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Abstract
For a polynomial p(z) of degree n, having all its zeros in |z| < 1 Turan
had shown that

max [p'()] > (n/2) max |p(2)l,

which was refined by Aziz and Dawood [2] in the form

max Ip'(2)] > (n/ 2){gl‘ag§ Ip(2)| + min Ip(2)[}-

And this refinement was generalized to polar derivative of a polynomial, by
Aziz and Ahmed [1] in the form

max |Dap(2)] 2 (n/2){(le| — 1) max Ip(2)] + (laf + 1) min Ip(2)[}, e = 1.

]

We have obtained a generalization of this inequality involving polar deriva-
tive in the form

ma)§|Dat oo DayDayp(2)] > {n(n—1)...(n —t+1)/2"}

lz]=

[{(\all = 1) (leul = D)} max |p(2)]
+H2'an|az] . fee] = ((Joa| = 1) ... (| = 1))} min Ip(Z)I];
lai] > 1 jaz| > 1, . |lae] > 1 &1 <t <.
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1 Introduction and statement of results

If p(z) is a polynomial of degree n then concerning the estimate of |p’(z)| on
the unit disc we have the following well known theorem of Bernstein [5].

Theorem A. If p(z) is a polynomial of degree n then

max[p/(2)] < nmax [p()|. (L1)

The result is best possible and equality holds in (1.1) for p(z) = Az".
For polynomials having no zeros in |z] < 1 Erd6s conjectured a refinement
and Lax [4] proved it by obtaining the result

Theorem B. If p(z) is a polynomial of degree n, having no zeros in |z| < 1
then
max ' (2)] < (n/2) max |p(2)]. (1.2)

The result is best possible and equality holds in (1.2) for p(z) = A + pz"™, with
Al = Il

On the other hand for polynomials having all their zeros in |z| < 1, Turan [7]
obtained

Theorem C. Ifp(z) is a polynomial of degree n, having all its zeros in |z| < 1
then
max [p'(2)] > (n/2) max |p(2)]. (1.3)
The result is best possible and equality holds in (1.3) for p(z) = X + pz"™, with
Al =l

Aziz and Dawood [2]| obtained the following refinement of Theorem C.

Theorem D. Ifp(z) is a polynomial of degree n, having all its zeros in |z| < 1
then

maxt[p/(2) > (n/2){max[p(2)] + min |p(=)]} (14)

The results is best possible and equality holds in (1.4) for p(z) = A + pz" with
Al =l

Shah [6], on the other hand, obtained a generalization of Theorem C to polar
derivative of a polynomial by proving the result

Theorem E. If p(z) is a polynomial of degree n having all its zeros in |z| < 1
then
lrg'gleap(Z)\ = (n/2)(laf - 1){33 lp(2)l; laf = 1, (1.5)

The result is best possible and equality holds in (1.5) for p(z) = {(z — 1)/2}".
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Aziz and Ahmed [1] obtained similar type of generalization of Theorem D and
proved

Theorem F. If p(z) is a polynomial of degree n having all its zeros in |z| < 1
then

gl‘i)ilDap(Z)l = (n/2){(Ja] = 1) max p(2) + (Je| +1) min Ip(2)[}; ]l = 1. (1.6)

The result is best possible and equality holds in (1.6) for p(z) = (z — 1)™ with
a>1.

In this paper we have obtained a generalization of Theorem F. More precisely
we have proved

Theorem 1. If p(z) is a polynomial of degree n having all its zeros in |z| < 1
then fOT’ |a1| Z 13 |a2| Z ]-7 AR |Oét‘ > ]-, (t < n)

max Dy, .. DayDoyp(2)] >

lz|=

{nn—1)...(n—t+ 1)/2t}[{(|a1| -1 (|ow] = 1)}|r§1|i>§ Ip(2)]

H2 (Jaalloz] . - Jae]) = ((laa = 1) .. (Jou| = 1))} min |p(Z)|}7 (1.7)
where
Do, Do, ... Dayp(2) = pj(2) =
=(n—j+Dpj_1(2) + (aj = 2)p;_1(2),5 = 1,2,...,, (1.8)
po(2) = p(2). (1.9)

The result is best possible and equality holds for p(z) = (z—1)" with a1 > 1,3 >
17 [N 6 77 2 1.

From Theorem 1 one easily gets the following generalization of Theorem E,
similar to generalization of Theorem F obtained earlier

Corollary 1. If p(z) is a polynomial of degree n having all its zeros in |z| < 1
then for |ay| > 1, ]ag| > 1,... oz > 1, (t < n)

max |Dy, ... Do, Do, p(2)| >

2]
nn = 1) (n =4+ /2 H (o] = 1) (o] = 1)} mase p(2)].

The result is best possible and equality holds for p(z) = (z—1)" with a1 > 1, a9 >
1, [Ny 6 77 2 1.
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2 Lemmas.

For the proof of the theorem we require following lemmas.

Lemma 1. If all the zeros of an n'" degree polynomial p(z) lie in a circular
region C' and if none of the points a1, aq, ..., ay (t < n) lies in the region C' then
each of the polar derivatives p1(z),p2(2),...,pi(z), (defined by (1.8) & (1.9)) has
all of its zeros in region C.

This lemma is due to Laguerre [3].

Lemma 2. If p(z) is a polynomial of degree n having all its zeros in |z| < 1 then
forlal > 1
|Dap(z)] 2 n{(lal =1)/2}p(2)|,  |2[ =1.

Proof of Lemma 2. Well, Lemma follows trivially for
la| = 1.

Therefore from now onwards we shall assume that

la| > 1.
Let
a(2) = 2"p(1/3). (2.1)
Then
p(z) = 2"q(1/7), (22)

lg(z)] = Ip(z)],  |z]=1.
Now an application of maximum modulus principle to the function ¢(z)/p(z) will
yield

lg() < Ip(2)l, |zl =1,
which implies that the polynomial

T(z) =q(z) — M\p(2), |\l >1,
of degree n will not vanish in |z| > 1. Therefore by Lemma 1 the polynomial
D.T(z) = (a=2)¢(2)+nq(z) — ADap(2),
S(z) — ADqp(2), (say), |af >1 (2.3)

will also not vanish in |z| > 1 for every A with |A| > 1 and accordingly

1S(2)] < [Dap(2)], 2] > 1,

which implies
1S(2)] < |Dap(2)], [z = 1. (2.4)
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Now for |z| =1

[Dap(2)] +[S(2)] = [np(2) + (a — 2)p'(2)| + [ng(2) + (o — 2)¢'(2)], (by (2.3)),
> |ap’(2)| — [np(2) — 2p'(2)| + |aq'(2)] — [ng(2) — 2¢'(2)],
= |o|[p'(2)| = [np(2)) — 2p'(2)| + |el[np(2) — 2p(2)] — |p'(2)],
(by (2.1) and (2.2)),
= (laf = D)([p'(2)] + [np(2) — 2p'(2)]),
> (laf = D)nlp(z)|

and Lemma follows by using (2.4).

Lemma 3. If p(z) is a polynomial of degree m, having all its zeros in |z| < 1
then fO?” |a1| Z 13 |a2| Z 13 RS |Oét‘ > 17 (t < n)

|Do,Da,_; ---Da,Do,p(2)] >
{n(n—1)...(n—t+D((Jloa| = 1) ... (lou| = 1)) /2}p(2)] |2 = 1. (2.5)
Proof of Lemma 3: Well, Lemma follows trivially if
|aj| =1 for at least one j, 1 < j <t.
Therefore from now onwards we will assume that
laa| > 1, |lag| > 1,.. . Jag] > 1. (2.6)

We will prove Lemma by mathematical induction. Lemma is true for ¢ = 1, by
Lemma 2. We assume that Lemma is true for

t=gq,
[Day - Dayp(2)| = {n(n = 1) ... (n — g+ )((Joa] = 1) ... (Jorg] — 1))/27} ()]
2] = 1&loa| > 1,..., oy > 1. (2.7)

and we will prove that Lemma is true for
t=q+1,(<n).

Except for one value o}, (say), of ay, D,,p(z) will be a polynomial of degree
(n —1). Let us take any aj(# of if |&f] > 1), with |ay| > 1 and fix it up.
Thus D,,p(z) is a polynomial of degree (n — 1). Now Dy, Dy, p(z) will be a
polynomial of degree (n — 2) for every aw, except for one value o}, (say), of
az. Let us take any ag (# of if |ab] > 1), with |az] > 1 and fix it up. Thus
Dy, Do, p(z) is a polynomial of degree (n — 2). One can continue and say that
Do, Da,_; - Da,p(2) will be a polynomial of degree (n — q) for every ay, except
for one value ay, (say), of ag. Let us take any o, (# ay, if o] > 1), with |a,| > 1
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and fix it up. Thus Dy, Da,_, ... Dqa,p(2) is a polynomial of degree (n — q) with
fixed ag (|ag| > 1), fixed ag—1 (Jag—1] > 1),..., fixed a1(|aq| > 1) and has all its
zeros in |z| < 1. Therefore on applying Lemma 2 to Dy, ... D, p(2) with

a=ag  (lagpl>1),
we get

[Dagi1 Day - Dayp(2)| 2 (0 = @{(lag41| = 1)/2}|Day, - Dayp(2)], |2 = 1,

which, on being combined with (2.7), implies

|DayiyDa, -+ - Dayp(2)] >

{n(n—1)...(n = )((lea| = 1) ... (Jega| = 1)) /27 Hp(2);
|z] =1 &lag+a] > 1. (2.8)

Further o, (# oy if |ay| > 1) with [ay| > 1 was a fixed element but was chosen

arbitrarily. Accordingly (2.8) is true for every cgi1(Jag+1]| > 1) and every oy
(# ag if |ag| > 1) with |a,| > 1, ie.

|DayirDay -+ Dayp(2)] >

{n(n—1)...(n = q)((laa| = 1)... (Jagr1| = 1))/27 }|p(2)];
2] = 1, [agr1| > 1& |ag| > 1(aq # oy if |ag| > 1). (2.9)

Now if |oj| > 1 then for a fixed agy1 (Jagii| > 1), Dayyy Da, -+ Da,p(2) is a
continuous function of «, and therefore by continuity we can say that (2.9) will
be true for a fixed ay41 and aj, and accordingly (2.9) will be true for every a1
(Jags1| > 1) and ag. Thus (2.9) is true for every ayi1 (|og11]| > 1) and every oy
(lag] > 1) iee.

|Dayir Doy -+ - Doy p(2)| >

{n(n=1)...(n = @)((laa] = 1) ... (lags1] = 1))/27 Y p(2)];
|z =1, Jag+1]| > 1 & |ag| > 1. (2.10)
As argued for o, & ag, we can argue for a,—1 & «j_; and say that
‘Daq+1DanD¢q_1 . 'Dalp(z)‘ Z
{n(n—1)...(n = @)((Jaa| = 1)... (lags1]| = 1)) /277 }p(2)];
|Z‘ =1, |O‘q+1| >1 a|O‘q‘ >1& ‘O‘q—1| > 1.
One can continue similarly and obtain
|DayirDay -+ - Doy Dayp(2)| >
{n(n=1)...(n = @)((laa] = 1) ... (lags]| = 1))/27 Y p(2)];
|Z| - 17 |aq+l| > 17 |aq| > 17 R |a2| > 1, ‘Oé1| > 17
thereby proving that Lemma is true for
t=gqg+1.

This completes the proof of Lemma.



Generalization of an inequality 73

3 Proof of Theorem 1

Let
m = min [p(:)]. (3.1)

If p(z) has a zero on |z| = 1 then the result follows from Lemma 3. Therefore from
now onwards we will assume that p(z) has all its zeros in |z| < 1. By Rouché’s
theorem the polynomial

F(z) =p(z) —mpBz", 8] <1

will also have all its n zeros in |z| < 1, thereby implying by Lemma 3 for |ay| > 1,
|062‘ Z 1,...,|Oét| Z 1
D, ... Do, Da, F(2)] >

{n(n—=1)...(n —t+1)/2"H{(Jea| = 1)... (Jeu| = D}HF(2)], 2] = 1,
ie.
|Da, ... Doy Da,p(2) — Bm{n(n —1)...(n — t + Dajag...as }2" 7 >
{n(n=1)...(n—t+1)/2YH(lea| = 1)... (Jae| = 1)}(Ip(2)| — m|B]),
|z| = 1. (3.2)
But by Lemma 1 the polynomial
D, ...DoyDoF(2) = Da, ... Doy Doy p(2)—
—mpB{nn—1)...(n—t+Dajay...a:}2" %
lag| > 1,...... Ja > 1 & 6] < 1
has all its zeros in |z| < 1 and therefore
|Da, -+ - Day Do, p(2)] > mn(n — 1) ... (n —t + )|y ]||aa] . . . o] |2]"7F, |2] > 1,
which by (3.2) implies
|Dat e 'Da2Da1p('z)| - m|ﬁ|n(n - 1) ce (’I’L —t+ 1)|a1||a2| s ‘at| >
{n(n=1)...(n =t +1)/2"H(Joa| = 1) ... (Jae| = 1)}(Ip(2)| — m|B]),
Bl <1 & |2 =1.

Now letting
18] — 1

Theorem 1 follows by using (3.1).
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