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Abstract

In this paper, we study warped product semi-invariant submanifolds of a
locally product Riemannian manifold. We show that the geometry of such
warped products is quiet different from the geometry of warped product
CR-submanifolds of Kaehler manifolds [5]. We give a characterization, some
examples and establish an inequality for warped product semi-invariant
submanifolds. The equality case is also considered.
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1 Introduction

In [3], R. L. Bishop and B. O’Neill introduced a class of warped product manifolds
as follows: Let (M1,g91) and (Ma, g2) be two Riemannian manifolds, f : M; —
(0,00) and 7 : My x My — My, 5y : My X Ms — M, the projection maps given
by 7(p,q) = p and n(p,q) = q for every (p,q) € M1 x M,. The warped product
M = M; x M, is the manifold M; x M5 equipped with the Riemannian structure
such that

9(X,)Y) = g1 (mX,mY) + (for)’ g2 (0 X, m,Y)

for every X and Y on M and * is symbol for the tangent map.The function f
is called the warping function of the warped product manifold. In particular, if
the warping function is constant, then the manifold M is said to be trivial. Let
X,Y be vector fields on M; and V, W vector fields on M, then from Lemma, 7.3

of [3], we have

ViV = VX = (XTf)v (1.1)
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where V is the Levi-Civita connection on M.

On the other hand, CR-submanifolds of Kaehler manifolds were introduced by
A. Bejancu [2] as a generalization of totally real submanifolds and holomorphic
manifolds. Later, the concept of CR-submanifold has been also considered in var-
ious manifolds. In [1] and [11], as analogous of CR-submanifolds, semi-invariant
submanifolds of locally product Riemannian manifolds have been studied.

Recently, B.Y. Chen [5] (see also, [6], [7]) studied warped product CR-subma-
nifolds and showed that there exist no warped product CR-submanifolds in the
form M, x¢ Mt such that M is a totally real submanifold and My is a holo-
morphic submanifold of a Kaehler manifold M. Then he introduced CR-warped
product submanifolds as follows: A submanifold M of a Kaehler manifold M is
called CR-warped product if it is the warped product Mt x ¢ M, of a holomor-
phic submanifold M7 and totally real submanifold M of M. He also established
general sharp inequalities for CR-warped products in Kaehler manifolds. After
the papers of Chen, CR-warped product submanifolds have been studied in many
papers [4],[9],[12] and [13].

In this paper, we study warped product semi-invariant submanifolds of a lo-
cally product Riemannian manifold. We observe that the study is far from the
lines drawn by the study of warped product CR-submanifolds of Kaehler ma-
nifolds. For instance, as mentioned before, it is known that there do not exist
warped product CR-submanifolds of the form M, x; My in a Kaehler mani-
fold M such that My is a holomorphic submanifold and M, is a totally real
submanifold of M. But, we show that there are examples of warped product
semi-invariant submanifolds of the form M, Xy Mz in a locally product mani-
fold M such that My is an invariant submanifold and M, is an anti-invariant
submanifold of M. We also show that there do not exist warped product semi-
invariant submanifolds of the Mz x; M in a locally product manifold M such
that M7 is an invariant submanifold and M| is an anti-invariant submanifold of
M, certainly this is not true for CR-submanifolds of Kaehler manifolds. In fact,
this kind of CR-submanifolds are called CR-warped products [5] and there are
many examples of CR-warped products. We also give a simple characterization
for warped product semi-invariant submanifolds of the form M, x; My in a lo-
cally product Riemannian manifold and establish an inequality for squared norm
of the second fundamental form in terms of the warping function for an arbitrary
warped product semi-invariant submanifolds of the form M x; Mr in a locally
product manifold M such that Mr is an invariant submanifold and M, is an
anti-invariant submanifold of M.
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2  Preliminaries
Let M be an (m + n)-dimensional manifold with a tensor of type (1,1) such that
F?=1, (2.1)

where I denotes the identity transformation. Then we say that M is an almost
product manifold with almost product structure F. We put

P= (+F),Q=(-F), (2.2)
then we have
P+Q=IP=P,Q’=Q,PQ=QP=0 (2.3)
and
F=P-Q. (2.4)

If an almost product manifold M admits a Riemannian metric g such that
9g(FX,FY) =g(X,Y) (2.5)

for any vector fields X and Y on M, then M is called an almost product Rieman-
nian manifold [15]. Let V denotes the Levi Civita connection on M with respect
to g. In particular, if VxF = 0, X € T(T M), where ['(TM) denotes the set of
all vector fields of M, then M is called a locally product Riemannian manifold.

Let M be a Riemannian manifold isometrically immersed in M and denote by
the same symbol g the Riemannian metric induced on M. Let T'(T'M) be the Lie
algebra of vector fields in M and T'(T M) the set of all vector fields normal to M.
Denote by V the Levi-Civita connection of M. Then the Gauss and Weingarten
formulas are given respectively by

VxY = VxY +h(X,Y), (2.6)
VxN = —ANX+ V%N (2.7)

for any X,Y € T(TM) and any N € T(TM~), where V+ is the connection in
the normal bundle TM™, h is the second fundamental form of M and Ay is the
Weingarten endomorphism associated with N. The second fundamental form and
the shape operator A are related by

9(ANX,Y) = g(h(X,Y), N). (2.8)

The submanifold M is said to be invariant (or F'— invariant ) if FX € I'(T M),
for any X € T'(TM). On the other hand, M is said to be anti -invariant if F X €
[(TM%), for any X € T(T M) [15]. Let M be alocally product Riemannian mani-
fold and M be a submanifold of M. The submanifold M is called a semi-invariant
submanifold [1] if there exists a differentiable distribution D : p — D, C T,M
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such that D is invariant with respect to F' and the complementary distribution
D+ is anti-invariant with respect to F. Thus, we have

TM =D ® D+.

Denoting the orthogonal complementary subbundle to F(D*) in TM~ by V,
then we have
TM* =F[DY) V.

3  Warped products My Xy M in locally product Riemannian mani-
folds

In this section, we study semi-invariant submanifolds in a locally product Rie-
mannian manifold M which are warped products of the form Mz x ¢ M|, vi/here
M is an invariant submanifold and M| is an anti-invariant submanifold M.

Theorem 3.1. Let M be a locally product Riemannian manifold. Then there
do not exist warped product semi-invariant submanifold in the form Mz x ¢ M|
in M such that My is an invariant submanifold and M | is an anti-invariant sub-
manifold of M.

Proof: Let M = My xy M, be a warped product submanifold of a locally

product Riemannian manifold M such that Mr is an invariant submanifold and

M, is an anti-invariant submanifold of M. From (1.1) we have g(VxZ, W) =

g(VzX, W) for X € T'(TMr) and Z,W € T'(TM,). Using (2.6) we get
g(VXZ7W) = g(?ZX,W).

Then, from (2.5) we obtain g(Vx Z, W) = g(VzFX, FW). Thus, using(1.1) and
(2.6), we have
X(inf)g(Z,W) = g(h(Z, FX), FW) (3.1)

for any X € ['(TMyr) and Z,W € T'(TM_). On the other hand, from (2.6) we
have g(h(Z,FX),FW) = g(VpxZ, FW). Then (2.5) implies that

g(h(Z,FX),FW) =g(VpxFZ,W).
Thus, using (2.7) we derive
g(h(Z,FX),FW) = —g(ApzFX,W).
Then, from (2.8) we arrive at
9(M(Z,FX),FW) = —g(W(FX, W), FZ). (3.2)
From (3.1) we also have

g(h(FX,W),FZ) = X(Inf)g(Z,W) (3.3)
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for X € T'(TMry) and Z,W € I'(TM,). Thus, from (3.1), (3.2) and (3.3) we
conclude that
2X(Inf)g(Z,W) = 0.

Since M is a Riemannian manifold, we get X (Inf) = 0 which shows that f is
constant on Mr. This implies that M is a usual product manifold. Thus proof is
complete. a

Remark. 1. We note that this result shows that the geometry of warped prod-
uct submanifolds of a locally product Riemannian manifold is very different from
the geometry of warped product submanifolds of Kaehler manifolds. Indeed, it is
known that there are many examples of warped product CR-submanifolds in the
form My x; M, in a Kaehler manifold such that My is a holomorphic submani-
fold and M is a totally real submanifold of a Kaehler manifold M (For examples
of warped product CR-submanifolds of Kaehler manifolds, See:[5], [6], [14]).

4. Warped products M x y M7 in locally product Riemannian manifolds

Theorem 3.1 shows us that there are no warped product semi-invariant subman-
ifolds in the form Mr x y M such that M7 is an invariant submanifold and M|
is an anti-invariant submanifold of a locally product Riemannian manifold M. In
this section, we study semi-invariant submanifolds in a locally product Rieman-
nian manifold M which are warped products of the form M| x; Mr, where Mr
is an invariant submanifold and M is an anti-invariant submanifold of M. First,
we are going to give two examples.

Example 4.1. Let us consider the almost product manifold R* with coordinates
(z1,T2,y1,y2) and product structure
0 0 0 0
dz; Om; 0 Yi 0 Yi

Then consider a submanifold M given by

Ty =tcosf , o =tsinb,
y1 =tcosy , Y2 =tsine.

Then, the tangent bundle of M is spanned by

Z1 = cos00x;+ sinBd s+ cospdyy + sinpdys,
Zy = —tsinf0xy +tcosfOxs,
Zs = —tsinpdy: +tcospdys.

It follows that F'Zs = —Zy, FZ3 = Z3 and FZ, is orthogonal to TM. Thus M is
a semi-invariant submanifold of R* with D = span{Z,, Z3} and D+ = span{Z}.
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It is easy to check that D is integrable. We denote the integral manifolds of D
and D+ by My and M, , respectively. Then, the metric tensor of M is

g=2dt* +t?*(dp® +db6*) = gu, + 29,

Thus M is a warped product semi-invariant submanifold of R* with warping
function f =t.

Example 4.2. Let us consider the almost product manifold R* with coordinates
(z1,%2,%3,¥1) and product structure

0 0 0 0

PlG=) =5 Pl o) = 5

Consider a submanifold M given by

1 =—sinfcosp , x2 =coslcosy

T3 =8INY , Y =.
Then, the tangent bundle of M is spanned by

Zy = —cosBcospdxy — sinfcospdxs,
Zy = sinfsinpdx; —coslsinpdy

+cospdx3 + 0yi.

It is easy to see that F'Z; = —Z; and FZ, is orthogonal to TM. Thus M is a
semi-invariant submanifold of R* with D = span{Z} and D+ = span{Z,}. The
integrability of D and D+ are obvious. We denote the integral manifolds of them
by My and M, respectively. Then the metric tensor is

g = 2dp® + cos® pd0* = gnr, + cos® P gury-

Thus M is a warped product semi-invariant submanifold of R* with warping
function f = cos .

Remark 2. We note that this two examples show that it is easy to find ex-
amples of warped product semi-invariant submanifolds in the form M, x; Mr.
This is also interesting, because we know that there do not exist warped product
CR-submanifolds of the form M, x; Mt in a Kaehler manifold M such that My
is a holomorphic submanifold and M is a totally real submanifold of M [5].

From now on, we will consider warped product semi-invariant submanifolds
in the form M Xy Mt, where M is an anti invariant submanifold and M7 is an
invariant submanifold of a locally product Riemannian manifold /. We call such
warped product semi-invariant submanifolds semi-invariant warped products.

Next, we are going to give a simple characterization for a semi-invariant
warped product M = M, Xy Mt of a locally product Riemannian manifold
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M. First, we need the following lemmas.

Lemma 4.1. Let M = M, x; Mr pe a semi-invariant warped product of a
locally product Riemannian manifold M. Then we have

g(h(X,Z),FW)=0 (4.1)

and
g(h(X,Y),FZ) = -Z(Inf)g(FY, X) (4.2)

for X,Y € I'(D) and Z,W € T(D%).

Proof: From (2.6), we have g(h(X,Z), FW) = g(Vz X, FW) for X € I'(D) and
Z,W € T'(D1). Using (2.5) and (2.6), we get

9g(M(X,Z),FW) =g(VzFX,W).
Thus, (2.6) implies that

g(W(X,2),FW)=g(VzFX,W).
Then, from (1.1), we derive

g(h(X,Z),FW) = Z(inf)g(FX,W) = 0
due to D and D+ are orthogonal. In similar way, from (2.6), we get
g(h(X,Y),FZ) = g(VxY,FZ)

for X,Y € I'(D) and Z € I'(D*). Hence, we have

g(h(X,Y),FZ) = —g(Y,VxFZ).
Using (2.5) and (2.6) we obtain

g(WMX,Y),FZ)=—-g(FY,VxZ).
Thus, from (1.1) we have

g(W(X,Y),FZ)=—-Z(Inf)g(FY, X).

Lemma 4.2. Let M be a semi-invariant submanifold of a locally product Rieman-
nian manifold M. Then, the distribution D+ defines a totally geodesic foliation
on M if and only if

ApwZ € T(DF) (4.3)

for Z,W € I(D%).
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Proof: For Z,W € T'(D') and X € I'(D), from (2.5), (2.6) and (2.7) we have
g(VzW,X) = —g(Arw Z, FX) which proves the assertion. O

Lemma 4.3. Let M be a semi-invariant submanifold of a locally Riemannian
product manifold M. Then we have

9([X,Y],Z) = g(Apz X, FY) — g(ArzY,FX) (4.4)

for Z € T(D*) and X,Y € T(D).

Proof: From (2.5) and (2.6) we have
9([X,Y],Z) = g(VxFY,FZ) - g(VyFX,FZ)

for Z,W € T'(D1) and X € T'(D). Then, using (2.6) and (2.8) we obtain (4.4).
g

Now, we are ready to prove a characterization theorem for a semi-invariant
local warped product M Xy Mt of a locally product Riemannian manifold M.
But we first recall that we have the following result of S. Hiepko [10], (cf.[8], Re-
mark 2.1): Let Dy be a vector subbundle in the tangent bundle of a Riemannian
manifold M and Ds be its normal bundle. Suppose that the two distributions
are involutive. We denote the integral manifolds of Dy and Dy by My and M,
respectively. Then M is locally isometric to warped product My x y M» if the inte-
gral manifold M is totally geodesic and the integral manifold M, is an extrinsic
sphere, i.e, M> is a totally umbilical submanifold with parallel mean curvature
vector.

Thus, we can give the following definition

Definition 4.1. Let M be a semi-invariant submanifold of a locally product
Riemannian manifold M. Then, we say that M is a semi-invariant local warped
product submanifold of M if D+ defines a totally geodesic foliation on M and
D defines a spherical foliation on M, i.e., each leaf of D is totally umbilical with
parallel mean curvature vector field in M.

Theorem 4.1. Let M be a semi-invariant submanifold of a locally Rieman-
nian product manifold M. Then, M is a semi-invariant local warped product
submanifold of M, if and only if, for X € T(D) and Z € T'(D%),

AFZ_X = —Z(/L)FX, (4.5)

for some function on M satisfying Y (u) =0,Y € I'(D).
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Proof: If M = M, xyMr is a semi-invariant warped product of alocally product
Riemannian manifold M. Then , from (4.2), (2.8) and (2.5) we have

9(ArzX,Y) = —Z(Inf)g(Y, FX)
for X,Y € I'(D) and Z € T'(D%). Also from (4.1) we get
9g(ArzX, W) =0
for X € I'(D) and Z,W € T'(D+). Thus, we conclude that
ApzX = —Z(Inf)FX.

Since f is a function on M, it can be considered a function on M such that
X (f) =0for X € I'(D). Conversely, suppose that M is a semi-invariant subman-
ifold of a locally Riemannian product manifold M satisfying

ApzX = -Z(W)FX,VX € T(D), Z € T(D}),

for some function on M satisfying Y (u) = 0, Y € T'(D). Then, it shows that
ApzX € T'(D). Since A is self-adjoint we obtain g(ArpzW, X) =0 for X € I'(D)
and Z,W € T'(D+). Hence, we get ApzW € (D). Then, it follows from (4.3),
D+ is integrable and its leaves are totally geodesic in M. On the other hand,
from(4.4) and (4.5) we get

9([(X,Y],2) = —Z(wg(FX,FY)+ Z(p)g(FX,FY)
= 0

for X,Y € I'(D) and Z € T'(D+). Thus D is integrable. Let Mr be a leaf of D.
We denote the second fundamental form of My in M by h;. Then, from (2.6)
and (2.5), we have

9(VxY,Z) = g(VxFY,FZ)
= —g(FY,VxFZ)

for X,Y € I'(D) and Z € I'(D%). Using (2.7) we get
9(m(X,Y),Z) = g(FY, Apz X).
Then, from (4.5) and (2.5) we get
9 (X,Y), Z) = —Z(n)g(X,Y).

Hence, Mt is a totally umbilical submanifold in M. Moreover, Y (u) =0, Y €
I'(D) implies that M7 has parallel mean curvature vector. Then applying the
result of Hiepko [10], we obtain that M is a locally warped product manifold in
the form M, xj; My such that My is an invariant submanifold and M is an
anti-invariant submanifold of M. Thus, proof is complete. a
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In the rest of this section, we are going to obtain an inequality for the squared
norm of the second fundamental form in terms of the warping function for semi-
invariant warped products of locally product Riemannian manifolds. We recall
that M is called mixed totally geodesic if h satisfies h(X, Z) = 0, for X € I'(D)
and Z € T(D%1).

Theorem 4.2. Let M = M, Xy Mr be a semi-invariant warped product of a
locally product Riemannian manifold M. Then, we have

1. The squared norm of the second fundamental form of M satisfies
| B> p || V(nf) |17, (4.6)
where V(Inf) is the gradient of Inf and p is the dimension of Mr.

2. If the equality sign of (4.6) holds identically. Then, M is totally geodesic
submanifold of M and M is mixed totally geodesic. Moreover, M is never
a minimal submanifold of M.

Proof: Letey,...,em+n be an orthonormal frame of a locally product Riemannian
manifold M such that eq, ...,epin Mr, epy1,...,emin My, emy1 = F(ept1), oo maq
in F(TM,) and emy14q;--s €mtn in V. Since

Ial* = [IA(D,D) | +2 || (D,D" |
+ [ A(D+, D" |,

using (4.1) and (4.2), we get

I1Rl* = plIVQS)I?
P m+n
+ Z Z g(h(eiaej)aek)2
i,j=1 k=m+1+q
m P m+n
+2 Z Z Z g(h(esaei)aek)2

s=p+1 i=1 k=m+1+¢q
+ [l h(D+,DH) |17 (4.7)

Thus, we obtain (4.6). Now, suppose that the equality case holds. Then from
(4.7) we have
h(D*,D+) =0, h(X,Y) C F(D}) (4.8)
and
h(X,Z) c F(D*Y). (4.9)

for X,Y € T(TMr) and Z € T(T M. Since M, is totally geodesic in M,(4.8)
implies that M is a totally geodesic submanifold of M. On the other hand,from
(4.1) and (4.9), it follows that h(X,Z) = 0for X € I'(TMr) and Z e T'(TM,).
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This implies that M is mixed totally geodesic in M. Now, suppose that M is
minimal, then from(4.2), we obtain || Vinf ||= 0, which is a contradiction. Thus,
proof is complete. O

Remark 3. It is known that a mixed totally geodesic CR-warped product of a
Kaehler manifold is a CR-product [5], Lemma 4.1.(5). But this is not true for
a semi-invariant warped product. Indeed, the submanifold presented in Exam-
ple 4.1 is a mixed totally geodesic submanifold and it is not usual product.
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