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Abstract

This paper is about the holomorphic flag curvature of complex Finsler
metrics. For a complex Finsler space (M, F'), the holomorphic flag curva-
ture with respect to the Chern complex linear connection on the pull-back
tangent bundle is defined. By means of holomorphic curvature, a spe-
cial approach is devoted to obtain characterization of the holomorphic flag
curvature. Finally we deal with holomorphic flag curvature of the genera-
lized Einstein complex Finsler spaces.
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1 Introduction

In the previous papers, [All, Al2], we started to study the holomorphic curvature
of complex Finsler spaces with respect to the Chern complex linear connection,
briefly Chern (c.l.c), on the holomorphic pull-back tangent bundle 7* (7" M). Our
goal was to determine the conditions in which a complex Finsler metric has
constant holomorphic curvature. We solved this problem for a special class of
complex Finsler spaces, called by us generalized Einstein, briefly (g.E.).

In complex Finsler geometry, it is systematically used the concept of holo-
morphic curvature in direction 7, briefly holomorphic curvature, [A-P]. But, the
holomorphic curvature is not an analogue of the flag curvature from real Finsler
geometry. This problem set up the subject of the present paper. Following the
ideas from the real case, [BCS], we shall introduce the holomorphic flag curvature
of complex Finsler spaces, with respect to Chern (c.l.c) on 7*(T"M), (Definition
3.1). We shall see that the holomorphic curvature is a particular form of the holo-
morphic flag curvature and some special properties of holomorphic flag curvature
are obtained, (Propositions 3.1 - 3.3). Moreover, we determine the link between
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the holomorphic flag curvature and holomorphic curvature of the complex Finsler
spaces (Proposition 3.5). A special approach is dedicated to the holomorphic flag
curvature of the (g.E.) complex Finsler spaces. As a consequences of the (g.E.)
condition we find:

- the holomorphic flag curvature of a (g.E.) complex Finsler space is propor-
tional with holomorphic curvature of same space, (Proposition 4.1);

- some inequalities between two kinds of holomorphic curvatures, (Proposition
4.2);

- a necessarily and sufficient condition that the holomorphic flag curvature to
coincide with holomorphic curvature, (Theorem 4.2).

Moreover, we applies the obtained results to some examples.

2 Preliminaries

In the present section we setting the basic notions which are needed; for more
information see [A-P, Mu, All, Al2].

Let M be a complex manifold, dimg M = n, and T'M the holomorphic
tangent bundle in which as a complex manifold the local coordinates will be
denoted by (z*,n*). The complexified tangent bundle of 7'M is decomposed in
To(T'M) = T'(T'M) & T"(T' M).

Considering the restriction of the projection to 7'M = T'M \ {0}, for pulling
the holomorphic tangent bundle 7'M back, we obtain a holomorphic tangent
bundle 7' : 7*(T'M) — f'\]\//[, called the pull-back tangent bundle over the slit
T'M. We denote by {8z - %*}, and by {dz**,dz*"}, the local frame and its
dual.

Let V(T'M) = kerm, C T'(T'M) be the vertical bundle, spanned locally by
{a_?ﬂc}' A complex nonlinear connection, briefly (c.n.c.), determines a supplemen-
tary complex subbundle to V(T"M) in T'(T’M), ie. T'(T'M) = HT'M) @
V(T'M). The adapted frames is 5% = — N} a?,w where N](z,n) are the

coefﬁcients of the (c.n.c. ) Further on we shall use the abbreviations §; = 6%;,
0; = 877 , 0; = az“ 0; = a—” and theirs conjugates ([A-P], [Ai], [Mu]).
On T'M let g;; = %{%f be the fundamental metric tensor of a complex

Finsler space (M,F? = L).

The isomorphism between 7*(T'M) and T'M induces an isomorphism of
1*(TcM) and Tc M. Thus, g;; defines an Hermitian metric structure G(z,7) :=
ngdz*j ® dz**on 7* (T M), with respect to the natural complex structure. Fur-
ther, the Hermitian metric structure G on «*(T'M) induces a Hermitian inner

product h(x,7) := ReG(x,7) and the angle cos(xy) = ) for any X, ~ the

eG (X
||X||||’Y|| ’
sections on m*(T"M), where ||x||> = [|X||* = G(x,X), see [AlL].

On the other hand, H(T'M) and =*(T'M) are isomorphic. Therefore the
structures on 7* (T M) can be pulled-back to H(T'M) @ H(T'M). By this iso-
morphism the natural cobasis dz*’ is identified with dz?. In view of this con-
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struction the pull-back tangent bundle 7* (7" M) admits a unique complex linear
connection V, called the Chern (c.l.c.), which is metric with respect to G and of
(1,0)— type, [All]:

wi(z,m) = Lig(z,mdz* + Cjy(z,m)on"; (1)
i mi%9%m | i _ miO%m
ik = 9 Sk 7 ik T on* :

The Chern (c.l.c.) on 7*(T' M) determines the Chern-Finsler (c.n.c.) on T'M,
CF

. . ; o O i . . .
with the coefficients N/= gm’%nf, and its local coeflicients of torsion and
curvature are

Gk =L — L (2)
CF

i o ST s (NWCE .= o 5 — =i
CF

i . _ATi _ A INGYi . Qi e A v Qi

Pl ¢ ==0iLiy — Op(NDCY 5 Sip = —8;Cl = Sip .

The Riemann type tensor
R(W,Z,X,Y) := G(R(X,Y)W,Z)

has the properties:

—_ — —a _h
R(W,Z,X,Y) = W Z'X*Y Rgzg Ripy = Rig95 ()
Ri}kﬁ = _Rﬁﬁk = RﬁhE = R}iﬁk;
If R;Hk = R;cﬁj then Rz’jkﬁ = Rk;z’ﬁ = Rkﬂz}

According to [A-P] the complex Finsler space (M, F) is strongly Kdhler iff
Ty, = 0, Kdihler iff Tj,n/ = 0 and weakly Kdihler iff gﬂTjiknjﬁl = 0. Note that for
a complex Finsler metric which comes from a Hermitian metric on M, so-called
purely Hermitian metric in [Mu], i.e. gz = g,5(2), the three nuances of Kéhler
spaces coincide, [S].

The holomorphic curvature of F' in direction 7, with respect to the Chern
(cld.c.), is ([A-P])

K (Z ) — 2R(n;ﬁ:"7;ﬁ) _ 2ﬁjnkR7k
F(2,17): g2(n’ﬁ) Lz(z,n) R

where 7 is viewed as local section of 7*(T'M), i.e. n := 7} 6‘2,- *. Further on, we

shall simply call it holomorphic curvature. It depends both on the position z € M
and the direction 7.
From [Al2], we have

(4)
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Definition 2.1. The complex Finsler space (M, F) is called generalized Einstein
if R;k is proportional to bz i€ if there exists a real valuated function K(z,n),
such that

Ry, = K(z,m)t;, (5)

_ CF o

where Ry, := Rypn'n" = —g0p(NOT", ty; == L(z,m)gy5 + meTljs M = St
- ._ oL
= 5o

The main properties of the (g.E.) complex Finsler spaces are collected in:

Theorem 2.1. Let (M, F) be a (9.E.) complex Finsler space. Then

i) K(z,m) = +Kp(z,n) and it depends on z alone.

1) If (M, F) is connected and weakly Kahler, of complex dimension > 2, then
it 1s a space with constant holomorphic curvature.

i91) If the space is of nonzero constant holomorphic curvature, then F is weakly
Kabhler.

iv) If the space is Kdhler of nonzero constant holomorphic curvature, then
F is purely Hermitian. Conversely, a purely Hermitian complex Finsler space,
which is Kdhler of constant holomorphic curvature, is (g.E.).

Note that for the particular case of the complex Finsler spaces which are
Kahler of nonzero constant holomorphic curvature, the notions of (g.E.) and
purely Hermitian spaces coincide.

3 Holomorphic flag curvature

The holomorphic curvature is the corespondent of the holomorphic sectional cur-
vature in complex Finsler geometry. Our goal is to find a notion which to gener-
alize the holomorphic curvature of complex Finsler spaces. By analogy with the
naming from the real case [BCS], we shall call it the holomorphic flag curvature
and we shall introduce it with respect to the Chern (c.l.c.).

We consider z € M and g € T!M, n # 0. A flag is given by the tangent vector
field 7, called flagpole, and another transversal vector field x. Let (n,x) be the

flag in which n and x are viewed as local sections of 7*(T" M), i.e. n := 0’5

U Y B
and x := x? 57 -

Definition 3.1. The holomorphic flag curvature of the complex Finsler metric
F, along the flag (n,Xx), is given by

R(n,x,n,x) + R(x,7,X,7) (1)

Kr(z,m,x) == G, mG(x,X) ,

where, G(x,X) # 0.
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The holomorphic flag curvature Kr(z,n, x) depends both on the position z €
M and the flag (n,x). Following the same steps like in Proposition 2.5.2 from
[A-P], p.107, we obtain that if R;'Ek = RZE]' then the holomorphic flag curvature

completely determines the curvature tensor R;Ek‘ Note that Kr(z,n,x) is real
valued because R(n,X,7,7) = R(x,7,7,7)-
In particular, choosing 1 = x, we obtain the holomorphic curvature Kz (z,n)

from (4), successfully studied in [A-P]. So, we can say that the holomorphic flag
curvature is a generalization of the holomorphic curvature.

Proposition 3.1. i) Kr(z,1,X) is real valued;
“) ICF(za %5)() = ’CF(ZJ%X);
7’“) ICF(’Z70“77 ﬂX) = }CF(’Z7 n:X)7 fO'f’ any Oé,,B eR".

In local coordinate, the holomorphic flag curvature of a complex Finsler metric
F, along the flag (7, x) is given by
(X" X" + X XT") R
Kr (Z, ue X) = )
L(z,m)L(z,x)

(2)

where L(z,X) := gi5x'x? # 0.

As we can see, the holomorphic flag curvature is defined under assumption
that L(z,x) # 0. Therefore, it is natural for us to inquire what this assumption
involves. The answer comes bellow.

Denoting by ¢ the angle between directions of  and x, we can write cosp =

Red(nX) which locally is
Tl

2v/L(2,m)L(2, x)

cosy =

where 7; := g;z77".
We note here that ¢ is a real valued function depending on z and 7, i.e.
¢ =¢(z,m).

Proposition 3.2. If L(z,x) # 0 for x = Xi%* sections in 7w (T'M), then at
least one of the relations % #0, 3—3_7‘,: #0 and gTﬂ #0 is true.

Proof: We suppose by absurd that 37’7‘; = (‘;)TZ{ = gT“i = 0. Writing (3) in the
form 2 cos p+/L(z,n)L(z,x) = nix + ;X and deriving this relation with respect
to 1, we obtain
Ci" g .. .
cosp+/L(z,m)L(z,X) (% + #XX))() = Cige X' + grzX? -

By contraction with n¥, it leads to cosp+/L(z,n)L(z, x) = ;X’. But, taking
into account (3), it results 7; %/ = 7:x". Deriving the last relation with respect to
n, we obtain Ciyx* = g;3%’. By contraction with »', it gives 7j;x7 = 0. Deriving
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the relation 7; ¥ = 0 with respect to 7, it leads to g,;Xj = 0. So that L(z,x) =0,
and this is in contradiction with our assumption. The proof is complete. a

Proposition 3.3. Let (M, F) be a complex Finsler space. If L(z,x) # 0, then
at least one of following statements: i) the coefficients of x and i) the angular
function ¢ are non — homogeneous with respect to n is true.

Proof: We suppose that the coefficients x? of the section x and the angle ¢ are r
—homogeneous functions with respect to 7. By the same steps like in Proposition
3.2 we obtain (2r +1)7;x? + (2r — 1)m;x* = 0. Deriving this relation with respect
to n, we have (2r + 1)Cyx* + (2r — 1)g;5%° = 0, which contracted with 7', leads
to 7%’ = 0. Like above, it results L(z,x) = 0, i.e. the contradiction. O

We note that Propositions 3.2 and 3.3 give necessary conditions for the exis-
tence of holomorphic flag curvature.

We propose now to express the holomorphic flag curvature by means of the
holomorphic curvature. For this, we consider the unitary flag (I,m), where [ :=
ﬁ and m := ﬁ I and m are viewed as local sections of 7*(T'M). By
means of these, we construct the flags (I,.5;,,) and (I, D;;,,) of certain flagpole [
and of diagonal transversal vectors S;,,, = l+ m and Dy, = [ — m, respectively.
By conjugation, S = I+ m and Dy, =1 —

We denote by ¢ the angle between the dlrectlons of the unitary sections [ and
m. We have cosp = W = ReG(l,m).

Proposition 3.4. i) G(Sim, Sp,) = 4cos® £;
i4) G(Dim, D) = 4sin® £.

Proof: We have
i) G(Sim,Si) = Gl +m, [ +m) = g(l
—2+2Reg(,m)=2+2005g0 4 cos?
i) G(Dim, Di) = G(L = m, [ = m) = G(I
=2—2ReG(l,m) =2 — 2cos¢p = 4sin’

+G(1,m) + G(m,1) + G(m,m)

l) G(l,m) — G(m,l) + G(m,m)
a

By above considerations, we shall prove the following Proposition:

Proposition 3.5. Let (M, F) be a complex Finsler space. Then

]CF(Z, 777X) = QICF('Z: n, SlTn) COSZ % + 2]CF(Z, n, DlTn) Sin2 % - ]CF(’Z7 77)7 (4)

where Kg (2,1, Sim) and Kg(z,m, Dim) are the holomorphic flag curvatures along
the flags (n, Sim) and (n, D), respectively, and ¢ is the angle between the direc-
tions of the unitary sections | and m.
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Proof: Taking into account Proposition 3.1, 747) and relation ( 1), we obtain

Kr(z,m,x) = Rr(z,1,m) = R(l,m,1,m) + R(m,1,m,1). (5)
On the other hand, decomposing

R(la Sima l7 Sfm) ) R(Slma l_7 Slma l_)

and R(la Dr,, L Dl_m)a R(Dlma L Dy, [);
direct calculus gives:

R(l, Sfr‘nﬂ l Sfm) + R(Slm, l_, Sim, l_) + R(l, Dfmv l, Dim) -+ R(Dlm, l_, D, l_)
= AR(1,1,1,1) + 2 [R(l, i, 1,m) + R(m, T, m, )]

=2Kr(z,1) + 2Kr(z,l,m).
In view of Definition 3.1 and Proposition 3.1, the last relation becomes
4KF (2,1, Si) cos® £ + 4K p (2,1, Dyy,) sin® £ = 2Kp(2,m) + 2KFr (2,7, X),
that is (4). |
If x and 5 are colinear, i.e. x = an, a € R*, then Kr(z,n,x) = Kr(z,n,an) =
Kr(z,m,m) = Kr(z,n). Conversely, if Kr(z,7,x) = Kr(z,n) then, the relation

(4), yields

Ki(z,m) = K (2,0, Sim) c08” & + Kie(2,1, Di) sin® 2. (6)

Moreover, by the relation (4), if the holomorphic flag curvature is identically
vanishing along any flag then the holomorphic curvature is zero. Conversely, if
Kr(z,m) =0 then

Kr(2,1,X) = Ki(2,1, Sim) c08* £ + Ko (2,1, D) sin® £. (™)

Particularly, if ¢ = T then, the relation (4), yields

’CF(Z,U,X) = ’CF(ZJ% Slm) + ’CF(zanaDlm) - ’CF(Z,TI)a (8)

When the holomorphic flag curvature is a constant, i.e. it has the same con-
stant value for any choice of z and (7, x), we obtain the following characterization
of holomorphic curvature
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Proposition 3.6. Let (M, F) be a complex Finsler space of constant holomorphic
flag curvature along any flag (n,x), i-e. Kr(2z,1n,X) =¢, ¢ € R. Then Kr(z,n) =
c.

Proof: By (4) and by Kr(z,n,x) = ¢, for any flag, we get
¢ =2ccos® £ + 2csin® £ — Kr(z,7).

This relation leads to Kr(z,7) = c. O

Some special results for the holomorphic flag curvature will be obtained sub-
sequently, when we study a fruity particular case.

4 The holomorphic flag curvature of (g.E.) spaces

We establish some inequalities between the holomorphic flag curvature and holo-
morphic curvature of a (g.E.) complex Finsler space. For the beginning, let us
to express the holomorphic flag curvature of a (g.E.) complex Finsler space by
means of the holomorphic curvature of the same space.

Proposition 4.1. Let (M, F) be a (g.E.) complex Finsler space. Then

Kr(2)

Re | (7:%7 2
}CF(Z7777X) = L(z X) Re (CEI_‘LY]Y’I) + M

L(z,m) ’

where Kr(z) is the holomorphic curvature of (M, F) and Cjj, := Cypn'.

Proof: Because (M, F) is a (g.E.) complex Finsler space, by from Proposition
3, ii7) and Proposition 4 from [Al2], we obtain:

Rmn'n® = 2K(2)7131n + Oy 0™ = 2K (2)7571 + 2K (2) L(z, 1) Ci
Ry = 2K (2) (L(2,1)Cha + i) -

Plugging into (2), it results:

Kz) (CXX" + Crux'x¥)

Kr(z,m,%) = Wﬁ()”)(mxjnhx + mx'mex*) Gox) \Vj

+ L
_ _i\2 2 L
= s [@) " + (nx!)?] + 2 (Cx” + Cux'x*)

= e e [(170)°] + 1S Re (Oe'x") -
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But, K (2) = $Kr(z), which together with the last relation gives (1). O

Note that, if Kr(z) =0, from (1), it results Kr(2z,n,x) = 0.

Example 4.1. In [All] we consider the complex version of Antonelli-Shimada

metric on a domain from 7/”\]\/4, dimg M = 2, such that its metric tensor be
nondegenerated

Las(z,w;n,0) := 2= (In|* +10*)%, with 1,0 # 0, (2)

where z := 21, w = 22, = n', 0 := n?, o(z,w) is a real valued function and

[nt|? = n'nt, nt € {n,0}. We show that the (2) metric is not (9.E.) and its

holomorphic2 curvature is Kp(z,m) = _Liwagzgzh n*n", where 2* € {z,w},n’ €
{n,0}. If % = 0 then the (2) metric is not purely Hermitian or weakly Kdhler,

but it is (g.E.) with Kr(2) = Kr(2,1,%) = 0.

Because Re [(ﬁjyj)z] = [Re (ﬁjyj)]Q —[Im (ﬁjij)]z and taking into account
(3) we deduce

2

Re [(#;%)°] = L(z, Lz, x) cos® ¢ — [Im (1%7)] 3)

This relation leads to

Lemma 4.1. Let (M, F) be a (g-E.) complex Finsler space of nonzero holomor-
phic curvature. Then

[Im (ﬁj?)]z = L(z,mL(zx) (cos2go — M) (4)

Kr(z)
+L(z,mRe (Cirx'x")
Proof: Replacing (3) in (1) we obtain

Kr(zmx) _ Re(CiXX") | L(z)L(z.x) cos® o—[Im(7;% )]

Kr (z) - L(Z,X) L(Z,ﬂ)L(Z,X)
Re(Cyx'x") [1m(7:%7)]°
=G T~ IEamiea

From here, immediately results (4) relation. g

But, [Im (ﬁj?)f > 0 so the (3) relation say that

Re (C3rx’x") s Ke(z,m,X)
kA 2 ) >0 b
Lo T P2 TR ©)
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Proposition 4.2. Let (M, F) be a (9.E.) complex Finsler space.
i) If Crp(z) > 0, then

Re C—*x’
1) If Kr(z) <0, then
Re (CixX’X")
—_— < .
}CF(Z) L(Z,X) = ]CF(ZJI:X) (7)
Proof: From (5) we have
Kr(znx) o Be(CinX'X")
Ke(H <  Lew  TL
which leads to (6) and (7). O

Example 4.2. In [Al2] we proved that if (M, F) is (9.E.) complex Finsler space
with K = —4 then F is Kobayashi metric. Therefore, the holomorphic flag
curvature of Kobayashi metric is

Re _jij 2
K:FK (z;TI:X) - L(z X) {Re (Ci_X] ) + [IFZ’Z?:I)) ] }

and ,
Re(Cirx*x™
ICFK(Z5777X) Z —4 [% + ]-:| .
Proposition 4.3. Let (M, F) be a (9.E.) complex Finsler space. If Kp(z) =
’CF(Z;%X) 75 0 then )
Re (C5rX'x")

Lz > sin® . (8)

The proof follows from (5).

In the remainder of this section, we treat the particular class of the (g9.E.)
complex Finsler space which is Kéhler with nonzero constant holomorphic cur-
vature. Therefore, Proposition 4.1 is reduced to

Corollary 4.1. Let (M, F) be a (9.E.) complex: Finsler space, Kdihler with Kr(z) =
¢, c € R*. Then

Kr(z)Re [(ﬁj?j)z}
L(z,mL(z,x)

Proof: From Theorem 2.1 iv) we have C3; = 0. So that, the relation (1) is
transformed in (9). O

Kr(z,m,x) = 9)
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Theorem 4.1. Let (M, F') be a (g.E.) complex Finsler space, Kahler with Kp(z) =
¢, c e R*.

i) If ¢ > 0, then Kr(z,m,x) < ¢

i1) If ¢ < 0, then ¢ < Kr(z,m, X)-

Proof: From the relations (3) and (9) follows

Fm() = £F(2,1)F(z, ) ostp — 210, (10)

where F'(z,x) = v/L(z,x) and ¢ is the angle between direction of n and .
The (10) relation can be written as

[Im (ﬁjyj)]z = L(z,n)L(z, ) (0052 P — M) )

But, [Im (ﬁjyj)]Q > 0, so that cos? ¢ — M > 0. It results M <1,
which proved ) and 7). O

Theorem 4.2. Let (M, F) be a (g.E.) complex Finsler space Kdhler of nonzero
holomorphic curvature. Then x and n are collinear if and only if Kr(z,7m,x) =

ICF(Z)

Proof: The necessity results from Proposition 3.5, and the converse from (8).
0

Corollary 4.2. Let (M, F) be a (g.E.) complex Finsler space, Kihler with Kr(z) =
¢, c € R*. If Im(7};X?) = 0. Then

i) M;X° is real valued;

ii) Kr(z,m,x) = ¢ - cos? .
Corollary 4.3. Let (M, F) be a (9.E.) complex Finsler space, Kdihler with Kr(z) =
¢, ¢ € R* and Re(7;X’) = 0. Then 7;x’ = —njx’and ¢ = 5;

Moreover

if ¢ >0, then Kr(z,m,x) <0;

if ¢ <0, then 0 < Kr(z,m, X)-

Example 4.3. We consider the complex Finsler metrics

2 21,12 —
1. I tezPinf - <2n><z7 >)7 (11)

(1 +elz[?)?
where |z|2 1= S0 2%2F, < z,m >:= 31_ 20, defined over the disk AT =
{z eC, |z|<r, r:= 1/li—l} if € < 0; on C" if ¢ = 0; and on the complex

projective space P™(C) if ¢ > 0. Particularly, for ¢ = —1 we obtain the Bergman
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metric on the unit disk A™ := A}, for e = 0 the Euclidian metric on C™, and for
€ =1 the Fubini-Study metric on P™(C).

The metrics (11) are (g.E.), Kahler with Kr = 4e. From Theorem 4.1 we
obtain: if € < 0 then 4de < Kr(z,m,x) and if € > 0 then Kr (2,7, x) < 4e.

The holomorphic flag curvature is important in the study of a corespondent of
the holomorphic bisectional curvature from Hermitian geometry in the complex
Finsler geometry. But this subject will be in a coming paper.
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