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Generic initial ideal for complete intersections of
embedding dimension three with strong Lefschetz property

by
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Abstract

We compute the generic initial ideal of a complete intersection of em-
bedding dimension three with strong Lefschetz property and we show that
it is an almost reverse lexicographic ideal. This enable us to give a proof
for Moreno’s conjecture in the case n = 3 and characteristic zero.
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Introduction

Let S = K[z, z2, x3] be the polynomial ring over a field K of characteristic zero.
Let f1, fo, f3 be a regular sequence of homogeneous polynomials of degrees dy, do
and d3 respectively. We consider the ideal I = (fi, f2, f3) C S. Obviously, S/I is
a complete intersection artinian K-algebra. One can easily check that the Hilbert
series of S/I depends only on the numbers d;,ds and d3. More precisely,

H(S/Tt)= (1 +t+ -+t (1t +- -+t At 4 ),

[10, Lemma 2.9] gives an explicit form of H(S/I,t).

We say that a homogeneous polynomial f of degree d is semiregular for S/T if
the maps (S/I); N (S/I)i+q are either injective, either surjective for all ¢ > 0.
We say that S/I has the weak Lefschetz property (WLP) if there exists a linear

form ¢ € S, semiregular on S/I. We say that ¢ is a weak Lefschetz element for
S/I. A theorem of Harima-Migliore-Nagel-Watanabe (see [4]) states that S/I
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has (WLP). We say that S/I has the strong Lefschetz property (SLP) if there
exists a linear form ¢ € S such that £° is semiregular on S/I for all integer b > 1.
In this case, we say that ¢ is a strong Lefschetz element for S/I. Of course,
(SLP) = (WLP) but it is not known if S/I has (SLP) for any regular sequence
of homogeneous polynomials fy, fo, f3. This is known only in certain cases, for
example, when f1, fo, f5 is generic, see [8] or when fo € K[zo,z3] and f3 € K[xz3],
see [5] and [6].

We say that a property (P) holds for a generic sequence of homogeneous
polynomials fi, fo,..., fn € S = K[x1,22,...,z,] of given degree dy,ds,...,d,
if there exists a nonempty open Zariski subset U C Sg, x Sg, X --- x Sg, such
that for every (f1, fa,..., fn) € U the property (P) holds. For example, a generic
sequence of homogeneous polynomials f1, fo,..., f, € S is regular.

Now, we present some conjectures and the relations between them (see [8]).

Conjecture A.(Fréberg) If fi, fo,..., fr € S = K[z1,...,2,] is a generic se-
quence of homogeneous polynomials of given degrees dy, ds, ..., d, and

I:(f17f27-~~7fT)

then the Hilbert series of S/I is

[Ti, (1 — %)
(1=0"

)

H(S/I) = ’

where |}, ait?| = >i>0 bit?, with b; = a; if a; > 0 for all i < j and b; = 0
otherwise. -

Conjecture B. If fi, fo,...,fn € S = K[x1,...,2,] is a generic sequence of
homogeneous polynomials of given degrees di,ds,...,d, and I = (f1,..., fn)
then x,,x,_1,...,; is a semi-regular sequence on A = S/I, i.e. x; is semiregular
on Af(Tp,...,zi41) forall 1 <i<mn.

Conjecture C. If fi, fo,..., fn, € S = K[x1,...,2,] is a generic sequence of
homogeneous polynomials of given degrees dy,ds,...,dn, I = (f1,..., fn) and J
is the initial ideal of I with respect to the revlex order, then z,,,x,_1,..., 21 is
a semi-regular sequence on A = S/(f1,..., fn)-

Conjecture D.(Moreno) If fi, fo,..., fn € S = K[z1,...,2,] is a generic se-
quence of homogeneous polynomials of given degrees d1,da, ... ,dn, I = (f1,..., fn)
and J is the initial ideal of I with respect to the revlex order, then J is an almost
revlex ideal, i.e. if w € J is a minimal generator of J then every monomial of the
same degree which preceeds u must be in J as well.

Pardue proved in [8] that if conjecture A is true for some positive integer n
then the conjecture B is true for the same n. Also, conjecture C' is true for n if
and only if B is true for n and if conjecture B is true for some r then A is true
for n < r and exactly for that r. Also, if conjecture D is true for some n then B,
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and thus C, are true for the same n. Froberg [3] and Anick [1] proved that A is
true for n < 3 and so B and C are true for n < 3. Moreno [7] remarked that D
is true for n = 2. Note that Conjecture A for n = 3 does not imply the Moreno’s
conjecture D for n = 3.

Let J = Gin<(I) be the generic initial ideal of I, with respect to the reverse
lexicographic order. Our aim is to compute J for all regular sequences f1, fs, f3 of
homogeneous polynomials of given degree dy, da, d3 such that S/I has (SLP). We
will do this in the sections 2 and 3. These computations shown us in particular,
that J depends only on the numbers di, ds, ds (this has been already proved by
Popescu and Vladoiu in [10]) and more important, that J is an almost reverse
lexicographic ideal (Theorem 1.1). As a consequence, conjecture Moreno (D) is
true for n = 3 and char(K) = 0 (Theorem 1.2).

The author wish to thank his Ph.D.adviser, Professor Dorin Popescu, for
support, encouragement and observations on the content of this paper. Also,
he owes a special thank to Dr.Marius Vladoiu for his help and for valuables
discussions on the subject of this paper.

1 Main results

Theorem 1.1. If f1, fo, f3 is a reqular sequence of homogeneous polynomials of
given degrees dy,da,ds and I = (f1, fa, f3) such that S/I has the (SLP) then
J = Gin(I) is uniquely determined and is an almost reverse lexicographic ideal.

Proof: The theorem is a direct consequence of the Propositions 2.3, 2.8, 3.3, 3.8,
3.13 and 3.17. 0

Theorem 1.2. The conjecture Moreno (D) is true forn = 3 (and char(K) =0).

Proof: Notice that (SLP) is an open condition. Also, the condition that a se-
quence of homogeneous polynomial is regular is an open condition. It follows, us-
ing Theorem 1.1, that for a generic sequence fi, fa, f3 of homogeneous polynomi-
als of given degrees dy,ds,ds, J = Gin(I) is almost revlex, where I = (f1, f2, f3).
But the definition of the generic initial ideal implies to choose a generic change
of variables, and therefore for a generic sequence f1, fa, fs of homogeneous poly-
nomials of given degrees in(I) is almost revlex, as required. 0

Remark 1.3. In order to compute the generic initial ideal J we will use the fact
that J is a strongly stable ideal, i.e. for any monomial uw € J and any indices
J <1, if x;|u then zju/z; € J. Also, a theorem of Wiebe (see [11]) states that
S/I has (SLP) if and only if x3 is a strong Lefschetz element for S/J. We need
to consider several cases: I. di + do < d3 + 1 with 2 subcases di = do < d3,
dy < dy < ds (section 2) and II. dy + do > d3 + 1 with 4 subcases: dy = dy = d3,
di =dy < d3, di < do = d3, di < do < d3 (section 3)
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The construction of J in all cases, follows the next procedure. For any non-
negative integer k, we denote by Jy the set of monomials of degree k in J. We
can easily compute the cardinality of each Jy from the Hilbert series of S/J. We
denote Shad(Jx) = {mu : 1 < i < n, u € Ji}. We begin with Jo = 0 and
we pass from Jy to Jyi1 noticing that Jyr1 = Shad(Jx)U eventually some new
monomial(s) (exactly |Jxy1| — |Shad(Jx)| new monomials). The fact that J is
strongly stable and that x3 is a strong Lefschetz element for S/J tell us what we
need to add to Shad(Jy) in order to obtain Jyy1. We continue this procedure
until k = dy + da + ds — 2 since Ji, = Sk (=the set of all monomials of degree k)
for any k > di + ds + d3 — 2 and so we cannot add any new monomials in larger
degrees. J is the ideal generated by all monomials added to Shad(Jy) at some step
k. We will present detailed this construction only in the subcase di = do < d3 of
the case I.dy + dy < ds + 1 (Proposition 2.3), the other cases being presented in
sketch, but the reader can easily complete the proofs.

2 Cased; +dy <ds—+1

e Subcase di = dy < d3.

Proposition 2.1. Let 2 < d := d; = dy < d3 be positive integers such that 2d <
ds + 1. The Hilbert function of the standard graded complete intersection A =
K(x1,x9,x3]/1, where I is the ideal generated by f1, fa, f3, with f; homogeneous
polynomials of degree d;, for all 4, with 1 <4 < 3, has the form:

1. H(A k)= (%), for k<d—1.

2. H(AK) = (D) + 37 (d—i), for k=d—1+j, where 0 < j <d —1.
’ 2 =1 ’ ) >~ J =

3. H(A k) =d?, for 2d — 2 < k < d3 — 1.

4. H(A,k) = H(A,2d+ ds — 3 — k) for k > ds.

Proof: It follows from [10, Lemma 2.9(a)]. O

Corollary 2.2. In the conditions of Proposition 2.1, let J = Gin(I) be the
generic initial ideal of I with respect to the reverse lexicographic order. If we
denote by Ji the set of monomials of J of degree k, then:

1. Ju=0,for k<d-—1.

2. |Ji| =j(i+ 1), for k=d—1+j, where 0 < j <d—1.
3. k| = d(d—1)+2dj + 1971 for k = 2d— 2+ j, where 0 < j < d3 +1—2d.
4 | Ty = LU @2 4y (1), for k= ds —1+j, where 0 < j < d—1.
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5. || = BB 4 d(dy — 1) + j(ds + 2d), for k = d + d3 — 2 + j, where
0<j<d

6. Ji = Sk, for k > 2d + d3 — 2, where Sy, is the set of monomials of degree k.

Proof: Using that |Ji| = |Sk| — H(S/J, k), together with the general fact that
H(S/J,k) = H(S/IL,k), the proof follows immediately from Proposition 2.1.
U

Proposition 2.3. Let 2 < d := d; = do < d3 be positive integers such that
2d < ds+ 1. Let fi, fa, f3 € K[z1,22, 3] be a regular sequence of homogeneous
polynomials of degrees dy,ds,ds. If I = (f1, f2, f3), and J = Gin(I), the generic
initial ideal with respect to the reverse lexicographic order, and S/I has (SLP),
then:

J= (28,2877 a2 for 0 < j < d—1,a57 2 2GRN ) o)
for0<j<d-—2, and
xg3+2j72{x1,x2}d*j for1<j<d).

Proof: We have |Jy| = 2, hence Jy = {z¢7 {x1,z5}}, since J is a strongly stable
ideal. Therefore:

Shad(Jg) = {z{ H{wr, w2}, 28 g {wy, 22},

Now we have two possibilities to analyze: d = 2 and d > 3. First, suppose d > 3.
Using the formulae from Corollary 2.2 we have |Jgy1| — |Shad(J4)| = 1, so
there is only one generator to add to the set Shad(J;) in order to obtain Jyy.

Since J is strongly stable, we have only two possibilities: a:‘li_ng or xf‘lx?,). We

cannot have mfflxg, since otherwise the application

(/1) a-1 5 (S/ s,

with [(S/J)a—1] < |(S/J)a+1] (see Proposition 2.1) would not be injective (0 #
x$71 € (8/.J)4_1 and is mapped to 0), which is a contradiction to the fact that
x3 is a strong Lefschetz element for S/J. Hence:

Jar1 = {28 {21, 223, 2 {1, 221}
We prove by induction on j, with 1 < j < d — 2, that:
d—j—1_2j+1
Jatj = Shad(Jaj—1) U{a] 2y} =

= {207 g, o} e e (g, 2} a8 e {0} )
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The assertion was checked above for 7 = 1. Assume now that the statement is
true for some j < d — 2. Then Shad(Jq;) is the following set:

{27y, 22} 2T g {2} 9,

zfijx?’){xlvl?}zjil . (11 ! ]+1{‘T17$2}}

We have |Jqijy1] — |Shad(Jay;)] = 1, so we must add only one generator to
Shad(Jqyj) to get Jd+]+1 The ideal J, being strongly stable, allows only two
possibilities, namely x4 722373 or 24~ QxQx?SH The second one is not allowed

because the application
il
(S/D)a == (S/T)a+j+1
would not be injective (0 # x{ %3 € (S/J)4 and is mapped to 0), 3 being a

strong-Lefschetz element for S/J. Therefore we must add z{ 7?2z and our
claim is proved. In particular, we obtain
Jada—z = {w{my, 22} 7% afwa{wy, 2}, el T g {w, wa} )

In order to compute Ji, with 2d — 2 < k < d3, we must consider two posibili-
ties.

o 1. d3=2d— 1.

Since | Jag—1| — |Shad(J2q—2)| = 2, there are two generators to add to
Shad(Joq—2). We prove that these generators are x%d_l,xgd_%g. Assuming by
contradiction that we have other generators, since J is strongly stable, it follows

that there is at least one generator from the set

2d—4 2d—6
{z12y" " af, 2ty "ug, $1 332333 e

Then, the application (S/J)2q—3 s, (S/J)Qd 1 would not be injective, a contra-
diction since 3 is a strong Lefschetz element for S/.J. Therefore

Joa—1 = Jag = {{z1, 22} wa{zy, 2212072 737?_133?_1{3717%2}}-

e 2. d3>2d—1.

Since |Jog—1| — |Shad(Jaq—2)| = 1, there is only one generator to add to
Shad(J2q—2), which can be selected from the set

because J is strongly stable. In a similar manner to what we have done above can
be shown that, x3 being a strong Lefschetz element, leaves us as unique possibility

22971 therefore:

Jad—1 = {{z1, 2227 wywa{my, 2212473, L a T  ed T o 20} )
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One can easily show, using induction on 1 < j < d3 —2d, if case, that |Jag_14;| =
|Shad(Jag—2+;)| and Jog—14; is the set

}2d—1+j7. ) }Qd—l’

{{1'17372 -;mg{thZ

ad ey {ay, 20}2072, L e T e Yy a0} )

In particular, we obtain that Jg,_1 is the set
{{mla xz}d3717 L) zg372d{ml’ x2}2d717

gg 2d+1$1{$1,$2}2d_3 ) xgg d—1 71{37171,2}}-

Since |Jy4,| — |Shad(Ja,—1)] = 1, the generator which has to be add to
Shad(J4,-1) can be selected from the set

24-2,d3—2d+2 244, ds—2d+3 ds—d
{23 » 1T Loy Pada Ty

2d—2 d3 2d+2

such that J is strongly stable. The generator is z; , otherwise the

| d3—2d+3
application (S/J)24-3 B, (S/J)as is not injective, a contradiction, since x3

is a strong Lefschetz element for S/J. Hence, we get that Jy, is
{{wy, )%, ... a$g372d+2{x1,x2}2d*27

$%$g3_2d+3{$1, $2}2d_57 » d3 d 1{1’1, «TQ}}

and one can check that is the same formula as in 1.(d3 =2d—1).
Now, we show by induction on 1 < j < d — 2 that

Jig+j = Shad(Jg,—14;) U {a3 2 222 2 0 0n )Y,

Indeed, for j = 1, |Jg 41| — |[Shad(J4,)| = 2 and the generators which must be

added are xlmgd_4xg372d+4,xgd_?’a:g?’*z‘”‘l. If not, since J is strongly stable,

then at least one of the generators belongs to the set
2d—6,d3—2d+5 d—2_2_ dz—d+1
{wfay" Pag®” - Ly Twdas T - }
d3—2d+5
(for d = 3 this is the emptyset). but then the map (S/J)2q—4 T, (S/J)ds+1
is not injective, contradiction.

Assume now that we proved the assertion for some j < d—2. Then |Jy4, +4+1|—
|Shad(Ja,+;)| = j+2 and the new generators are z3%~ >~ g4 2424 (0 g i1,
Indeed, if not, since .J is strongly stable, then at least one of the generators be-

2 2d-2j—6 ds—2d+2 ds—d-+j+1 .
longs to the set {a] 5% 20 p s 724F ]+5 872235 T (for d = 3 this

332442545
is the emptyset...) but then the map (S/J)2q—;—4 T, (S/J)dg+j+1 is not
injective, contradiction, and we are done. Hence,

2o} B2 g {ay, @} BT 2 e}

Jd3+d—2 = {{$1,



40 Mircea Cimpoeas

We prove by induction on 1 < j < d that Jyyrg,—24; = Shad(Jitd,—3+5) U
x§3+2j_2{3:1,x2}d’j. If j = 1 then |Jgtas—1] — |Shad(Jatda,—2)| = d so we must
add d generators, which are precisely the elements of the set acga{xl,xg}dfl.
Indeed, if we have a generator which does not belong to the set it is divisible

dz+1
by 243*" and therefore the map (S/.J)q_2 B (8/J)dsrd-1 is not injective,
which is a contradiction with x5 is a strong Lefschetz element for S/J (the map
has to be bijective). The induction step is similar and finally we obtain that
Jds+2d—2 = Sds+24d—2 and thus we cannot add new minimal generators of J in
degree > d3 + 2d — 2.

In order to complete the proof we must consider now d = 2. The hypoth-
esis implies d3 > 3. We already seen that Jo = {2%, x122} and Shad(Jy) =
{l‘l{l‘l, 372}2, 1‘1.133{.731, .132}}

Using the formulae from Corollary 2.2 we have |J3| — |Shad(Jz2)| = 1, so there
is only one generator to add to the set Shad(Jy) in order to obtain Jy41.

Since J is strongly stable, we have only two possibilities: 3 or z;23. We can
not have z173, since otherwise the application

(S/7)1 2% (S/T)a

with |(S/J)1] < [(S/J)s| (see Proposition 2.1) would not be injective (0 # z; €
(8/J)1 and is mapped to 0), which is a contradiction to the fact that x3 is a
strong Lefschetz element for S/.J. Hence:

Js = {{z1, 22}, m123{21, 22} }.

Assume now ds > 4. One can easily show, using induction on 1 < j < d3 — 4, if
case, that |J3;| = [Shad(J24;)| and Js4; is the set

{{z1, x2}3+j, .. ,xé{xl, acQ}?’7 mé“xl{xl, x9}}.
In particular, we obtain that
Jaz—1 = {{z1, 1’2}d3_1, e ,:vgs_‘l{xl, x2}3, xgg_gxl{xl, x9}}.

Since |Jg,| — |Shad(Ja,—1)] = 1, the generator which has to be add to
Shad(J4,-1) is exactly x%xgrz such that J is strongly stable. Hence, we get

Jd3 = {{x17x2}d33 LR 7$g3_3{$1a$2}37$1$g3_2{$17$2}}7

and one can check that is the same formula as in the case d3 = 3.

Since |Jgz41| — |Shad(Jq,)| = 1, there is only one generator to add to the
set Shad(Jg,) in order to obtain Jg, 1. Since J is strongly stable, we have only
two possibilities: 325>~ or 21233, We can not have z;23°, since otherwise the

application

(/)1 2% (S T)ayr,
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with |(S/J)1] = [(S/J)s| (see Proposition 2.1) would not be injective (0 # z, €
(S/J)1 and is mapped to 0), which is a contradiction to the fact that z3 is a
strong Lefschetz element for S/J. Hence:

Jd3+1 = {{1‘1, Z‘Q}d3+1, ey 1‘5371{.7}1,3?2}2}.

Since |Ju, 12| — [Shad(J4,41)] = 2 and J is strongly stable, we must add z;z3 ™

d.

and zo25* " at Shad(Ja,11) in order to obtain Jg,4o. Hence Jyz42 = Sayra \
{24272} Finally, since Ju, 43 = Sa,+3 we add 232" at Shad(J4,12) and thus we
cannot add new minimal generators of J in degree > ds + 2. 0

Corollary 2.4. In the conditions of the above proposition, the number of minimal
generators of J is d*> +d + 1.

Example 2.5. Let di = dy = 3 and d3 = 9. Proposition 2.3 implies:

_ 3 .2 3 .5 4.5 2.7 3.7 .9 2 11 13
J = (x7, xiT2, T1T5, TH, T3T3, T1T5T5, Toxs, Ta{xy, 2}, vz {r1,22}, 5°).
e Subcase di < dy < d3.

Proposition 2.6. Let 2 < dy < dy < ds be positive integers such that
d1 + do < d3 + 1. The Hilbert function of the standard graded complete in-
tersection A = K[x1,xo,x3]/1, where I is the ideal generated by f1, f2, f3, with
fi homogeneous polynomials of degree d;, for all ¢, with 1 < ¢ < 3, has the form:

1. H(Ak) = ("1?), for k < dy — 1.
2. H(A k) = (dljl) +jdy, for k= j+d; — 1, where 0 < j < dy — d;.

3. H(AK) = (") 4 di(dy — di) + 30, (dy — i), for k = j +do — 1, where
0<j<d —1.

4. H(A,k):d1d27f0rd1+d272§k'§d371.
5. H(A,k):H(A,d1+d2+d373fk) for k > ds.

Proof: It follows from [10, Lemma 2.9(a)]. O

Corollary 2.7. In the conditions of Proposition 2.6, let J = Gin(I) be the
generic initial ideal of I with respect to the reverse lexicographic order. If we
denote by Ji the set of monomials of J of degree k, then:

1 [Je| =0, for k< d—1.
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2. |Jg| =3(j+1)/2, for k=j+d; — 1, where 0 < j < dy — d;.
3. || = (dz_dl)((gg_dl_l)) +j(dy—d1)+4(j+ 1), for k =7+ ds — 1, where
0<j<d —1

4. \J\—M—Fj(ah—kdz)—i—](j 1) , for k = j 4+ dy + dy — 2, where
Ogjgdgfdl dy + 1.

5. | Jy| = ditda2dids 4 545 41), for k= j+ds—1 where 0 < j < dy — 1.

6. || = (d1+d3)(d1+d3—21)+d?—d1—2d1d2 +(ds +2dy) + @7 for k= j+di +
d3 — 2, where 0 < j <ds —dj .

7. |Jk] = (d2+d3)(d2+d32—1)+d1(d1—1) +j(dy 4+ dy +ds), for k = da +ds — 2, where
0<j<dy —1.

8. Jip = S, for k > 3d — 2.

Proposition 2.8. Let 2 < d; < do < d3 be positive integers such that d; +
dy < ds+ 1. Let fi, fo, f3 € K[x1,x2, 23] be a regular sequence of homogeneous
polynomials of degrees dy, da,ds. If I = (f1, f2, f3) ,J = Gin(I), the generic initial
ideal with respect to the reverse lexicographic order, and S/I has (SLP),then:

di—j do—di+25—1 . — — —dq—
J = (mgl’xll ]l‘22 1+2j for1<j<d —1, xgl+d2 17 xgl+d2 ngs d1 derZ7

ds—dy—da-+2j+2 iy +da—2) =2 j :

zg’ U TR r, e} for 1< <di -2,
dgtdy—d3—2425 dz—dy+1—j di—1 -

xR Te? T T T g, 20} T for 1 < j <dy —dy,

$g3+d2_d1+2j_2{.’1717mQ}dl_j forl<j<d).

Proof: We have |Jy,| = 1, hence J4, = {av‘lil}7 since J is a strongly stable ideal.
Therefore:
Shad(Jg,) = {a{ {z1, x2}, 2$ x5}

Assume dy > d; + 1. Since |Jg4, 41| = |[Shad(Jg,)| from the formulae of 2.7, if
follows Jg4, +1 = Shad(J4,). We prove by induction on 1 < j < dy — d; — 1 that

Jar v = Shad(Ja,1j-1) = {21 {zr, wo} waa{ {z, @} 7, 2da' ),

Indeed, the case j = 1 is already proved. Suppose the assertion is true for some
j <da—di —1. Since |Jg,4j4+1] — |Shad(J4,+;)| = 0 it follows that

Jd1+j+1 = Shad(Jd1+j) = {iL’(lil {xl, ZL’Q}jJrl, l’g.’ﬂill {.Tl, xg}j, e, I j+1 }
thus we are done. In particular, we get

Jag—1 = {a{{a, 22} 207 mga {zy, 2o} 72 P )
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which is the same formula as in the case dy = d; + 1.

We have |Jg,| — |Shad(J4,—1)] = 1 so we must add a new generator to
Shad(J4,—1) to obtain Jg,. Since J is strongly stable and z3 is a strong Lef-
schetz element for S/.J this new generator is 2% 1232~ therefore

Jay, = {aP 7 Hay, mo} 20 A goati (o) ap} e b=t gl digdiy
Assume d; > 2. We prove by induction on 1 < j < d; — 1 that
Jay—14; = Shad(Ja,—24;) U {x‘fl_jxg2—d1+2j—1} _ {xffl—j{xl7x2}d2—d1+2j—1’
.Tgl‘(lil_j—i_l{xl, x2}d2—d1+2j—3’ o ,xéxfl {xl’ .’L‘Q}dQ—dl_l, o ’xgz—d1+j—1xill}_

The assertion was proved for 7 = 1. Suppose 1 < j < d; — 1 and the assertion
is true for j. We have |Jg,4;| — |Shad(Ja,—14;5)] = 1, thus we must add a new
generator to Shad(J4,—14;) in order to obtain Jy,4; and since J is strongly stable
and x5 is a strong Lefschetz element for S/J, this is xflfj*lxgrdﬁzjﬂ
are done. In particular, we obtain:

and we

Jaytds—2 = {1 {zr, wo} 0+ =3 waa?{ay, wpphtd2=5
:cgl_lxill {21, w0 42— 01, xglx‘fl {xq,mp}d2—h=2 ,xgrza:‘fl}

and one can check that is the same expression as in the case d; = 2.
In order to compute Ji, with 2d — 2 < k < d3, we must consider two possibil-
ities.

L] 1.d3:d1+d2—1.

Since |Jg,+dy—1]| — |Shad(Ja,+d,—2)] = 2, there are two generators to add
to Shad(Jg4,+dy—2) t0 get Jg, +d,—1, but on the other hand J is strongly sta-
ble and x5 is a strong Lefschetz element for S/J so these generators must be
ptde=l pditda=2,0  Therefore:

}d1+d2—1 }d1+d2—2’_._ di d2*1}.

Jaydo—1 = Ja, = {{z1,22 s w3{xy, o

e 2.ds>dy +dy— 1.

Since |Jg,+dy—1| — |Shad(Jg, +d,—2)| = 1, there is only one generator to add
to Shad(Jaq—2), which is precisely xgﬁdrl since J is strongly stable and x3 is
a strong Lefschetz element for S/.J. Therefore

Jasrdy—1 = {{z1, 22} T2 myag{ay, 2} T8 L a2 )

One can easily show, using induction on 1 < j < d3 — d; — do, if case, that
| Ja,+da—1+45] = |Shad(Ja, +d,—2+;)| and Jg, 4-d,-1+; 1s the set

{{my, mo I T Tt o Loy g }dTdrtda=2 ’xé{xl, DY SR
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Jj+1 di+da—3 di+j _d do—di—1 j+da—1_d
g w{xy, e} T gt i e, e} T, L 2 x'}
ds—1 ds—2 ds—dy—d dy+day—1
So Jg,—1 = {{z1, 22} 7 ws{wr, o}, 23T T wy, mp f TR
d3z—di—ds+1 di1+dy—3 ds—ds _.dq do—di1—1 ds—di—1 _.dq
x5 zi{m, xe} T 2T R o, we JTN T, L 2 7'}

Since |Jg,| — |Shad(J4,—1)| = 1, J is strongly stable and x5 is a strong Lef-
schetz element for S/J, the generator which has to be added to Shad(J4,—1) is
x§1+d2_2x§3_d1_d2+2. Hence, we get

d ds—1 ds—d1—da+2 dy+dy—2
Ja, = {{m1, 22} wa{wy, w7, a TN TR gy T2
ds—di—da+3 2 dy+dy—5 ds—da+1,.d do—di—1 ds—dy , d
g T MRy, me TR T L a T {  wy, ma } T T L g M,

and one can check that is the same formula as in 1.(d3 = d; + d2 — 1).
Assume now d; > 2. We show by induction on 1 < j < d; — 2 that

Jayrj = Shad(Ja;—145)U
U{x{xgz*d1*d2+2j+2xgl+d272j72’ o
Indeed, for j = 1, |Jgy41| — |Shad(Ja,)| = 2 so we must add two generators to
Shad(Jg,) in order to obtain Jg, 1. Since J is strongly stable and 3 is a strong
Lefschetz element for S/.J, these new generators are xlxg?’*dl*dﬁélmgﬁdrgj%
and x§3_d1_d2+4x§1+d272j ~%. Assume now that we proved the assertion for some
Jj < dy —2. Then |Jguqj41| — [Shad(Ja,+;)| = j + 2 and since J is strongly

stable and z3 is a strong Lefschetz element for S/J, the new generators are
ds*d1*d2+2j+4xd1+d2*2j*4
2

dz—dy—da+2j+2 di+d2—2—j
Ty x5 }.

x5 {x1, 227 F! as required. Hence, we get
_ di+ds—2 ds+di—da—2 d
Jayvds—2 = {{z1, 22} M 570 PN TR T @y w0},
x‘flxgﬁdl*drl{xl, 332}d2, . ,x’flxggfz},

and one can check that is the same formula as in the case d; = 2.

We have |Jg, 1d5—1]|—|Shad(J4, +d5—2)| = d1 so we must add d; new generators
to Shad(J4,+d,—2) and since J is strongly stable and z3 is a strong Lefschetz
element for S/J, they are xg3+d1_d2xg"’_dl {21,221 ~1. Therefore Jg, 1 q, 1 is
the set

{{xl, mg}dl-l-ds—l’ " xg3+d1*d2 {-fh 1‘2}d2_1,

dy ds+di—ds+1 do—dqi—2 dy d3z—1
x{t s {1, 20} 27077 a2 ]

Suppose d; > 2. We prove by induction on 1 < j < ds — d;y that:

Ty bdy—2+5 = Shad(Ja, yay—a+5) U {2 TR0 gy gpyhi—ty =

_ di+dz—2+j dy+dy —da—2+27 do—3j
7{{37171'2} ! 3 ]7"'7x33 ! 2 {xlva} 2 ]a
dy d3+di—d2—1425 do—dy1—j—1 dy, d3—2+j
x7'xy {Z1, a2 07770 L atxy }.

We already proved this for j = 1. Suppose the assertion is true for some j <
do — dy. Since |Jg,t+ds—1+5] — |[Shad(Ja,+ds—2+5)] = di1 we must add di new
generators to Shad(Jg, +d4,—2+;) and these new generators are
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dz+d1—da—2+2j do—di+1—j di—1
x5 Ty {z1, 22}

because J is strongly stable and x3 is a strong Lefschetz element for S/J. In
particular, we get:

Japtds—2 = {{x1, 22} 2872 golyy goydatds=3 | plstde=di=27g pydi}

which is the same formula as in the case dy = 2.
We prove by induction on 1 < j < dy that

Jiytds—2+j = Shad(Juayras—z4j) U {z@ TR BT272 00 gay =iy,

If j = 1 then |Jyy4ds—1| — |Shad(J4,+d5—2)| = di so we must add dy generators,
which are precisely the elements of the set a;gg {x1,22}971 since J is strongly
stable and z3 is a strong Lefschetz element for S/J. The induction step is similar
and finally we obtain that Jg,124—2 = Sd,+24—2 and thus we cannot add new
minimal generators of J in degrees > ds + 2d — 2. 0

Corollary 2.9. In the conditions of the above proposition, the number of minimal
generators of J is 1 + dy + dids.

Example 2.10. Let d; =3, d; =4 and d3 = 9. Then

(3 2.2 4 6 5 6.3
J = (z3, zir3, x123, x5, Tows, Tars{xi,za},

9623?2{13171‘2}2, $é0{$1,$2}27 5652{3317962}7 $§,4)-

3 Case dy +dy >ds+1.

e Subcase di = dy = ds.

Proposition 3.1. Let 2 < d := d; = d2 = d3 be positive integers. The Hilbert
function of the standard graded complete intersection A = K[x1,xo,x3]/I, where
I is the ideal generated by f1, fo, f3, with f; homogeneous polynomials of degree
d;, for all 4, with 1 <4 < 3, has the form:

H(A k) = (k;f), for k <d—1.
2. H(A k) = (k;ﬂ) _w7f0rk2j+d—l, where 0 < j < L%J
3. H(A, k)= H(A,3d—k —3), for k > [34=3].

Proof: It follows from [10, Lemma 2.9(b)]. 0
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Corollary 3.2. In the conditions of Proposition 3.1, let J = Gin(I) be the
generic initial ideal of I with respect to the reverse lexicographic order. If we
denote by Ji the set of monomials of J of degree k, then:

1. |Jx| =0, for k<d—1.
2. |Jy| = 2 for k= d — 1+ j, where 0 < j < [3%].

3. If d is even, then |Ji| = 3d2+3§(4j+2) + Bj(j;l)), for k = j + M%Q, where
0<j< G2

Ifdisodd,then\Jk\:w—l—%,fork:j—i—&i%,where()gjg
at

4 | Ty = 292D 4354, for k= j+2d — 2, where 0 < j < d — 1.

5. Jg = Sk, for k > 3d — 2.

Proposition 3.3. Let 2 < d := d; = dy = d3 be positive integers. Let
f1, f2, f3 € Klx1,29,23] be a regular sequence of homogeneous polynomials of
degrees dy,ds,ds. If I = (f1, fa, f3) , J = Gin(]), the generic initial ideal with
respect to the reverse lexicographic order, and S/I has (SLP), then:

- d—2j-1_3j+1 _d—2j—2 3j+2 . _d=3
J = (ér? 2{x17$2}27x1 ! x2j+ 7$1 7 $2j+ fO'I" 1 S ] g ?’
3d—1 3d—3 . . 3d—3 . . 3d—3 .
E 2541 25 —3j 25+1 =J
Ty ,x3T9° Ty XLy ? R A ,
; —2+42j d— .
I<j< T3 {z1,22}77,1 < j < d)

if d is odd, or

_d=2 2 d—2j-1 3j4+1 d—2j—2 3j+2 . _d—4
J = (2] ez, 22}, 2] xy’ T a] x5 for1§]§72 ,

3d—4 3d2—2 2j 2j—1 34-3; 2j 3d2—2 —j
s Ty 2, XT3 T Ty Y TR Ty ,

d— 2 _ . .
1§j§T7$§ 2+2j{1‘1,x2}d_]71 S]Sd)
if d is even.

Proof: We have |.Jg| = 3, hence J; = {x{2{x1, x2}?}, since J is strongly stable
and x3 is strong Lefschetz for S/.J. Therefore:

Shad(Ja) = {a{ {1, 22}°, 2 *ws{w1, 22}°}.

Now we have four possibilities to analyze: d =2, d =3, d =4 and d > 5.
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d = 2. Using the formulae from Corrolary 3.2 we have |Js| — |Shad(J2)| = 2
so there are two generators to add to Shad(Jz) to obtain J3. Since J is strongly
stable and 23 is a strong Lefschetz element for S/J these new generators are z3x;
and z3xs. Therefore

Js = {{z1, 22}, 23{w1, 22} %, 23 {71, 22} }.

Since |Jy| — |Shad(J3)| = 1 there is only one generator to add to Shad(J3) and
this is precisely m%. It follows J; = S, and thus we cannot add new minimal
generators of J in degree > 5.

d = 3. We have |J4| — |Shad(J3)| = 2 so there are two generators to add to
Shad(J3) to obtain Jy. Since J is strongly stable and z3 is a strong Lefschetz

element for S/J these new generators are z3 and z3x3. Therefore

Jo = {{z1, 22}, m3{zy, 2217}

Since |J5| — |Shad(J4)| = 3 there are three new monomials to add to Shad(Jy)
in order to obtain J5. Since J is strongly stable and x3 is a strong Lefschetz
element for S/J these new generators are z3{z1,z2}2. Analogously, we must add
two new monomial to Shad(Js) in order to obtain Js and these are x3{z1,x2}.
Finally, we will add 2} and thus we cannot add new minimal generators of J in
degree > 7.

d = 4. We have |Jy4| — |Shad(J3)| = 2 so there are two generators to add to
Shad(Js) to obtain Js. Since J is strongly stable and x5 is a strong Lefschetz
element for S/.J these new generators are r1z3 and x3. Therefore

Js = {{z1, 22}, afwg{ar, w2)?}.
Since |Jg| — |Shad(J5)| = 2 there are two new monomials to add to Shad(Js)

in order to obtain Jg and using the usual argument these new monomials are

r3x123, 1323, Tt follows

J6 = {{:I;l,.%'2}6,1'3{1'1,1'2}571'%{37171'2}4}.

Finally, we will add consequently x3{z1, z2}?, 25{x1,22}?, 25{x1, 72} and z1°.
Suppose now d > 5. We have |Jg41| — |Shad(Jq)| = 2 so there are two

generators to add to Shad(Jy) to obtain Jyi1. Since J is strongly stable and 3

is a strong Lefschetz element for S/J these new generators are xfli_gx%, 1:‘11_4332.

It follows

Jar1 = {2 Y, 22)%, 2 2ag{wr, 20}, {23 {1, 22)%).
We prove by induction on j, with 1 < j < {d—g?’J that

Jars = Shad(Jayj—1) U™ ag o™ 22772 =

= {2072 gy e} T Ly oYY a2 0} 2,
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the assertion being checked for j = 1. Assume now that the statement is true for
some j < L J Then
Shad(Ja+;) =

— {m‘f72j72{x17m2}3j+3 ‘11 2= $3{x171'2}3j+2, . ,xfdmgﬂ{ml,xg}z}.

Since |Jgtj4+1| — |Shad(J44;)| = 2 we must add two generators to Shad(Ja+;)
to obtain Jg4j4+1. Using the fact that J is strongly stable and x3 is a strong
Lefschetz element for S/.J it follows that these new generators are

d 25— 3$§g+4 (11—2]'—4xgj+5,
so the induction step is fulfilled.

We must consider now two possibilities.

1. d is odd. We obtain

3d— sd 11 5 4=3
Jades = {x1{x1,22} 7 a:lxg{xl,xg} ,...,x‘{l 23:32 {xl,xQ}Q}.

Since |Jaa—1|—|Shad(Jza—3 )| = 2 there are two generators to add to Shad(Jza—s)
2 2 2
3d—1 3d—3
to obtain Jsa—1, and they must be z, * , 232, ° using the usual argument.
2

Therefore,

3d—1 3d—3 5 4=1
J3dz;1 :{{xth}T,:Bg{xl,:vg}T,...,x‘li 2:632 {x1,22}%}.

Since |J% |— |Shad(J%)\ = 1 we must add a 3 new generators to Shad(J%)

to obtain Jsai1 and since J is strongly stable and x3 is a strong Lefschetz element
2 3d—9 3d—7 3d—5

for S/J, they are 223w, 2 ,z1232, 2 232, °
We prove by induction on j, with 1 <5 < % that

d,3_ . . 3d—3 _ .
JSd Ly = {Sha,d(JSd 34 )}U{SCQJJFI %j 3];...7$§j+1$2 2 j} =
3d 1 i
= {{z1,22} 7 ,...,x§j+1{l‘1,$2
3d— 11_ _ d=144
2]+2 2]+3{l’1,$2} 3Ja---7x(11 21‘32 J{x17x2}2}'

This assertion is proved for j = 1. Assume the assertion is true for some j < %.

Since \Jsd+1 = ‘Sha/d(JSd—l ;)| =2j+3 we must add 2j + 3 new generators to

Shad(Jza-1 8d-1 ) in order to obtam J LIEE The usual argument implies that those
3d—d . . 3d—3 .

new generators are x5’ oz T, 2 3] s AR N ' which conclude

the induction.
2. d is even. We obtain

3d— Sd 14 oy d=4
‘]% :{93%{5017@} 2 ZE11’3{I17I2} 7"'3I{1i 2933.2 {$1a$2}2}-
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We have |Jaa—2| — |Shad(Jza-4)| = 2 so we must add two new generators to
2 2
Shad(J3d2_4) to obtain Jaaa. Since J is strongly stable and x3 is a strong Lef-

3d—4 3d—2
and z, > , therefore

schetz element for S/J, they are z1z, 2

3 3d— d-2
J@ = {{xl,xg}%,x%xg,{xl,xg}s% . g ’x(11—2x32 {wl,xg}Q}.
Since \J% | — \Shad(Jyﬂ = 2 we must add two new generators to Shad(Jy)

in order to obtain J 34 and since J is strongly stable and z3 is a strong Lefschetz
3d—6 3d—4
element for S/J, they are z1737z, > and x3z, °

. . . . . d—2
We prove by induction on j, with 1 < j < 5= that

Jsaa = Shad(Jaas ) U{a¥a@ el T a¥a, T
saz ;= Sha ( 3d2—4+j) {z5’ a7 25 s, X5 T }.
The assertion has been proved for j = 1 and suppose it is true for some

j < %52, Since | Jaa 45| — |Shad(J342;2+j)| = 25 + 2 we must add 2j + 2 gen-
erators to Shad(Jsa—z2 , ;)
2

and z3 is a strong Lefschetz element for S/.J they must be

in order to obtain J 344 and since J is strongly stable

. . 3d . . 3d—4 .
2j4+2 2j+1 5—35-3 2j+2 “5——J
xy TCa T sees @y Ty ,
which conclude the induction.
Either if d is even, either if d is odd, we obtain
2d—2 2d—2 d—2 d
Joa—2 = {{z1, 22} sw3{xy, xa} ooy {xy, e} =

= {1, 22} a1, 22, 23}97%}.

Since |Jog—1| — |Shad(J2q—2)| = d we must add d new generators to Shad(J2q—2)
to obtain Jog_1. But J is strongly stable and x3 is a strong Lefschetz element for
S/J, so we must add x9{xy, z2}47L, therefore Jog_1 = {{x1, 22} a1, 22, 23}9}.
Using induction on j < d, we prove that

Jog—24j = Shad(szfsﬂ)U{wg_?”j{xl,xz}d‘j} = {x1, 22} {21, 20, 23},

For j = 1 we already proved. Suppose the assertion is true for j < d. We
have |Jog—14;| — |Shad(J2q—24;)| = d — j so we must add d — j new monomials
to Shad(Jaq—2+;) to obtain Jog—14; and from the usual argument, these new
monomials are xgﬁj{xl,xg}d*j’l. Finally, since J3q_2 = S34_2 we cannot add
new minimal generators of J in degree > 3d — 2. D

Corollary 3.4. In the conditions above, the number of minimal generators of J

isl+@+% when d is odd, 0r1+@+@ when d is even.
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Example 3.5. 1. Letdy =dy =ds =5. Then
J = (3w, 22}, 2325, xia), af, wzal, adad{r, x}?,
w3{wy, 2o}, wi{wy, 20}°, 23{wr, 22}?, 23wy, 20}, 3P).
2. Let dy =doy =d3 =6. Then

J = (lel{zlaxQ}Q’ xi’x%, x%xg, JZ1$;, l‘g, xgxg{xhw?}a ajg‘ré{xlal@}sa

xg{$1,$2}5, $§{$1,$2}4, xilio{xlvxZ}gv x?2{x17x2}2v $(154{£Cl,(£2}, Z?(;)
e Subcase di = dy < d3.

Proposition 3.6. Let 2 < d := d; = d2 < d3 be positive integers such that
di1 + do > d3 + 1. The Hilbert function of the standard graded complete inter-
section A = K{[x1,z9, 23]/, where I is the ideal generated by f1, fa, f3, with f;
homogeneous polynomials of degree d;, for all i, with 1 < ¢ < 3, has the form:

1. H(A k)= ("]?), for k<d—1.
2. H(A k) = (d;rl) +Zle(d—i)7 for k=j+d—1, where 0 < j <ds—d.

3. HAK) = (5 + 5814 d — i) + X0, (2d — d3 — 2i), for k= j +d3 — 1,
where 0 < j < [%J.

4. H(Ak) = H(A,ds +2d — 3 — k) for k > [4+24=3],

Proof: It follows from [10, Lemma 2.9(b)]. O

Corollary 3.7. In the conditions of Proposition 3.6, let J = Gin(I) be the
generic initial ideal of I with respect to the reverse lexicographic order. If we
denote by Ji the set of monomials of J of degree k, then:

1. |Jg| =0, for k <d—1.
2. |Jk| =4 +1), for k=j+d—1where 0 < j <ds—d.

3. | Jy| = df + ds — d®> — d — 2ddy + j(2d3 — d) + TL for k = j+dy — 1,
where 0 < 5 < [%J.

2 2 . cr.
4. If d3 is even then |J,,| = 4 +3d3;4dd3+4d + j(2d2+d3) + SJ(J;I), for k =
J+ 72‘“'33_2, where 0 < 75 < 72"1_33_2.

2 2 . cr .
If d3 is odd then |Jj,| = 2Bt -Adds=3  JRATA=3) | 3G fop g =

.| 2d+ds-3 _ 2d—ds—1
J+ 2483 where 0 < j < 2=t




Generic initial ideal for complete intersections 51

5. || = 3d2 — 2d + LU _oqdy 1 (4d — d3)j + j(j — 1), for k= j+2d 2,
where 0 < j < d3 —d.

6. |Jy| = WHdldidstl) _ ddED) 4 (94 4 dy), for k = j + d3 + d — 2, where
0<j<d-—1.

7. J, =8, for k> 3d— 2.

Proposition 3.8. Let 2 < d := d; = d2 < d3 be positive integers such that
2d > ds + 1. Let f1, fo, f3 € K[x1, 22, 23] be a regular sequence of homogeneous
polynomials of degrees dy,ds,ds. If I = (f1, f2, f3), J = Gin(I), the generic
initial ideal with respect to the reverse lexicographic order and S/I has (SLP),
then if d3 is even, we have:

J= (xf,x?71x27xf_j_lx§j+l} for1<j<ds—d-—1,

2d—dy—2j+1 2ds—2d+3j—2 2d—ds—2j 2ds—2d+3j—1 . 2d—d3
7 3 j+x23 +3J , Ty 3 jx23 +37 fOT‘lS]S 7

. ) 2d+dz—2 . . 2d+dz—4 . 2d — da — 2
2j 2j—1 —=5——3j] 2j 5 ——J . 3
T3 T Ty yeres T3 To forlgjgf,

2d—dz—242j _2ds—2d+2—2j 2d—dz+j—2 :
xg o My, w2721 < j < ds —d,
ds—2+2; d—j .
x5? Hay, 2} 477,11 < j < d).
Otherwise, if ds is odd, we have

J = (x‘f,xﬁl_lzg,znf_j_lxgjﬂ for1<j<d3—d-—1,

2d—ds—2j+1 2ds—2d+3j—2 2d—ds—2j 2ds—2d+3j—1 . _2d—d3—1
T 3 ]+(L'3 +37 T 327 1.2d3 +37 fOTlS]S
1 2 ) TY 2 — s
2d+dg—1 2d+d3—3 . . 2d+d3—3 o . 2d+d3—3 .
3 3 2j+1 25 3 —3j 25+1 3 —J
Tq , T3Tqy i i R ol ,

2d —d3 —3  oq_g,—2+2; j ;
) —d3—242j 2d3—2d+2-2j 2d—ds+j—2
1§]§f,x3 3 x5 {1, 22} 3v)—=2,

1<j<dg—dz > p) 2,}9791<j <d).

Proof: We note first that d > 3. Indeed, if d = 2 then the condition 2d >
ds + 1 implies d3 = 2 which is a contradiction. We have |J4| = 2, hence J; =
x‘lifl{:vl,:cg}, since J is strongly stable. Therefore:

Shad(Jg) = {xf‘l{xl, 12}2, xf‘lxg{xl, ot}

Assume d3 > d + 1. Since |Jg11| — |Shad(Jg)] = 1 we must add a new generator
to Shad(Jy) in order to obtain Jy41. On the other hand, J is strongly stable
and x3 is a strong Lefschetz element for S/.J so this new generator is x{ 23,
therefore

Jarr = {a§ 7 {z1, 22}, 2 as{wy, 20} ).
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We prove by induction on 1 < j <ds —d — 1 that

Jatj = Shad(Jg—14,;) U {2l 7 a3t} =

{$f7j71{$17 1’2}2j+1, ceey ff_1$§{331, 1’2}}

The case j = 1 was done. Suppose the assertion is true for some j < d3 — d — 1.
Then, since |Jgtj+1]|—|Shad(Jay;)| = 1 it follows that we must add one generator
to Shad(Jq+;) in order to obtain Jgi,41. Since J is strongly stable and z3 is a
strong Lefschetz element for S/.J, this new generator must be z{ 7/ %22"%. In
particular,

Jag—1 = {27775 @y, w2 72071 g0 et gy (g, 3y} 2072473

I L F AR S
which is the same formula as in the case d3 = d + 1.

We need to consider several possibilities. First, suppose d3 = 2d — 2. We have
|Jas| — |Shad(J45—-1)| = 2 so we must add two generators to Shad(J4,—1) in order
to obtain Jy, = Jog—2. But since J is strongly stable and x5 is a strong Lefschetz
element for S/.J, these new generators are z 257> 2d=2,

Suppose now dz < 2d — 2. Since |Jy4,| — |Shad(J4,-1)] = 2 we must add two
generators to Shad(J4,—1) in order to obtain Jy,. J strongly stable and z3 is a
strong Lefschetz element for S/.J force us to choose

)

'r%dfdgflxgdg72d~‘r17 x?d*d372x§d372d+2

o)
Jay = {xidfd;;fQ{xl,x2}2d3—2d’x§d7¢i3x3{xl’x2}2d3—2d—17
x?d—d3+1x§{x17x2}2d3—2d—3}.

We show by induction on 1 < 5 < LLS"’HJ that

_ 2d—ds—2j+1 2ds—2d+3j—2 2d—ds—2j 2ds—2d+3j—1y _

Jas—145 = Shad(Jg,—24;) {7 ™ x5 sy Ty b=
2d—ds—2; 2d3—2d+3j—1 2d—ds—2j+2 2d3—2d+3j—4

= @] T BT gy, 3o PRI T g 0T BT T ) g} Re TSI

J .2d—d: 2d3—2d—1 _j+1 _2d—d3+1 2d3—2d—3
S EATE Y s wy o wy PT wy, wp ) ,

.. ,gch_d_Hjx‘li*l{a:l, xa}}.

We already done the case 7 = 1. Suppose the assertion is true for some
j < {Z‘i*éﬁj. We have |Jg 45| — |Shad(J4,45-1)| = 2 so we add two gener-
ators to Shad(J4,+;-1) and they must be

2d—ds—27—1 2ds3—2d+3j+1 2d—d3—27—2 2d3—2d+3j+2
7 3—2) xza +j+,1‘1 3—2) 3323 +3j+
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from the usual argument. In the following, we distinguish between two possibili-
ties: d is even or d is odd. If d is even, we get

2d+d3 8 2d+d3—14
J2cl+d3 o = {23{x1, 20} ,x3xi{ry, o} yeees
2d-d3-2 £2d-d 2d3—2d—1 e
Tq 3wy, o} ey g 2oy {wo, e}
We have |J2ataz—2| — |Shad(sz+d3_4)| = 2 so we add two generators to
2 2 2d+ds—4  2d+d3—2
Shad(J24+a3-4) and they must be z12y, 2 |z, 2 ,so:
2
2d+d3 2 2d+d3 8
J2d+d3 2 = {{xl,xg} $3$1{£1,$2} yeees
259 2d—d 2ds5—2d—1 B2 a1
2 —as 3 - 2 -
Ty 2 I {z1,22}°% ey g 2y {za, et}
One can easily show by induction on 1 < j < %, if case, that
2d+d3—2 . 2d+dz—4 .
_ 2]23177% e A
J2d+{213—2+j = Shad(J2d+{2i3 —4 )U{ Ty 2 yeees Ly Ty } =
2d+d3 2 2d+dd 27 . 2]+1 2]+2 2d+d3—8 _35
- {{xlvng} x,‘_’, {1'1,;'172} ]a {$17$2} 2 J?
—ds
2

Jac%d dJ{xl,xQ}Qd?’ 2d 1,...,x32 ]xf 1{x1,m2}}.

Indeed, if j = 1, we have |Jz2da+as +j|— |Shad(J2d+d3—2 +j)| = 2 so we must add two
2 2

.,x3

monomials to Shad(J2a+az-2 in order to obtain J2d+ds Since J is strongly
2 2

1) i

stable and x3 is a strong Lefschetz element for S/J, these new monomials are
2d+dz—2 4 2d+dz—2 _,

r3T1Ty 2 and 3z, ° . The induction step is similar.

2d+dd -5

2d+d3—11

If d is odd, we have J2d+d3 3 = {xl{xl,xg} 2373 {T1, T2} e

2d— d3—1 2d d
T3 {a, wpy2ds—2d=1 E “Hag,22}}
Since ‘J2d+d3—l| - |Shad(<]2d+d3 3)\ = 2 we add two generators to
Shad(J2d+d3 3) in order to obtam Ja2draz—1. Since J is strongly stable and x3 is a
2

2d4dg—1 2d+d3—3

strong Lefschetz element for S/.J, these new monomials are x, 2 ,z3zy 2

therefore:

J2d+d3—1 = {{«TChmZ}

2d+d3 2d+d3 3 2d+d3—11
$3{!E1,(E2} xsed{xy, xo) yeres

2445l i—dy 2ds—2d—1 daml g4
Tq x] {1, 22} ooy 2wy {xe, w2t}

Assume d3 < 2d—3 (otherwise 24+95=1 = 24—2). | Jaar a1 | —|Shad(Jzaras—s )| =

3 so we must add 3 generators to Shad(J2a+d3-3) to obtain Jzataz+1. The usual

2d+d3— 92 . 2d+d3—7 2?i+d375
argument implies that they are x3z3x, 2 ,:clxgxz > a3z, °  and thus
2d+d3+1 2d+d3 2d+d3 3
J2d+d3+l = {{xl,xQ} 3;‘3{3?1,.732} JJ3{$1,$2} 5
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2dtds =5 2422813 5d—d; 2d5—2d—1 Brl -1
r3{x1, 20} ey g 2] B{ay, ma ooy xg 22 {xe, 22}})
One can easily prove by induction on 1 < j < M‘éﬁ that

2d+d3—3 . . 2d+d3—3
2j+1_2j ~—5——3 2j41 g —
J2d+d3—1+j = Shad(szeraf?, )U {CL‘ it $1J$2 J, ey $3J+ Ty ]} =
2 2

2dtdg—11_ 4,

2d+d3 2d+d3—=3 . o9 +2 2j+3 2d+dg—11
jvx / j {l’l,l’g} 2 )

f{{xl,xg} ...,$§j+1{’l}1,$2} 2
2d— d3+
T3

+ 5 —2d— dazlyg g
J 2d ds{l‘l, 2}2dd 2d 1’.“7.,1332 Jl‘il 1{.2317.%‘2}}.

In all cases above, we get:

}2d—2 }2d—3, o

Jaa—2 = {{z1, 22 cw3{xy, o
x§d7d372{x1, xQ}dg,xgdfd_gflx?dfdg {xh $2}2d3_2d_1, o ,$g72$(1i71{.’1}1, .TQ}}

We have |Jag—1] — |Shad(Jag—2)] = 2d — d3 so we must add 2d — d3 new
generators to Shad(Joq—2) to obtain Jog_1. We get

Joa—1 = {{z1, 2212w {wy, 221272, L

l‘gdid?’{ﬂfl, Jfg}de'il, x§d7d3+1I%d7d3+l{xl, $2}2d372d73’ o ,Jfg_lﬁil_l{xl, I2}}

One can easily show by induction of 1 < 5 < d3 — d that

9

Jad—24j = Shad(Jog_s4 ;) U {a3? @722 g3l 242720 () gpp)2dmdatiz=2)

= {{z1, 22} 272wy g, mp} 20 0T {3317 zo}

m§d7d371+2j$?d7d3+j{$1, ) S SO d g Yy, 20}

In particular, we get:

Javds—2 = {{z1, 22} 472 ag{xy, ap} =3 2720y 10}9).

We have |Jita,—1] — [Shad(Jitd,—2)| = d so we must add d new generators to
Shad(Jg+ds—2) in order to obtain Jgi4,-1. Since J is strongly stable and z3 is a
strong Lefschetz element for S/J, these new generators are 29° {x, 22 }4~1 so

Jitrds—1 = {{xlax2}d+d3_1; $3{$17$2}d+d3_2, cee m§3{x17932}d_1}~

Now, one can easily prove by induction on 1 < j < d — 1 that Jg44,-24; is the
set
g2t iy
Shad(Jayas—3+;) U {zg" " {wr, 22} } =

= {{x1, xg}d+d3_2+j, .. ,$g3—2+2j{m17 a:g}d_j}.

Finally we obtain that Jg,424—2 = Sd,+24—2 and thus we cannot add new minimal
generators of J in degree > d3 + 2d — 2. 0
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Corollary 3.9. In the conditions of the above proposition, the number of minimal
generators of J is d(d+1) — (%)2 +14fds is even ord(d+1) — % +1
if ds3 is odd.

Example 3.10. 1. Let di =dy =4 and d3 = 6. We have
J = (xf, 23xg, 2223, w25, 25, aiei{xy, w0}, x3ad{n, 20},
zg{x1,12}3, xg{:cl,a:Q}Q, :17%)0{11,302}, 50;132)
2. Letdy =dy =4 and d3 = 5. We have:
J = (3:411, 320, 23T, xlmé, x5, x5xs, x%x%{xl,xQ}Z,

x§{$1,$2}37 1’5{55171'2}2; wg{thQ}a xél)
e Subcase di < dy = d3.

Proposition 3.11. Let 2 < dy < dy = d3 =: d be positive integers. The Hilbert
function of the standard graded complete intersection A = K[x1,x2,x3]/I, where
I is the ideal generated by f1, fo, f3, with f; homogeneous polynomials of degree
d;, for all i, with 1 <4 < 3, has the form:

1. H = (M), for k < dy —2.
2. H(A k)= (") + jd, for k= j + di—, where 0 < j < d — d;.
3. H . Y+ di(d - dl)—i—zl 1(dy — 2i), for k = j +d — 1, where

)
O<]<L 21J
4. H(A,k) = H(A,dy +2d — 3 — k), for k > [9+2d=3]

Proof: It follows from [10, Lemma 2.9(b)]. 0

Corollary 3.12. In the conditions of Proposition 3.11, let J = Gin() be the
generic initial ideal of I with respect to the reverse lexicographic order. If we
denote by Ji the set of monomials of J of degree k, then:

1 |Ju| =0, for k < dy — 1.
2. |Jg| =73 +1)/2, for k=j+d; — 1, where 0 < j <d—d.

3. |Jk] = w‘f‘j(d—dl)-l-%;l),fork:j—&-d—l,Whereogj <

|25
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2 2 _ . o
4 Tf dg;if"? then |Jy| = 3d1:2d12+4g +dd—dddy ](Qd;-dl) I 33(3;1)7 for b —
J+ =5==, where 0 < j < &=,

2 2 . .
If dy is odd then | Jy| = 20t —Addi =8 | j@dvd) | 30 o fp — 4 20013
where 0 < j < %.

5. |kl = AN ay(dy — 1) +5(2dy +d) + L for k= j+di +d -2,
where 0 < j < d — d;.

6. |Jp| = 2QN_di(h D) | (944 dy)), for k = j+2d—2, where 0 < j < dy—1.
7. J, =8, for k> 3d — 2.

Proposition 3.13. Let 2 < d;y < ds = ds =: d be positive integers. Let
fi, fo, f3 € K[x1,22,23] be a regular sequence of homogeneous polynomials of
degrees dy,ds,ds. Let I = (f1, fa, f3), J = Gin(I), the generic initial ideal with
respect to the reverse lexicographic order and S/I has (SLP), then if d; is even
we have:

dy di—2j41 d—d1—2+43) d1—2j d—di—1+3§ . dy—2
J = (a1, 7y Ty Ty T for1<j< )
dy+2d—4  dq+2d—4 . dy+2d . . dy42d—2 . —4
Atzd=t Asdet 95 251 ~3j g Lt2d-2_, . 1
1T, ° Ty T3 T Xy ? N o for1<j< 5
d1—2+42j d—di—j+1 di—1 .
T x5 {21,223 for1 <j<d-—dy,
2d—d; —2+2§ di—j )
x5 {z1,22} 77 for 1 <j <dy).
Otherwise, if d; is odd, then:
J = (gt ga—20+1,d—di—243) di—2j d—di—1+3] L<i< dy —1
= (21", 7 Lo » L1 ) for1<j< )
di+2d—1 dq+2d—3 . . di42d-3 . . dy+2d—3 .
3 2 2j4+1,2j ——5 — 3] 2j+1, =5 ——3J
T , 3T R o e R
di —3

for1<;< 7x§172+2jx‘2i*d17j+1{x1,:Eg}dl_l forl1<j<d-—d,

a3 N TR ) o} for 1< j < dy).

Proof: We have |Jg,| = 1, hence J;, = {29}, since J is a strongly stable.
Therefore:
Shad(Jg,) = {a{z1, zo}, 2P x3}.

Assume d > dy+1. Using the formulae from 3.12 we get |Jg, 41| — |Shad(Jq,)| =0
$0 Jg,+1 = Shad(Jy, ). We show by induction on 1 < j < d — d; that

Jay1i = Shad(Jg, _14;) = {zP{z1, 22}, aPag{zy, 207 L aPal)
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We already prove this for 7 = 1. Suppose the assertion is true for some j <
d — dy. Since |Jq,+j| = |Shad(J4,—1+;)| we have Jq,+; = Shad(Jq,—1+;) thus
the induction step is done. In particular, we get:

}d*dlfl’ }d7d172 dlxg_dl_l}.

d d
Jai—1 = {x7{z1, 22 7 x3{z1, 2 peey TY

which is the same expression as in the case d = dy + 1.

In the following, we consider two possibilities. First, suppose d; = 2. We
have |J4| — |Shad(J4-1)| = 2 so we must add two new generators to Shad(Jz—1)
in order to obtain Jy. Since J is strongly stable and x5 is a strong Lefschetz
element for S/J these new generators are xw%fl and z§.

Suppose now d; > 2. We have |Jy| — |Shad(J4-1)] = 2 so we must add
two new generators to Shad(Jy—1) in order to obtain Jy. Since J is strongly
stable and x3 is a strong Lefschetz element for S/J these new generators are
P gl pdi=2pd=dit2 - Therefore

}d—dl—l dfdl}.

Jg = {z8 2z, 20} P as{xy, 20 vee gl

We prove by induction on 1 < j < |41 that:
d1—2j d—dq — : d1—27 d—dq— .
Ja—14+; = Shad(Jg—o4;) U {z{" 2J+1x2 1 2+3J’x11 231,2 1 1+3J} _

_ 4125 d—d;—1-35 . di1—2j+2 d—dy —4—34
= {z] {z1, 20} " @] xz{xy, xa}7N R
d1 ] d*dlfl d1 ]+1 d7d172 dl d7d1+j*1

it ag{z, x2} settag {zy, za} RN 2 }.

We already done the case j = 1. Suppose the assertion is true for some j <
| 2=, Since |Jayj| — [Shad(J4—14+5)] = 2 we must add two generators to
Shad(J4—14;) in order to obtain |Jg44 ;| and they are
xil172jflngd1+3j+1,xgl172j72x;lfd1+3j+2

because J is strongly stable and x3 is a strong Lefschetz element for S/J. There-
fore, the induction step is done.

In the following, we consider two possibilities: d; is even or dy is odd. First,
suppose d; is even. We have

dy42d-8 di42d—14 d d1 =2
I E— 1

J%M = {x%{xlvxZ} 2 ,1’?1’3{$17£L’2} 2 R ) Z-ST{xlvx2}dfdlfl7
PR g 2d=di-d
I R UL
Since |Jay+2a-2 | — |Shad(Jay+2a-4)| = 2 we need to add two new monomials to
2 2

Shad(J a;+2a-4 ) and since J is strongly stable and x5 is a strong Lefschetz element
2 dy42d—4 dy42d—4

for S/J, they are x125 > ,z, 2 , thus:

dq+2d—2 dq1+2d—8 dq+2d—14
J% = {{z1, 22} 3 ,.133]}%{1'1,332} 3 ,x%x%{xl,mg} 2 e,
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J dy ded d d—d d 2d—d; -2
aftag {wy,wp} "N e {551»952} ety T L

One can easily show by induction on 1 < j < % that

i 9i_p d1t2d 3]. 5 d1t2d-2
— J 2] — 2 J 2 - —
Jd1+§d—2+j = Sh(ld((]d1+§d—4+j) U {563 T Xy B g =

d +2d 2 dq+2d—4 . d +2d 2
dl1read—a 1 +] 1

= {{z1, 22} +j,$3{!171,$2} 2 ye 1’3 {351,932} jv
x?ﬂxfﬁz{xhxz}w R ; e a2} "0 ey 7 )

The assertion was already done for 7 = 1 and the induction step is similar.
If d; is odd, we get

dy42d—5 dy42d—11 d
I E— 1

a1
Jd1+2d 3 = {xl{xhxg}i xi’xg{thZ} 2 Ja{tag ? {$1,x2}d_d1_1

di

1+ ded g, 24=41=3
- 1
xPtwg 2 {xr, 20}

2
Laita, }.
Since |Jay+2a-1| — |Shad(Jay+2a-3 )| = 2 we add two generators to
2 2 dq+2d—1 dq+2d—3

Shad(J a;+2a-3 ) in order to obtain Ja,+2¢—1 and they must be xzy, 2 ,z32, 2
2 2

therefore:
d +2d 1 d +2d 3 d +2d 11
Jd1+2d V=) 2 as{a, ) ,xsaa{ry, o} . yeees
d1 1+ d— d1 d1 d— dl 2 dl %;7171
2y ® {w1, 22} T3 {171,1‘2} yee T T3 I
Since |Jay+2a+1 | — |Shad(Jd1+2d71 )| = 3, we add 3 new generators to
2 2

Shad(J ay+2a-1) in order to obtain Ja,+2a+1 and they are
2 2

5 3 dy+2d—9 dy+2d—7 dy+2d—5
2 2 2
T1T3To , L1L3To , L3To s

therefore

d1+2d+1 d1+2d dy +2d 3

Jd1+2d+1 = {{$1,$2} 333{33‘1,.732} I3{$1,1‘2} 5

d1+2d 5 dy d1+3 dedi—1
r3{z1, 72} N 2 R LT 7) S
d dq+5
1 2
xitxg 2 {x1, 20

deds—2 d 2d—dy+1
—ai— 1 2
} yeees Ly Ty }-

One can easily prove by induction on 1 < j < dl* that

d1+ d—3 ) . di42d—3 .
2j+1 25 —5——3] 2j+1 —5——3]
Jd1+2d—1 = Shad(Jd1+2d s )U{Z‘ it .131].%‘2 e ,l‘3J+ Ty } =

d1+ d— d1+2d 3 dy+2d—3 j

) yea{xy, a2} R j+ {z1,20} 2 7,

= {{z1, 22}
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_ dy+1 2d—d;—1 .
dy+2d g 1 s 1 j

; ' 4l dy— +
x§j+2x§j+3{x1,x2} 2 yeeey Ty 2 xfl{xl,xg}d 1 1,...,:101 Ty 2 1.

The assertion was already proved for j = 1 and the induction step is similar.
In all cases, we obtain

Jayrd—2 = {{z1, 2o} 0192 aafay, oo} 0Ha=3 a2 ey 20},

di,di—1 d—d;—1 di,.d—2
xitagt {r, e} TN T e

We have |Jg, +a—1| — |Shad(J4, +d—2)| = d1 so we must add d; new monomials to
Shad(J4, +d—2) in order to obtain Jg, 14—1. Since J is strongly stable and z3 is a
strong Lefschetz element for S/.J, these new monomials are 29 24~ {z}, x5} 41,
therefore

Jasra—1 = ({21, 22} T ag{wy, 2o} T2 L ad 2, 20}

dy,di+1 d—d;—2 dy ,.d—1
et T, xe TN T L ag T ).

One can easily prove by induction on 1 < j < d — d; that
dy—2+42j _d—d1—j _
Jiy+d—14; = Shad(Jg, 1+a—2+;) U {z3" 2+23£2 1 ]+1{w1,$2}d1 1=

= {{$17 xz}d1+d_2+j, 553{961, $2}d1+d_3+j7 s >$g1_2+2j{$17 xz}d_j,
xflxgl_1+2j{x1, Y S A ,xflxg_QH}

the case j = 1 being already done and than, the induction step being similar. In
particular, Jog_o = {{x1, 22}2972 23{xy, 22}2473, ... 7m§d_d1_2{x1, T}y,

We have |Jag—1] — |Shad(J2q—2)| = di so we must add d; new generators to
Shad(Jaq—2) in order to obtain Jyg_1. Since J is strongly stable and z3 is a
strong Lefschetz element for S/.J, these new monomials are z3%~ % {zy, x5} !
SO

Jaa—1 = {{z1, 227 s {ar, 221202, 23 P oy kT

One can easily show by induction on 1 < j < d; that
Jaa—o1; = Shad(Jaq_s4;) U {z2™ D722 (g goyh=i} =

= {{xy, 2p}2072% xgd_dl_2+2j{x1, z} Y,

Finally, we obtain Jg, y24—2 = S4, +24—2 and therefore we cannot add new minimal
generators of J in degrees > dy + 2d — 2. D

Corollary 3.14. In the conditions of the above proposition, the number of min-

imal generators of J is dy(d+1) — (%1)2 +1 4fdis even; di(d+1) — di—l +14f

d is odd.
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_ g — — (4 3.3 2.4 7 6

E2xarr15ple 23.(25[5. IZ d21 =4, d?; = dg =0, then3J 78(331’ 33150327 xlirOQ, 5, x%acQ,
L3L1Ty, L3La, £C3£E2{LC171'2} ) $3$2{$1,x2} ) £U3{(E1,LE2} y T3 {mhq’.?} )
12 14
x3?{xy, e}, x3*).

Ifdy = 3 and dy = d3 = 6, then: J = (23, 2?23, z123, x25, 27,
3.3 2 5.2 2 7 2 9 2 1 . 11
IL’3IZ?2{$1,IE2} ) $3IQ{$1,$2} ) $3I2{IE1,.’E2} ) ax3{x13x2} ) IIZ'3 {zlaxQ} 112'3 )

e Subcase di < dy < d3.

Proposition 3.16. Let 2 < d; < dy < d3 be positive integers such that
d1 + do > ds + 1. The Hilbert function of the standard graded complete in-
tersection A = K[z, xo,x3]/I, where I is the ideal generated by f1, f2, f3, with
fi homogeneous polynomials of degree d;, for all 4, with 1 < < 3, has the form:

1 H(A k) = (¥?), for k < dy —2.
2. H(A k)= (") + jdy, for k= j+di — 1, where 0 < j < do — di.

3. H(A k) = (") 4 di(dy — di) + X0, (dy — i), for k = j +do — 1, where
0<k<ds—ds.

4. H(A k) = (") +di(da — di) + 5027 (da = 5) + 00 (di + dy — ds — 2i),
for k = j+ds — 1, where 0 < j < [Qtde—da=l],

5. H(A,k) = H(A,dy +ds + d3 — 3 — k) for k > dg — 1 + [tda—da=l)
Proof: It follows from [10, Lemma 2.9(b)]. O

Corollary 3.17. In the conditions of Proposition 3.16, let J = Gin(I) be the
generic initial ideal of I with respect to the reverse lexicographic order. If we
denote by Ji the set of monomials of J of degree k, then:

1. |Jg] =0, for k <dy — 1.

[\

. ‘Jk;‘:](]'i‘l)/z for k=j+dy — 1, where 0 < j < ds — dj.

w

NIkl = da(d2 = 1)+ j(d2 —di) +j(j + 1), for k= j +dy — 1, where 0 < j <
ds — da.

4 [Tk = |ag—1| + §(2d3 — dy — do) + 2 for k = j + dy — 1, where
0<j <[22,

5. If dy +do + d3 is even then |Ji| = |Jay+ap+az—a | + (j+1)(d12+dz+d3) n 3j(j2+1)7
2
fOTk:j—‘r%’V\]hereOSjS%_
If di + do + d3 is odd then |Jk| = |Jm| 4 M + £7 for
2

2
. di+do+d3—3 1 0 . di+do—dz—1



Generic initial ideal for complete intersections 61

6. ‘Jk‘ = |Jd1+d2_2|+j(2d1 +2d2 7d371)+j2, for k :j+d1 +d2 72, where
0 <ds —ds.

7o Tkl = iy as—2| +5(2dy +ds — 1) + L2 for k = j + dy + d3 — 2, where
0<j<ds—ds.

8. |Jk| = |Jdp+ds—1|F+J(d1+da+d3), for k = j+di+d3—2, where 0 < j < d;—1
9. Jp =Sy, for k > 3d — 2.

Proposition 3.18. Let 2 < d; < dy < d3 be positive integers such that d; +
dy > ds + 1. Let f1, fo, f3 € K[x1, 29, 23] be a regular sequence of homogeneous
polynomials of degrees dq,ds,ds. Let a = dy +da — ds. Let I = (f1, fo, f3),
J = Gin(I), the generic initial ideal with respect to the reverse lexicographic
order, and suppose S/I has (SLP). If « is even, then:

J — ( dq d171x327d1+1

dy—2 _do—di1+3
Ty Ty Ty Xy

xfl+d2*d3x§d3*d1*d271

) yr )

di+das—d3—2j5 2ds3—di—dsa+3j—1
:L,11+2 3 Jx23 1—d2+3j ,

dy+da—dz—2j+1_2dz—dy—da+35j—2 . a—2
xy x5 fOT‘j—l,...772 ,
dy+dg+ds—2 di+dy+ds—4 . dytdotd3y o ) a—2
24 3j 2j—1 .
Ty 2 ,T1Ty 2 s S {z1, 22} forj=1,..., 5
di+da—d3+j—2_ 2d3—di—d2—2j+2 _di+d2—d3z+2j—2
z Tq T3 )
ds—j di+do—ds+2j—2 .
xR o 5 — 1L dy — d,
di—1_di+ds—da+2j—2 do—di—j+1 di+ds—da+25—2 _da—j .
T xg Ty e Xg xzy® ) forj=1,...,dy—dy,

—j. datds—di—2+2j .
{1, w1 IR D=2 for =1, dy).

Otherwise, if « is odd, then:

J = (@, af Tt Bt gl TRggem it gitdandagddemdimdaml
glitda=ds=2j 2dy—dy— 3= pditda—ds=2j 41, 2s—di=dat3i=2 5 _q - ; 17
m241+d22+d3*1 7 x3m51+d22+d3*3 , x%jx§j+1$%_3j7
A B T .l

di+da—d3+j—2_2d3—di—d2—2j+2 di+d2—d3+2j—2
xq Zo T3 y

s _ 2i_9 .
Ll ng1+d2 Gt2=2 for i =1,..,ds — da,

di—1, di+ds—da+2j—2, dz—di—j+1 dy+dg—da+2j—2 dz—j :
T g TR TR Tl T TR gt TR T2 for j=1,...,dy—dy,

{Jcl,xg}drjxgﬁds_dl_%% forji=1,...,dy).
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Proof: We have |.Jy,| = 1, hence Jy, = {z%}, since J is strongly stable. There-
fore:
Shad(Jg,) = {a{ {z1, x2}, 2{ 23}

Assume ds > d; 4+ 1. Using the formulae from 3.17 we get |Jq, 41| — |Shad(Jg, )| =
0, therefore
Ja, 41 = Shad(Jg,) = {z8 {21, 22}, 2P 25}

Using induction on 1 < j < dy — d; — 1 we prove that
Jar v = Shad(Ja,j-1) = {2{ {z1, @2}, .. ada' ).

Indeed, this assertion was already proved for j = 1, and if we suppose that is
true for some j < dy —di — 1 we get |Jq,4j4+1| = [Shad(Jq,+;)| so we are done.
In particular, we obtain

Jay—1= {x(lil {z1, mp}d2— 01 x;:,m‘fl {zy, )22 ,xgrdl_lm(fl}.

We have |Jg,| — |Shad(Jg,—1)] = 1 so we must add a new generator to
Shad(J4,—1) in order to obtain J4,. But since J is strongly stable and z3 is
a strong Lefschetz element for S/.J, this new generator is z{' ~*z$2~ " and
therefore Jg, = {a{' "z, w0} 2N H gaa{ {zy, wp}d2—h—1 L gl diphy

We show by induction on 1 < j < d3 — ds that
Jay—14j = Shad(Jg,—o1;) U {z{ ag 1+ =

= (a8 gy, gy}l BB ,what {zy, ppydem x?*dﬁjflx‘fl}.

The first step of induction was already done. Suppose the assertion is true for
some j < dg — da. Since |Jg,+;] — |Shad(Ja,—1+;)] = 1 and J is strongly stable
and z3 is a strong Lefschetz element for S/.J, we add zfl_j_lxgrdl“jH to
Shad(J4,—1+;) in order to obtain Jg4,4;. Thus, we are done. In particular, we

get
_ —d —de— _ 1 —di—do—
Jd3—1 _ {xflil-i-dz d3{$1, $2}2d3 di—ds 1, xgxlli1+d2 dz+ {$17 x2}2d3 d1—da 3’ L

dz—ds, d dy—di—1 dy—di—1,d
xRz, 2o} T T T e

We consider first @ = 2, i.e. ds = dy + da — 2. In this case, since |Jy4,| —
|Shad(J4,—1)|] = 2 we add two new generators to Shad(J4,—1) in order to obtain
Jds. Since J is strongly stable and x3 is a strong Lefschetz element for S/.J, these
new generators are z9° and z;x3% 1.

Suppose now « > 2. We have |Jg,| — |Shad(J4,—1)| = 2 so we must add
two new generators to Shad(Jg,—1) to obtain Jy,. Since J is strongly sta-

ble and x3 is a strong Lefschetz element for S/J, these new generators are
x‘f1+d2_d3_2x§d3_dl_d2+2 and x‘fﬁdz_drla:gd?’_dl_dﬁl, therefore

st — {x‘li1+d27d372{l‘1, m2}2d37d17d2+2’ x3x?1+d27d3 {x17 x2}2d37d17d2717
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x%x‘fﬁdz_d?’“{xl, x2}2d37d17d273’ .. ,xdrd?xdl {z1, :cg}drdl ey xd?’_dlx‘fl }.
One can prove by induction on 1 < 5 < L J that Jg,_14; is the set
Shad(Ja,—2+5)U
U{xili1+d2—d3—2j$gd3—d1—d2+3j—1, wtil1+d2—d3—2j+1xgd3—d1—d2+3j—2} —
di+ds—d3—2j 2d3—dy —da+3j—1
{3311 2—d3 J{xth} 3—d1—d2+3j ,

di+do—ds—2 1 2d3—di—d2+2 .
1.11 2—d3 J {.Tl,l’Q} 3—d1—da+ 7=T§Jd3—1}~

Indeed, the assertion was proved for 7 = 1 and the induction step is similar. In
the following, we must consider two possibilities: « is even or « is odd. Suppose
first v is even. We obtain that Ja;+ds+a3—4 is the set

2

d1+do+dqg—8
{1'1{331,1'2}1 e ey

di+dg—dg—4 di+dg—dg—2
-3 2d3—dy—do+2 .= 3z
{IEl,IQ} 3 ! 2 7x3 2 Jd3—1}~

We have |Ja;+dotaz—2| — |Shad(J 4 +dytdz-4 )| = 2 so we must add two generators
2 2

Illi1+d2_d3_2x

to Shad(Ja;+a,+a5-4) and, since J is strongly stable and x3 is a strong Lefschetz
2 dq+do+dg—2 dq+do+dg—4
element for S/J, these new generators are z, 2 and x1x,  ? . There-

fore

d1+d2+d3 —2 dy+do+dz—8

Jayragiag-z = = {{z1, 22} saiws{wy, w} 2 e

+dg—dg—2 dy4do—ds
dytdy—ds—2  DF92-93=2 2d3—di—da+2 T F 2
ry T {1, 2o} 707 0y 2 Jay )

One can easily prove by induction on 1 < j < 0‘7_4 that Jd1+d22+d3—2 v is the

set

2 2] . dytdytdg—2 g 2 dytdptdz=2
= Shad(Jd1+d2+d3 1, ) U{ Tq 2 yee ey L3 Xy } =
2

d1+d2+d3 2. d1+d2+da 2
+ —_ e " "o =

{{xlva} ja . xg {1'1,1:2} j?
2542 2j+1 4d1+d2+d3 8 _3;

x? e T {2, e} J

dy+dy—d3z—2
2

dy+dg—dg
di+da—d3z—2 =2
Ty T3

+J —di— +J
J{xth}ng dy d2+2,$3 ]Jd371}'

Suppose now « is odd. We have that Ja,+dy+a5-3 is the set
2

d1+d2+dd -5
{1’1{1‘1,172} yee ey
dy+dp—d3—3 dy+dp—dz—1
di+dy—dg—2,, 2ds—dy —da+2 g
1,11 2 3 Tq {Il :L’Q} 3 1 2 , Tg 2 Jd3—1}~
We have |Ja;+dytaz—1| — |Shad(Ja+dy+a3-3)] = 2 so we must add two new gen-
2 2

erators to Shad(Ja,+dy+d;-3) in order to obtain Ja,+ay+a;-1. Since J is strongly
2 2
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stable and x3 is a strong Lefschetz element for S/J, these new generators are
di+dgtdg—1 dy+do+ds—3

xy and zgx, . Therefore
di+dotdz—1 di+do+dz—3
Jd1+dz2+d3—1 = {{z1, 22} 2 sw3{wy, w2} 2 )
dy+do+dg—11 dj+dop—dz—1
3.2 it AP R e di+de—ds—2 P} 2d3—dy—d2+2
xyxz{zry, x2} P b, XY T4 {zy, xo}r3™ %272,

dy+dg—dz+1
T3 Jd3_1}.

. . . . _3
One can easily prove by induction on 1 < j < #5= that
Jdl+d22+d3—1+j = Shad(Jd1+d22er3—3+j)U

dy+dotdz—3 .
2

o di+do+ds—3 . .
2j 2j+1 ——=5—=—-3j 2j+1 J
U{a’ 25", RN i
For j = 1, we notice that |Ja;+dy+daz+1| — |Shad(Ja+ay+a3-1)| = 3 so we must
2 2

add 3 new monomials to Shad(Jd;+dy+d5-1) in order to obtain Ja,+dytds+1. But,
2 2

since J is strongly stable and x3 is a strong Lefschetz element for S/J, they are
5 3 ditdatdz—3 4 ditdat+dz =3 o 3 ditdat+dz =3 4 .
exactly zix3e,  ? , L1T3%y and z3x, , as required.
The induction step is similar.
In all cases, we obtain that Jg, 4,2 is the set

oy, w9272 gofay, ap}hitd2=3

di+do—ds—2 d di+de2—ds—1
xg! {w1, 22}, 25 Jas—1}

We have |Jg, +d,—1| — |Shad(J4, +dy—2)| = @, so we must add o new generators to
obtain Jg4,14,—1. Since J is strongly stable and x3 is a strong Lefschetz element
for S/J, they are

xill +da—d3— 1.%‘3(13 —d1—d2 xg1 +da—d3 xg3 *11‘?1 +do—d3

g ey 5

therefore Jyg, +4,—1 is the set

{ar, zo i Fo2=t L pt sy gy }da=l

x§1+d2*d3+1x§ll+d2*d3+1 }2d3*d1*d2*3

{z1,22

)
di,d do—dy—1 _di_di+1 do—dy —2 di,.da—1
cooagteit e, me TN T atest  {wy, xR T L a et

One can easily prove by induction on 1 < j < ds — do that Jg, +4,—14; is the
set
Shad(Ja,+d;-2+45)Y

di+de—ds+j—1_2ds—di—do—2j5 di+da—ds+2j dzs—1—j _di+da—ds+2j5
U{z] x5 x5 R xg }
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Indeed, the case j = 1 was already done and the induction step is similar. In
particular, we get

Jayrds—2 = {{z1, 22} T2 g {ay, mp i Tde=3 Jgﬁdrdrz{h,@}dz,
w‘lilx§1+d3_d2_1{x17mg}d2_d1_17 . ,x(flxgrz}.

Since |Jg, +ds—1| — |Shad(J4, +d5—2)] = di we must add d; generators to
Shad(Jg4, +ds—2) in order to obtain Jy, +4,—1. Since J is strongly stable and x5 is
a strong Lefschetz element for S/J, these new generators are

di—1,_ di+ds—dz do—d;y di+dz—da, d2—1
Ty Ty Ty P Ty

)

S0 J4, +ds—1 is the set

{{x17x2}d1+d371’ " xgl+d37d2{xl7x2}dgfl’

dy,dy+ds—da+1 dy—dy—2 dy,.dz—1
ePtagt TET T N gy o} TN TR e T )
We prove by induction on 1 < j < dy — dy that Jg, 44,2+, is the set

di—1_di+d3—d2+2j—2_do—di—j+1 di+d3—do+2j—2_da—j
Shad(Ja, 4ds—3+5){x] " ay x5 beee, Xy x9® 7}

)

Indeed, we already proved this for 7 = 1 and the induction step is similar. We
get

Jaytds—2 = {{z1, 22} 7972 pa{zy, mo} B T3 -,x§3+d2’d1’2{m1,xz}d1}.

One can easily prove by induction on 1 < j < d; that

Jiytds—2+j = Shad(Ja,4dy—3+;) U{ag? B2 gy 17} =

do+ds—2+j dy+ds—dy —2+2j di—i

= {{zr, wp T TH a? T TN T gy
Finally, we obtain Jg, yd,+ds—2 = Sd,+dy+ds—2 and therefore we cannot add new
minimal generators of J in degrees > di + do + d3 — 2. O

Corollary 3.19. In the above conditions of the above proposition, the number of
minimal generators of J is dy(da+1)— (%)24—1 if o is even or dy(da+1)— a24_1 +1
if a is odd.
Example 3.20. 1. Letdy =3 ,dy =5 and d3 = 6. Then
J = (23,2223, 125,28, x3xd{xi,wa}, 23xi{wi,72}?, x0wS{m1,70}2,
l'g{ml’ 1'2}27 xéo{xlv 1'2}’ 1’:132)

2. Letdy =4 ,dy =5 anddz = 6. Then J = (21, 2323, 2323, z125, 27, 2328,
$%$§{$1,$2}27 xzxg{xhxz}?’, xg{xl,xz}?’, $§{9€1,$2}27 xél{thfz}, 58:1),3)
Remark 3.21. If f1, fao, f3 € S = Klx1,292,23] is a regular sequence of ho-
mogeneous polynomials of given degrees dy,ds,ds such that S/(f1, fe, f3) has

(SLP), then the number of minimal generators of J = Gin((f1, f2, f3)), n(J) <
dy(da + 1) + 1. This follows immediately from 2.4, 2.9, 3.4, 3.9, 3.14 and 3.19.
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