania.

328. Given a > 0, let f be a real-valued continuous function on [—a, a
and twice differentiable on (—a,a). Show that for all |z| < a, there exists
|£| < x such that

(@) + f(=z) = 2f(0) = 2 f"(€).

Proposed by George Stoica, University of New Brunswick in Saint

John, NB, Canada.

329. Let ABC be a triangle and let P be a point in its interior with
pedal triangle DEF'. Suppose that the lines DE and DF' are perpendicular.
Prove that the isogonal conjugate of P is the orthocenter of triangle AEF.

Proposed by Cosmin Pohoatd, student, Princeton University,
Princeton, NJ, USA.

330. It is well-known that for p > 2 prime, the number
2r—1 1
p

is integer. When is IV a natural power of an integer?
Proposed by Ion Cucurezeanu, Ovidius University of Constanta,
Constanta, Romania.

331. Let f € Z[X] be a monic polynomial of degree n+2, with f(0) # 0,
n € N, n > 1. Show that there are only finitely many positive integers a such
that f(X) 4 aX™ is reducible over Z[X].

Proposed by Vlad Matei, student, University of Cambridge,
Cambridge, UK.

N =

332. The cells of a rectangular 2011 x n array are colored using two
colors, so that for any two columns the number of pairs of cells situated on a
same row and bearing the same color is less than the number of pairs of cells
situated on a same row and bearing different colors.

i) Prove that n < 2012 (a model for the extremal case n = 2012 does
indeed exist, but you are not asked to exhibit one).

ii) Prove that for a square array (i.e. m = 2011) each of the colors
appears at most 1006 - 2011 (and thus at least 1005 - 2011) times.

Proposed by Dan Schwarz, Bucharest, Romania.

333. Prove that for any m, n > 3 there is an m x n matrix of rank 2
with entries distinct primes.

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.
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334. Define F = {f : [0,1] — [0,1] : JA,B C [0,1], AnB = 0,
AUB =10,1], f(A) € B, f(B) C A}. Prove that F contains functions
with Darboux property (a function f has the Darboux property if f(I) is an
interval whenever I is an interval).

Proposed by Benjamin Bogogel, student, West University of
Timigoara, Timigoara, Romania.

1
335. Let f:[0,1] - R be an integrable function such that /f(q:)dxzo.

0
Prove that
1 2

1
/fQ(ac)dac > 12 /a:f(x)dx
0 0
Proposed by Cezar Lupu, Politehnica University of Bucharest,

Bucharest, Romania, and Tudorel Lupu, Decebal High School, Constanta,
Romania.

336. Given a function f : R — R, denote by f™ its nth iterate. It is
also given that |f(z) — f(y)| < |z —y| for all z,y € R (f is Lipschitzian, and
non-expansive), and that fV(0) = 0 for some N € N*.

i) Prove that if N is odd, then |f(z)| < |z| for all x € R.

ii) Prove that if N is even, then |f(f(z))| < |z| for all x € R, but not
necessarily |f(x)| < |z|.

Proposed by Dan Schwarz, Bucharest, Romania.

SOLUTIONS

309. Consider a prime p and a rational number a such that /a ¢ Q.
Define a sequence of polynomials by f; = X? —a and f,11 = ff — a for all
n > 1. Show that all terms of the sequence f, are irreducible polynomials.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Constanta, Romania.

Solution by the author. We show that the conclusion holds for p odd
prime. For the proof we use the following known result (see chapter Some
useful irreducibility criteria from T. Andreescu and G. Dospinescu, Problems
from the Book, XYZ Press, 2008).

Lemma 1. Let K be a field of complex numbers (a subfield of C), a € C, and
let p be a positive prime number. Then the polynomial XP — a s reducible
over K if and only if a is a pth power in K (i. e., if there exists b € K with
a="0p).
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It is sufficient to prove that the degree of the extension Q C Q(a,) is
p", where (an)p>1 is the recurrent sequence defined by ag = 0, a1 = ¥/a,
an+1 = Ya+ a, (n > 1). We shall do it by induction on n. For n = 1 the
property follows from the lemma. It is enough to prove that the extension
Q(an) C Q(ap+1) has degree p (the statement we wrote previously follows
by Tower Law), or equivalently that the polynomial g(X) = X? — (a + a,),
which has a,,4+1 among its roots, is irreducible over Q(ay)[X].

We argue by contradiction, so assume the contrary. The previous
lemma, it follows that a, + a = o, with a € Q(a,). Applying to this
equality the norm Nq,,)/q, We obtain Ng(,, ) /q(an +a) = N%(an)/Q(a)‘

With the notation Fy = Q(ax), Ny = Np, /5, , (k> 1), we can write

NFn/@(an +a) =N;(Na(...(Ny(ap, +a))...) =
=Ni(No(...(Ny (Yan—1 +a+a))...) =
=Ni(Na(...(Np—1(an—1+a” +a))...)) =...
= (@ +a) +a)? ...+ a)’ +a)’ + a = h(a).
Letting b = N, /g(a), it follows that h(a) = b.
Let a = C, r, s € Z, ged(r,s) = 1. Multiplying the equality above by
s

sP", we get an equality of the form 7s?" ~1(1 + rsc) = bP, ¢ € Z. Since all of
the terms 7, s?"~! and 1 + rsc are pairwise coprime, it follows that each of

. r .,
them is a pth power, so ¥/a = {/ - € Q, a contradiction.
S

Solution by Marian Tetiva, Gheorghe Rosca Codreanu National College,
Barlad, Romania. Thus stated, the problem is definitely false. Take, for

4 4

example, p =2 and a = g; then f; = X? — 3 and
N? 4 8 4 2 2
=(X?2—-) ——c=X*—_X?4+_=(X?—2X+ ) (X%+2X+=
f2 ( 3) 3 3% 19 < T3 ety

is reducible over Q.
However we are able to prove that the assertion is true when a is integer.
In order to do that, we use the following auxiliary results.

Lemma 2. For integers a, n, p with n positive and p prime, the number
(+ (@ = a) —a)f —a)f ) —a

(with n parentheses) is a perfect pth power if and only if either a = 0 (with
arbitrary p and n) or a =1, p is arbitrary, and n = 1.
The number

(...(((ap+a)P+a)P+a)P...)P+a

is a pth power of an integer if and only if either a = 0 (with arbitrary p and
n)ora=-1,p=2, andn=1.
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Lemma 3. (Capelli’s theorem) Let K be a subfield of C and let f, g be
polynomials from K[X]. Suppose that f is irreducible in K[X] and there

exists a complex root o of f such that g — a is irreducible in K[a][X]. Then
f(g(X)) is irreducible in K[X].

Lemma 1 is just an exercise in elementary arithmetics (the number from
the statement is between two consecutive pth powers that are easy to write
down). For a proof of Lemma 3, we refer the reader to the chapter Some
useful irreducibility criteria from Dospinescu and Andreescu’s book cited in
the previous solution.

Now we solve the problem (with integer a). Put

(LX) = f(X), far1(X) = fi(fn(X)) forall n>1.
Then f,(X) = f1(--- (f1(X))--+) (with n appearances of fi), therefore

fn+1( ):fn(fl( ))

also holds for all n > 1.

We prove the result by induction on n. For n = 1, the irreducibility of
f1 follows by Lemma 2 (of course, we assume that it’s irreducibility over Q
of which we are talking about).

Assume further that f,, is irreducible over QQ, and let’s prove that f, 11 is
irreducible, too. We try to apply Capelli’s theorem, with f = f,, (irreducible,
according to the induction hypothesis), and g = f1. So, we need to show that,
for a certain root « of f,, the polynomial f; — a = X? — a — « is irreducible
over Q[a]. Suppose not. Using Lemma 2 once again, this means that a + «
is a pth power in Q[«], that is, there are by, ...,by,—1 € Q (with m = p”, the
degree of f,, and of o over Q), such that

(bo+bra+---+ bm_1am*1)p =a+ a.

Let a1 = a, s, ..., am be all the roots of f,,. Because the polynomial
with rational coefficients

(bo + 01X + -+ + by 1 XN — (a + X)

has the root «, it must be divisible with f, (which, being irreducible, is the
minimal polynomial of «), therefore it has all a; as zeros. By multiplying
side by side all equalities

(b0+blaj <+ by 10ém l)p—a—l—aj, 1<5<m,
one gets
m m
[0 +bra;+ -+ b1l P = [J(a+ o)
j=1 j=1
or

m
H (a+ aj)

Jj=1
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for some b which is a rational number according to the fundamental theorem
of symmetric polynomials. Actually in the right hand side we have

)" [[(~a—ay) = (=1)"fu(~a) € Z,
j=1

that is bP needs to be an integer and, consequently, b is an integer, too.
As one can immediately see, this leads to an equality of the form

(- ((@®=a)?=a)?- ) —a=0b
when p = 2, or of the form
(- ((@®+a)f+a)f---)P+a=0

when p is an odd prime, with integers a and b.

According to Lemma 1 (and because |a| > 2), such an equality is im-
possible, hence our assumption (that f; — « is reducible over KJa]) is false,
and the conditions to apply Capelli’s theorem are fulfilled, leading to the
conclusion that f,41 is irreducible. O

Remark. The counterexample we gave at the beginning of the solution
is for p = 2; we did not find one for odd prime p. Note that Lemma 1 is not
true when p = 2 if both a and b are assumed to be rational. If it were true
for odd p, it would give us a proof for the original statement (with rational
a) — but it seems hard to find an argument for that.

310. Forn>4,1<d<A<n-—1,n,6,A €N, consider the function

2
flzs, z541, ..., xA) = Z (\2—\2) TiT;

§<i<j<A
and the domain
A
D = {(xz5,2541,-..,2a) :x; € Nfor § <i < A’Zmi =n}.
=0
Show that if (.7}5, e ,xA) € D then

1 1)’
flxs,...,za) < <ﬂ \/Z) a(n),

where a(n) = n?/4 for n even and a(n) = (n? — 1)/4 for n odd. When does
equality hold?

Proposed by Ioan Tomescu, University of Bucharest, Bucharest, Romania.

Solution by the author. We shall prove that all points where f is maxi-
mum in D are the following:

i) If n > 41is even, then maxp f(xs,...,za) isreached for (n/2,0,...,0,n/2);

ii) If n > 5 is odd, then maxp f(zs,...,za) is attained for

((n—1)/2,0,...,0,(n+1)/2) and ((n+1)/2,0,...,0,(n—1)/2).
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If T+l — -+ = TA-1 = 0 then

Fs . on) = (=

—= — —=) x5

Vi VA

and the result is obvious since x5 + za = n. Otherwise, denote by i (§ +1 <
i < A — 1) the smallest index such that z; > 1 and by j(d +1 < j <
A — 1) the greatest index such that xz; > 1; obviously ¢ < j. Denote by
a and [ the operations consisting of replacing =z = (zs,...,2A) € D by
' = (25,0,...,0,2,...,2j-1,2; — 1,0,...,0,zao + 1) € D and by 2" =
(x5 +1,0,...,0,2; — 1, 2i41,...,24,0,...,0,2a) € D, respectively. We have

)= ) = (= - jg)z (0 — 28— 1)+
w(G-5) G- 5)
1 1 2 1 1
Vi H(WW@)*

i 2 _ 1 _ 1 1 1 — 5.7 P

‘ Slnce\/E NN \/Efork d,4,1+1,...,7 — 1, we can
write

$a) 1@ 2 (= ) sttt . ()

x)— f(x Ts+x; +Tip1+...+x; —xA— 1),
Vi VA o ’
and this inequality is strict if at least one of s, z;, xiy1,...,x;_1 is different
from zero. Similarly,
£ - f(a) ( I
_ S — s —
Voo Vi)

2 1 1
g ) (o) ool
2 1 1 1 2
+(+‘) (f_\f><5+ﬂ_x/ﬁ’
which implies
1 1

")~ f(a) > (ﬂ -

This last inequality is strict if at least one of x;41,..., 2,z is different from
Zero.

2
) (-Ti+$i+1+--.+$j+l'A—£L'5—1). (2)
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If i = j we get

1 1

2
\ﬁ_\/g> (x5 + 2 —xA — 1), (3)

)= )=
the inequality being strict if z5 > 1, and

2
")~ fla) > (;5 - \1/) (2a+ i — 25— 1), (4)

this inequality being strict if zo > 1.

We shall prove that at least one of the differences f(z’) — f(z) and
f(2") — f(x) is positive, which implies that all sequences (zg,...,2A) € D
realizing the maximum of f satisfy 541 = ... = xza_1 = 0. Consider first the
case when ¢ = j. It is clear that if x5 = xA = 0 then f(zs,...,2a) = 0, which
implies that (0,...,0,x;,0,...,0) cannot maximize f. Otherwise, suppose
that z5 > 1. If 5 + x; — xao — 1 > 0 then inequality (3) is strict and it
follows that f(z') > f(x), so that z cannot maximize f on D. Otherwise,
x5+ x; —xaA — 1 < —1. In this case xa > x5 + x;, hence zao +x; —z5 — 1 >
2x; — 1 > 1, which implies f(z”) > f(z) and x also cannot maximize f. If
xa > 1 the same conclusion follows since inequality (4) is strict.

Suppose that ¢ < j. In this case z; > 0, 2; > 0 and both inequalities (1)
and (2) are strict. If x5+x;+---+2;—2A—1 > 0 then from (1) it follows that
f(@') > f(z). Otherwise, zao > x5+xz;+- - -+xjand z;+- - -+zj+rao—25—1 >
2(z; +---+xj) —1 >0, which implies f(z") > f(x) from (2).

Consequently, all sequences maximizing f have the form (n1,0,...,0,n2),
where n1 + ny = n; in this case

F(11,0,...,0,n5) = (\}3 - \/15>2n1n2 < (\}5 - jx)zsa(n),

and the conclusion follows. O

311. Show that for any matrix A € Ms(R) there exist X, Y € M»(R)
with XY = Y X such that A = X2 4 Y2+l for all n > 1.

Proposed by Vlad Matei, student, University of Bucharest,
Bucharest, Romania.

Solution by the author. We can prove easily by induction, using Hamilton-
Cayley relation A2 —Tr(A)A+det(A)Iy = Oo, that there are ay, by, € R such
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that ayA = A* + b1, for all k > 1. For x real number, we therefore have

2n+1
(A+ah)?H = Y gk g2tk <2“ + 1>

k
k=0
n
2n+1
= 2" (agni1-kA - b2n+1—kf2)< i )
k=0
2n+1 2n+1
2n+1 2n+1
=A Z xka2n+1k< i ) — Iy Z :BkanHk( k >
k=0 k=0

Now we look at the polynomials

2n+1 2n+1
2n+1 2n+1
f(x) = E l’kaznﬂk( i ), g(z) == E $kb2n+1k< i >

k=0 k=0

We have a; = 1, so that f is not the zero polynomial. Thus we can find
¢ € R such that f(c) # 0. We get

2n+1 2n—+1
A+cls 4| g(c) 1y - A
2n+1 /f(c) f(c>
It is obvious that these two matrices commute. O

312. Let p, be the nth prime number. Show that the sequence (z,)n>1
defined by
Ty = {1+1+--~+1} — {loglogn}
yal b2 DPn
is divergent. Here {z} denotes the fractional part of the real number x.

Proposed by Cezar Lupu, Politehnica University of Bucharest,
Bucharest, Romania and Cristinel Mortici, University of Valahia,
Térgovigte, Romania.

Solution by the authors. Here log denotes the natural logarithm (the
inverse function of exponential function).

First of all, it is well-known that there are infinitely many prime num-
bers. Let us denote by 7(x) the counting function of prime numbers. From
the prime number theorem we infer

m(x) ~ T for oz 0.

log z

Putting here x = p,, we get n ~

, and by taking the logarithm we
0g

deduce logn ~ log p, — loglog p,. On th?s other hand, we have
logn 1 log log py,
log pn log pn

I
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. . loglogx
and since lim ————
z—oo  logx

fact that n ~

= 0, we obtain logn ~ logp,. Combining with the

we thus obtain p, ~ nlogn. It is obvious that the

log pn,
sequence (P,)p>1 defined by
1 1 1
Pn:*‘f'*‘f‘""f‘*
b1 P2 Dn
— 1 — 1
diverges because we have Z— ~ Z , which is the celebrated
= Pn — N logn

Bertrand series. Now, let’s prove that the sequence (Py,),>2 defined by
Pn = P, —loglogn

is convergent. We have P11 — P, = — (loglog(n 4+ 1) — loglogn). On

Pn+
the other hand, it is well-known that p, > nlogn for all n > 1, and by
Lagrange’s theorem applied to the function loglog x we infer the inequalities

1
< log1 1) —logl <
(n+1)log(n+1) oglog(n +1) —loglogn nlogn
From these inequalities we conclude that the sequence P, is strictly
decreasing. However, as it is shown in F. Mertens, Ein Beitrag zur analy-
tischen Zahlentheorie, J. reine angew. Math., 78(1874), 46-62, there exists
lim P, = B, where B ~ 0.261497 is known as Meissel-Mertens constant. It

n—oo

is obvious that P, € [0, 1].
Next, we prove that x,, € {P, — 1,P,} for all n > 2. Indeed, we have

, for all n > 1.

z, = P, —loglogn — ([P,] — [loglogn]) = P, — ([loglogn + P,] — [loglog n]).

Since P, € [0,1], we have [loglogn] < [loglogn + P,] < [loglogn + 1] =
1+ [loglogn|, so 0 < [loglogn + P,] — [loglogn| < 1, and we obtain that
Ty € {Pp — 1, Py} for all n > 2, as claimed.

Now we can solve the problem. We assume, for the sake of a contradic-
tion, that the sequence x,, is convergent. This implies

nli_>n;o(:vn+1 — ) = n11—>120 (Pn+1 — Pn — [Pnt1] — [loglogn]+

+[Py,] + [loglog(n + 1)]) =0,
which is equivalent to
lim ([Py11] — [Pa] — [loglog(n + 1)] + [loglogn]) = 0.
n—oo
This means that each term of the sequence
Yn = [Pny1] — [Pn] — [loglog(n + 1)] + [log log n]
is the integer O from a rank n; onwards. In other words, we have

[Pnt1] — [Pn] = [loglog(n 4 1)] — [loglogn] for all n > n;.
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Since lim P, = oo, there exist infinitely many positive integers m > nj such
n—oo

that [Py,] = am # [Pny1), am € N. Since Py = P, +

< P, +1,
Dn+1
we have [Pp41] = ap + 1, whence 1 = [loglog(m + 1)] — [loglogm]. Put

bp, = [loglog m], so that b,, + 1 = [loglog(m + 1)]. Now, if a,, = by, then it
follows

loglogm < P, < am + 1 = [loglog(m + 1)] <loglog(m + 1) < Ppy41.
Then we obtain that the inequality between the extreme terms in the chain

B < Py4+1 —loglogm < P41 — Py, + loglog(m + 1) — loglogm
< 1 n 1 < 2
(m+1)log(m+1) mlogm ~ mlogm

holds for infinitely many positive integers m, which is false. If b,, < a,,, then
we have

loglogm < by, + 1 < ay, < loglog(m + 1) < P41,

whence P11 —loglogm > a,,—by, > 1. As li_)m (P,—loglogn) = B € (0,1),
n—oo

we again reached a contradiction. ([l

313. Does there exist a set M of points in the Euclidean plane such
that the distance between any two of them is larger than 1 and such that
there is a point in M between any two distinct parallel lines in the plane?
Justify your answer.

Proposed by Marius Cavachi, Ovidius University of Constanta, Con-
stanta, Romania.

Solution by the author. Such a set does indeed exist. Choose a system
of coordinates and write d : y = mx+n instead of “the equation of the line d
is y = mx+n”. According to Kronecker’s density theorem, between any two
parallel lines of irrational slope there exists a point of the lattice 2Z x 2Z. It
remains to treat the case of parallel lines whose slope is either rational or co.
In what follows, p, ¢, r are varying rational numbers. Consider the countable
sets

A={d|d: y=px+r; p>0,r<0}U{d|d: z=gq; ¢>0},
B={d|d: y=pr+r; p<0,r<0}tU{d|d: y=gq; ¢ <0},
C={d|d: y=px+r; p>0,r>0}U{d|d: z=gq; ¢ <0},
D={d|d: y=px+r; p<0,r>0}U{d|d: y=g¢q; q¢>0}.
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Write A as a sequence (ay)n>1 and similarly for B, C' and D. Then define

Ap =a, N{(z,2n+1)| z > 0},
B, =b,N{(2n+1,y)| y < 0},
Cn=cpnN{(z,—2n—1)| z <0},
D, =d,n{(-2n—-1,y)| y > 0}.

We show that the set M = (2Z x 2Z) U {A,, Bn,Cp, D, | n > 1} has the
required properties.

The distance between any two points of M is at least one because their
x or y coordinates differ by at least one. Also, between any two distinct

parallel lines there exists one lying in A, B, C' or D, so at least one point
from {A,, B,,Cp, Dy | n > 1}. O

314. Let f :[0,1] — R be a C? real-valued function on [0, 1] which is
convex on [0, 1]. Prove

/1f iz < - <f(0)+f @) T @ +f(1)> -
0

Proposed by Tudorel Lupu, Decebal High School of Constanta,
Constanta, Romania.

Solution by the editors. We shall use the following lemmas.

Lemma 4. Any convex function f : [a,b] — R is continuous on the open
interval (a,b).

Lemma 5. (Hermite-Hadamard inequality) Let f : [a,b] — R be a convex
function on [a,b]. Then the following inequalities hold:

o-ar(%57) < /f o< (- 0 OISO,

Lemma 6. (Hardy-Littlewood-Pdlya) Let f : [a,b] — R be a convex function
on [a,b]. Then the inequality

f<a>-2Ff<> f<a+b> . f(C);f( )_f<c+d)

holds for any a < c < d<b.
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1

Returning to our problem, we split the integral / f into

/3 2/3
[+ ]
/3 2/3

By Lemma 5, we have

1
/f(x)dx < % (f(o) + f(1/3) N f(1/3) + £(2/3) N f(2/3) +f(1)> |

2 2 2

so we only need to prove

f0) +27(1/3) +2f(2/3) + f(1) _ f(O) + f(1/3) + f(2/3) + (1)
6 - 4 ’

1 2
which is equivalent to f (3> +f (3> < f(0)+ f(1). This inequality follows

from Lemma 6 appplied for a = 0,6 =1 and ¢ = %, d= %

Solution by Marian Tetiva, Gheorghe Rosca Codreanu National College,
Barlad, Romania. There’s no need that the function be C?; being convex is
enough to ensure for f the inequality

Jroms ()

for every positive integer n. (Note that f is Riemman integrable by Lemma 4.)
Indeed, denote by x,, the right hand side of the above inequality. By convex-
ity, we have the inequalities

(k+1)f (i) +(n—k)f <k:1) > (n+1)f (:E)

for all k = 0,1,...,n — 1. Summing them up we get (after some easy alge-
braic manipulations) z, > z,41 for all n > 1; that is, the sequence (x,,) is
decreasing. On the other hand,

n 1 "

I O

lim z, = lim
k=

according to the definition of the Riemann integral. The well-known fact
that the limit of a decreasing sequence is at most equal to each term of the
sequence gives the desired inequality (and for n = 3 one gets the inequality
required by the proposer).
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Remark. The monotonicity of the sequence (x,) is also stated in
problem XII.22 proposed by Ion Rasa in Rewvista matematica din Timisoara,
1(1997), p. 53.

Solution by Angel Plaza, Las Palmas University, Las Palmas, Spain.
Since f is a C? real-valued function on [0, 1] which is convex on [0, 1], f(z) <
r(x) for all secant lines of its graph, for x between the two abscissas of the
secant points. Considering the three linear functions passing through the

1 2
points of abscissas 0, 33 and 1, it is obtained

/1 f(z)da
0

IN

Lo+ 7A/3)  fA/3)+f2/3) | £2/3)+f(1)
3( 2 * 2 + 2 )

s (1)) o

On the other hand, since f is convex,

1(3) =3 (r0+s(3))
-3

Therefore it is also obtained

0/1 fla)dr < LF0) + ¢ f( >+éf (§)+;f<1>.

1
By summing up the two inequalities for [ f(z)dz, we get
0

and

1

/f Jdo < = (f(0)+f<;>+f<§>+f(1)>. O

0

Remark. The author proved that for any C? real-valued function f on
[0, 1] there exists ¢ € (0, 1) such that

1
[ s
0

The required inequality follows since the second derivative of a convex
function is non-negative.

(f(0) + f(1/3) + f(2/3) + f(1)) — %f”(d

NH
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21
315. Let f : [0;27] — R be such that /f(x) coskzdx = 1 for all
0
k = 1,n, where n > 2 is a fixed positive integer. Find the minimum of

2
/ f?(z)dz over all such functions f.
0

Proposed by Vlad Matei, student, University of Bucharest,
Bucharest, Romania.

n
Solution by the author. We search for a function g(x) = Zak cos kx
k=1

which satisfies the required conditions. From the hypothesis we get
27
/(f(x) — g(x)) cos kxdx = 0,
0
27
for all k = 1,n, whence /(f(x)—g(a:))g(:c)da: = 0. Using this, we can rewrite
0

2m 2m 2m
(f(z) — g(x))?dz > 0as [ f2(x)dz > | f(z)g(x)dz. Since
/ [ Foez]
2 2
/f(x)g(x)d:z: = Z kE=1"ay / f(z) cos kzdx = Z k=1"ay,
0 0

2
we conclude that /fg(x)d:r > Z kE=1"a.
0

It remains to determine ay for k = 1, n.
2

It is known that /cos iz cos jrdx = md;;, where 0;; is the Kronecker

0
symbol. Since g satisfies the initial conditions, we obtain ay = 1/7 for all

k=1n.

2m
Puting all this together, we get /f2 (z)dx > n/m. From this proof it is
0

1
obvious that the equality is attained if and only if f(x) = = Z k =1"cos kx.
O

Thus, n/m is the required minimum.
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316. Let f :]0,1] — [0,00) and g : [0,1] — [0,1] be two integrable
functions. Prove that for any positive integers p, ¢, s, t with p # ¢, the
following inequality holds

/1 fP(2)g* (@) de - / f9(x)g" (@) da < / () - g (x)da
0 0

Proposed by Andrei Deneanu, student, Oxford University, Oxford,
UK and Cezar Lupu, Politehnica University of Bucharest, Romania.

Solution by the authors. Let us consider integrable functions
F,G:[0,1] — [0,00) such that /G(:U)dx <1.

We shall prove that for any positive integers p, q, s, t, the following
inequality holds:

1

jFp(x)G(x)dx/Fq x)dr < /1Fp+q dz. (5)
0 0

0

This is trivially true if

so below we may assume

F(z)G(x)dz # 0.

S

If p = ¢ the asserted inequality is an immediate consequence of the
well-known Cauchy-Buniakovski-Schwarz inequality. We shall proceed by
induction on p + g. Without loss of generality, we may assume that ¢ > p.
By applying Cauchy-Buniakovski-Schwarz integral inequality, we get

1 1

1
2 2
/Qmwm%mgd%/<zmmmmm)mz /m@m@m
0 0 0
On the other hand, by the induction hypothesis, we have the inequality

/memmzjm@ammjmﬂmqmm
0 0 0
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1
Now, inequality (5) follows after simplification of / FTP(2)G(z)dz in
0

1 1
/ FPH ()G da / FIP ()G (a)dz >
0 0

1

1 1

> /Fq(x)G(x)dx/Fp(x)G(x)dx/Fq_p(x)G(x)dx.
0 0 0

To solve our problem, we apply inequality (5) for

317. For integer n > 2, determine the dimension of

P(x
V:span{l_zvc(leg)lmr1 . P(x) € Rz], 0§degP<n1,degP+1\n}

as a subspace of the R-linear space R(z).
Proposed by Dan Schwarz, Bucharest, Romania.

S
Solution by the author. Write the canonical factorization n = H it
i=1
Denote by V; the span of the elements with deg P + 1|£. It is clear that
Di

every element belongs to (at least) one of these subspaces, hence

V = span (O VZ> .
i=1

Since dim(span(A U B)) = dim A + dim B — dim(A N B) for linear sub-
spaces A, B, by induction one gets the inclusion/exclusion formula

dimV =Y "k =1°(-1)""1> " |I| = kdim <ﬂ V) .
el
But

n
dim Vil = ,
(Q ) [ierpi

dimV =n> k=19(-1)F13 1) = kl_[l _
pi

el

SO
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:n<1_,£[1<1_1’1k>> —n— ),

therefore dim V' =n — ¢(n), with ¢(n) Euler’s indicator function. O

Remark. One may ask the same question in R[[z]] instead of Rx].

318. Let f be a polynomial with integer coefficients, deg(f) > 1, and
k a positive integer. Show that there are infinitely many positive integers
n such that f(n) can be written in the form f(n) = didsy...dkdg4+1, where
1<di<do <...<dp <n.

Proposed by Marian Tetiva, Gheorghe Rogca Codreanu National
College, Barlad, Romania.

Solution by the author. We can assume, without loss of generality, that
f has the leading coefficient positive, otherwise we can prove for —f, and
this implies the result for f. Thus, f(n) is positive for all n large enough.

Next, it is easy to verify through direct calculations that f (X + f(X ))
is divisible by f(X), so f(X + f(X)) = f(X)g(X), where g € Z[X] has
positive leading coefficient. We substitute again X with X + f(X), and we
obtain

FX+H X))+ (X +£(X))) = f(X)g(X)g(X + f(X)).

We iterate this process, and in general, if we denote h(X) = X + f(X)
and hlP/(X) = h(--- (h(X))---) (p times), we get by induction

FRPHX)) = F(X)g(X)g(h(X)) - g(RPH(X))

for any integer p > 1. If s is the degree of f (which is also the degree of h),
the degree of hlP) is P, and the degrees of the polynomials in the right side
of the equality are s, s> —s,...,s” — sP~1 respectively sPT!1 — sP.

For s > 2 we have s2 — s < s — 52 < --- < s?P — sP71 < 5P, so that for

m large enough we get
0 < g(m) < g(h(m)) <--- < g(h[p*Q](m)) < hPl(m).

Thus it is sufficient to choose p = k 4 1 and n = hF1(m) for m large
enough such that the above inequalities hold, to have that f can be written
in the stated form (with dy = g(m),...,dx = g(h[k_l] (m)) and
diy1 = f(m)g(h[k} (m)).

If s=1and f = aX + b we choose pairwise coprime integers di, ..., dx
which are coprime with a. By Chinese Remainder Theorem, there exists a
positive integer m such that am +1 =0 (mod d;), 1 <i < k. For n = mb
we have f(n) =an+b = (am + 1)b, and it is readily verified that n chosen
as above satisfies the requirements of the problem. This ends the proof. [J
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319. Let p be the Mébius function defined by (1) = 1, u(p1p2 - .. px) =
= (=1)* for all distinct primes py,po,...,p, and u(n) = 0 for any other
positive integer n. For integers n > 2, ¢ > 1 and j > 1 define

NS
d/j
Show that

O O [0 R G0 BT
T1+2x2+ - +nrp=n 1 2 "

x; >0
Proposed by Gabriel Dospinescu, Ecole Polytechnique, Paris,

France, and Marian Tetiva, Gheorghe Rogca Codreanu National College,
Barlad, Romania.

Solution by the authors. In the following, all the polynomials will be
taken as monic.

Firstly, let us consider the case when ¢ is a power of a prime number.
Then it is known that NN; is the number of monic irreducible polynomials of
degree j over F,. This is true since X" — X € F,[X] is the product of all
monic irreducible polynomials from F,[X] of degree dividing n, thus the sum
of the degrees of these polynomials is ¢" (in other words

> dNa=q"

din
for any n > 1), hence the above formula for N; follows from applying the
Mébius inversion formula.

We claim that the expresion
r1+2x2+...+nrn=n L1 L2 Ln

counts the number of square-free polynomials (polynomials which decompose
in a product of distinct irreducible polynomials) of degree n over F,. Indeed,
any such polynomial can be uniquely written as a product of x; distinct

N
irreducible polynomials of degree 1 (which can be chosen in ( 1> ways), T2
T

T2
ways), and so on, up to x,, distinct irreducible polynomials of degree n (which

N
distinct irreducible polynomials of degree 2 (which can be chosen in ( 2)

N,
can be chosen in ( n) ways). Since we have also the equality of degrees, it
T

follows that these numbers must also satisfy x1 + 2x9 + - - + nx, = n. The
above construction gives a bijection, so indeed the formula gives the number
of square-free polynomials of degree n over IF,.
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It is sufficient to prove that the number M,, of monic square-free poly-
nomials of degree n over Fy is ¢" — ¢"~ 1 (for n > 2; if n = 1, obviously
Ny = M; = q), and we obtain that the statement of the problem is true for
q power of a prime number. Since the formula is an equality of polynomi-
als and holds for infinitely many ¢, it follows that it is true for any positive
integer gq.

Let us finish the proof. So we can assume ¢ is a power of a prime

number. Let )
—_ — n..n
f@)=1— > 'z
n>0

be the generating function of the numbers ¢", which give the number of all
monic polynomials of degree n over the field with ¢ elements F,, and let

g(z) = Z M, x"
n>0

be the generating function of the numbers M,, (where My = 1). The equality
f(x) = g(x)f (=)

is true since any polynomial can be written uniquely as a product of a square-
free polynomial and the square of an arbitrary polynomial. Identifying the

- 15— @ -,

one gets My = ¢ and M,, = ¢" — ¢" ! for n > 2. O

coefficients in the two sides of the equality g(z)

320. For n > 1, does there exist a quadratic polynomial f € Q[X] such
that f2" 4+ 1 is reducible over Q?

Proposed by Gabriel Dospinescu, Ecole Polytechnique, Paris,
France, and Marian Tetiva, Gheorghe Rogca Codreanu National College,
Barlad, Romania.

Solution by the authors. There is no such polynomial! Assume that
f = aX? 4 bX + c has the property asked in problem and let A = b? — 4ac.
Let ¢ = X?" + 1 and let z be a root of g. Finally, let o be a complex
number such that f(a) = z. Then « is a root of f2" + 1. We clearly have
z € Q[a] and so Q[z] C Q[a]. Moreover, since g is irreducible over Q (an easy
consequence of Eisenstein’s criterion applied to the polynomial g(X + 1)),
we have [Q[z] : Q] = 2". Since f2" + 1 is reducible of degree 2", the degree
of the minimal polynomial of « is at most 2", and since

[Qla] : Q] = [Qle] : Q[2]] - 2",

we deduce Q[a] = Q[z]. This means that there exists h € Q[X] such that
a = h(z). Now, since f(a) = z, we have



PROPOSED PROBLEMS 127

The irreducibility of g over Q implies that the previous relation holds

not only for the root z of g, but for any of its roots zi,...,zon. Taking
27’l
b
the product of these relations and using the fact that H <h (z) + 2) is a
a
i=1

rational number (this is immediate using Galois theory or, more elementarily,
from the fundamental theorem of symmetric polynomials), we deduce that

27’L
<4> + 1 is the square of a rational number. But a classical result of
a

Fermat ensures that the equation a* + b* = ¢? does not have nontrivial
integer solutions, thus we must have A = 0.

By performing a translation of the variable X, we may thus assume
that f = a~'X? for some nonzero rational number a. So, it remains to prove
that for any such a, the polynomial X 2" 1 42" s irreducible over Q. By
a standard theorem of Capelli, it is enough to check that a®" is not of the
form 4x* for some rational number x. Since this is trivial (just consider
the exponent of 2 in the prime factorizations of both sides), the problem is
solved. O

321. Find the probability that, by choosing a positive integer n, the
numbers nv/2 and nv/3 have even integral parts both.

Proposed by Radu Gologan, Simion Stoilow Institute of Mathema-
tics of the Romanian Academy, Bucharest, Romania.

V2 V3
n-—,n—
2 2
is uniformly distributed in [0,1] x [0,1] (mod 1) (due, by example, to the
uniform ergodicity of the transformation 7" : [0,1] x [0,1] — [0,1] x [0, 1],

2 2
T(z,y) = (m + i,y + {) ). As the problem asks for inequalities of the

Solution by the author. The sequence defined by a, =

2
type 2k < n2 < 2k +1,2r < V3 < 2r + 1 with k,r,n € N. The answer is
1 1 1
T == O
2 2 4

322. Let K be an algebraically closed field and let P € K[X;,..., X,],
P=aX" . Xin 40X - XP" 4 eXF o X where abe # 0. Assume that
X; 1 P for all t and the points of coordinates (i1,...,%n), (j1,-.-,Jn) and
(k1,...,ky) are non-collinear (in R™). Prove that P is reducible if and only
if char K = p and p | ged(iy, ji, ki) for all ¢ for some prime p.

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

Solution by the author. Before we start our proof we first introduce some
definitions and results regarding Newton polytopes and Minkowski sums of
convex polytopes.
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If I C R™ then we denote by conv I its convex hull, the smallest con-
vex set containing I. If I is a finite set then C' = conv I is a bounded
set and therefore a convex polytope. Convex polytopes are analogues of
0-dimensional points, 1-dimensional segments, 2-dimensional convex poly-
gons or 3-dimensional convex polyhedra.

For any polytope C' we denote by V(C') the set of all its vertices. Then
V(C) is the minimal subset of R™ that has C as its convex hull. Hence if
C = conv I, then V(C) C I.

If A, B C R" then A+ B :={a+b :a € Ab e B} is called their
Minkowski sum. In particular, if b € R™ then A+b := A+{b}={a+b|a € A}.
If ACR"™ and X € R we denote AA :={Xa : a € A}.

If C’, C" are polytopes their Minkowski sum C = C’ + (" is also a
polytope. Indeed, one can write C’ = conv I’ and C” = conv I”, where
I' 1" C R™ are finite, and we have C' = conv I, where I = I’ + I”, which is
also finite.

Given a polytope C' we are interested in its Minkowski decompositions
C = C"+ ", where C', C" are polytopes. From the definition of a convex
set one easily sees that C' = A\C'+ (1 — X\)C for any A € [0, 1]. More generally,
if @ € R" then C = (A\C + «) + ((1 = A\)C — «). Such decompositions are
called homothetic as A\C' + « and (1 — A)C' — « are homothetic images of C.
Polytopes for which there are no Minkowski decompositions other than those
of this type are called homothetically indecomposable.

Lemma 7. All triangles are homothetically indecomposable.

Let K be a field and let X = (X1, ..., X,) be a multi-variable.

Let K[X] = K[X1,...,Xy]. For any i = (i1,...,i,) € N" we denote
Xt = X{'---Xi». For P € K[X] we define the suport of P as the set
I(P) C N™ such that P writes as P = Zz € I(P)a; X" with a; € K*. The
Newton polytope C'(P) C R" of P is defined by C(P) = conv I(P).
Lemma 8. (Ostrowski, 1975) If P,Q € K[X]\ {0} then

C(P)+C(Q) = C(PQ).

Note that C(P) = {0} iff I(P) = {0}, i.e., iff P is a non-zero constant
polynomial.

Note that for any polynomial P € K[X]\{0} we have C(P) = conv I(P),
so V(C(P)) C I(P). In particular, all the vertices of C(P) belong to N™.

We denote by (-,-) : R™ x R®™ — R the usual inner product,
(a,b) = a1bi+. . +anb,. If S CR", a€ R" we denote (S5, a) := {(z,a):x € S}.

Let eq,..., e, be the standard basis of R", ¢, = (0,...,1,...,0).

Lemma 9. Let P € K[X]\ {0}.

(i) We have deg P = max (I(P), Z et> = max (C’(P), Z et> .
t=1 t=1



PROPOSED PROBLEMS 129

(ii) For any t the highest power of X; dividing P is min (I(P),e;) =
= min (C(P),e¢). In particular, X¢ 1 P iff min (C(P),e;) = 0.

Proof. For any i = (i1,...,i,) € N” we have

n
deg X' =iy 4 +ip = (i,Zet)

t

=1
and the highest power of X; dividing X is i; = (4, ;).

(
n
It follows that deg P = max | I(P), Zet) and the highest power of
t=1

X, dividing P is min (I(P),e;). We still have to prove that

max (I(P), Z et> = max <C(P), Z et>
t=1 t=1

and
min (I(P), e;) = min (C(P), ;) .

We prove more generally that if C = convI and a € R" then
max(l,a) = max(C,a) and min(/,a) = min(C,a). We have I C C so
max(l,a) < max(C,a). For the reverse inequality let M = max(I,a). Then
I CH ={zxe€R"” : (z,a) < M}, one of the two halfspaces bounded
by the hyperplane H = {x € R" : (z,a) = M}. But I C H™ and H™ is
convex so C' = conv I C H~. It follows that max(C,a) < M. Similarly for
min(/, a) = min(C, a). 0

Before starting our proof we need one more result.

Lemma 10. If K s algebraically closed, i, j € Z™ are linearly independent
and €, € K* then there is v € (K*)" with x* = ¢, z* = 1.

Proof. First we show that if s1, t1, so, to € Z with s1to — sot1 # 0 and
€1, €2 € K* then the system z%'y't = g1, 2529y"2 = 9 has a solution with =,
y € K*. If t9 # 0 we note that for any ¢ € Z our system is equivalent to the
system x°2y"2 = o, 251y (252y'2) 79 = 16, 9. The second equation may be
written as x%3y’ = e3, where g3 = 6152_‘1, s3 = S1 — qso and tg3 = t1 — qts.
We choose ¢ such that |t3] < |t2|. Note that sots — sste = —(s1ta — sat1) # 0.

We repeat the procedure and obtain new equivalent systems x%y% = e,
ré+yliel = ey with st — sty # 0 and |to] > ... > [t41] until we
get an index [ with ¢;11 = 0. We have 0 # s;tj11 — sip1t; = —sSpr1ty, SO

s141, 1 # 0 and our system writes as z'y" = g, 25+1 = g, 1, which obviously
has solutions. (Take x with 2%+1 = £, 1 and then take y with y! = gz ~5.)
Let i = (i1,...,in), 5 = (J1,---,Jn). Since i, j are linearly independent,

the 2 X n matrix <z) has rank 2, so there are 1 < a < 8 < n such that
J

iajs —1i8Jja # 0. Then as seen above there are y, z € K* such that ylazB =¢
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and y/=29% = . Then we simply take z = (21,...,2,) With z, =y, 25 = 2,
and z; = 1 for t # a, 8 and we have 2* = ¢, 2/ = 1. O

We now start our proof. Note that our statement can be re-written as
follows:

If K is algebraically closed, P € KI[X]|, I(P) = {i,j,k}, where
i,j,k € N™ are non-collinear and X; 1 P V¢ then P is reducible iff car K = p
and 4, j, k € pN™ for some prime p.

We will write P = a;X* +a; X7 + apXk. If car K = p and i, j, k € pN"
then P = (ai/pX"/p + ajl-/pXj/p + ai/pXk/p>p, so P is reducible.

Conversely, assume that P is reducible but there is no prime p such that
car K = pandi, j, k € pN". Then P = QR, where Q, R € K[X]\ K and Q is
irreducible. Since i, j, k are non-colinear, C'(P) = conv I(P) is the triangle
of vertices i, j, k. By Lemma 8, C(P) = C(Q) + C(R). Since C(P) is a
triangle, by Lemma 7 we get C'(Q) = IC(P)4+a and C(R) = (1-X)C(P)—«
for some A € [0,1] and o = («1,..., ) € R™.

For any t we have X; f P, whence X; 1 @, and by Lemma 9 (ii) we have
0 = min (C(P), e;) and
0 = min (C(Q), e:) = min (AC(P) + a, e;) = Amin (C(P),er) + (o, e¢) = .

= A

A
So a@ = 0 and therefore C(Q) C(P), C(R) = (1 -MNC(P). By
Lemma 9 (i) this implies

deg @@ = max (C(Q), iet) = Amax (C’(P), iet> = Adeg P.
i=1

i=1

Note that we cannot have A = 0 or 1 since this would imply either
C(Q) = {0} or C(R) = {0}, whence either  or R is a constant polynomial.
Thus A € (0,1).

Since C'(P) is the triangle of vertices i, j, k, C(Q) is the triangle of
vertices Ai, A\j, Ak. So {\i, \j,A\k} = V(C(Q)) C I(Q) C N™. It follows that
AeQ, ie A= %, with ged (o, d) =1, and 4, j, k € dN™. Since 0 < A < 1 we
have 0 < a < d. In particular, d > 1.

1 1
Since i, j, k are non-colinear, —(j — i) and g(k‘ — i) are linearly inde-

pendent. By Lemma 10, for any €, n € ug there is

’}/(E,’I’]) = (71(5)77)) s ,’Yn(5,77)) € (K*)n
such that L L
e,V = ¢ and (e, )" =n.
By pq = pa(K) we denote the group of the d-roots of unity in K, i.e.,
the roots in K of f(z) = 2% — 1. Since K is algebraically closed, all d roots
of f(x) are in K. Note that they are distinct since

ged(f (@), f'(x)) = ged (24 —1,da®") = 1.
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Here we use the fact that d # 0in K. If d = 0 in K then char K =p | d,
so i, 7, k € dN™ C pN" for some prime p, contradicting our hypothesis. So

|pal =

We denote y(e,n) X = (71(g,7) X1, ..., (e, n)Xn).

Thus (v(g,7)X)" = v(g,n)" X" for any h € Z".

We define P; ,(X) := P(vy(e,n)X) and Q. ,(X) := Q(v(e,1)X). Since
Q divides P, we have Q. | P.,, and since @ is irreducible, so is Q¢ .

We have P., = aiv(e,n)' X" + a;v(e,n)? X7 + axy(e,n)*X* and if
Q=) heI(QbX" then Qcpy = > h e I(Q)bpy(e,n)" X",

Note that P, = v(e,n)(a; X* + a;v(e,n) " X7 + apy(e,n)* "' X*). But
(e, = e = 1 and y(g,n)F = ¢ = 1, soPn—y(en)PwP
(Here by ~ we mean that the two polynomials are associates in K [X].) Since
Qe | Peyy we have Q. | P Ve, n € pugq.

Assume now that Q. , ~ Qe ,r, that is, Qu v = tQ., for some t € K*.
We have \i, \j, Ak € I(Q), and by considering the coefficients of X, X
XM we get

_ by )N by )Y by )M
biy(e,mA  biy(EmV  biy(e,m)A
It follows that (e, n) =9 = (', 7")*0=) and ~(e, n) F=D = (&, 7 )ME=D)

so ¥ = &' and n® = n'* (Recall, A = %) But ¢, &, n, ' € g and

ged(a,d) =1 imply e =&’ and n =17'.
Since Q- | P Ve, 0 € pig and Qe 7 Quryy if (2,1) # (¢/,17), we have
H Qe | P. It follows that deg P > deg H Qe = |ud|2degQ. But

RIS ] RIS
deg@ = ldeg P > EdegP and |ug| = d, so |pg|? deg @ > ddeg P > deg P,

contradiction. Hence P is irreducible. O
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