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A remarkable transformations group on the tangent bundle
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Abstract

In the present paper starting from the notion of metrical structure on the
tangent bundle, we determine all metrical d-linear connections in the case
when the nonlinear connection is arbitrary and we find important particular
cases. We study the role of the torsion tensor fields: T and S in this theory.
We find the group of transformations of semi-symmetric metrical d-linear
connections, corresponding to the same nonlinear connection N, and its
important invariants.
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1 Introduction

The geometry of the tangent bundle (T'M, 7, M) has been studied by M.Matsumoto
in [4], by R.Miron and M.Anastasiei in [5], [6], by R.Miron and M.Hashiguchi in
[7], by V.Oproiu in [8], by Gh.Atanasiu and I.Ghinea in [1], by R.Bowman in [2],
by K.Yano and S.Ishihara in [10],etc.

In the present section we recall the basic notions which are needed. For more
detalies see [5-6].

Let M be a real C*-differentiable manifold with dimension n, and (T M, 7, M)
its tangent bundle. If (z%) is a local coordinates system on a domain U of a chart
on M, the induced system of coordonates on 7=1(U) is (z%,y%), (i = 1,...,n).

Let V(TM) = ker w, C T(TM) be the vertical bundle, spanned locally

by {%} A nonlinear connection N determines a supplementary subbundle to
V(TM) in T(TM), i.e. T(TM) = H(TM) & V(TM). The adapted basis is 52 =

6‘; - N’iaiy_,» where N%(z,y) are the coefficients of the nonlinear connection.
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A metric structure on TM is a tensor field G which satisfies the conditions: it
is nondegenerate, symmetric and with constant signature. In the adapted basis,
the metric structure G is:

1 , 1 . .
G(x,y) = 59ij(x,y)de" @ da? + §gij(fc7y)5y ® oy, (1)

2
where {dz?, 0y}, is the dual basis of {%, B%i}’ and (g;;(x,y), §ij(x,y)) is a pair
of given d-tensor fields on T'M, of the type (0,2), each of them symmetric and
nondegenerate.

The Obata’s operators associated to the metric structure G are QZ, Q’g’;, Q*:]’“,

Q*;Jr,(bee [5] p.96), which have the same properties as the ones associated with a
Finsler space [7].

Let D be a d-linear connection on TM with the local coefficients:
DT(N) = (szk, L Jk,C]k,C x)- It is called metrical d-linear connection with
respect to G if D preserves by parallelism the vertical distribution V(TM) and

DG=0. In locally coordinate, these mean:
Gijlk = 0, ijlk =0, Gijie = 0, Gijlx =0, (2)

where |, | denote the h-and respective v-covariant derivatives with respect to D.

A d-linear connection, D, on T'M, is called semi-symmetric d-linear connection
if the torsion tensor fields T{y,";, and 5%, have the form:

Ty’ i = w1 (T30}, — Tied}) = 056}, — 03,3},

S'ik = w1 (858} — Skd%) = 76}, — 0%,

where T; = T S; —S ;and o = S S5

e T = nd

0) jZ’

2 Metrical d-linear connections on TM.

We shall determine the set of all metrical d-linear connections with respect to

G.

0
Let IV be another nonlinear connection on T'M, with the coefficients:
K 0.0 o 0 0 0
N (z,y),(i,j =1,..,n). Let DI'(N) = (L jk,C“jk,C’ ) be the local coef-

0
ficients of a fixed d-linear connection D on T'M. I‘hen any d-linear connection, D,
on TM, with local coefficients: DU(N) = (L'}, L';, O, C%), can be expresed



A remarkable transformations group 91

in the form (see[9]):

0
Ni, =N, —A',, A", =0,
ilk
0 , , 0 . (4)
L k_L’Jk + AL cz ~Bi,, Ci,=Cl, —D,
0

L, _Ll]k +AY, cz ~Bi,, G, =Ci, D,

where (A B’Jk, Bjk, D' ko D? ) are components of the difference tensor fields

of DI'(N) from D F(N).

By extension of the R.Miron-M.Hashiguchi method given for the case of
Finsler connections in [7], from (4) and (2) we have one of the most important
results concerning to the metrical d-linear connections:

Theorem 2.1. The set of all metrical d-linear connections on T M, with local

coefficients DT'(N) = (Lijk,f}ijk,éijk,Cijk) is given by:

0

-y xi, |

Lijk :Lijk + C X+ 399 o0 + s |y X™) + Q;ZAthrk
0 - 0 .

Lty :Lljk + % X + lgw@ o+ Gsj L X7 + QX" (5)

ilk
c ik _C]k +39"9s; |k +Q§;yh
oLy O]k +59"3s; ‘k +ththk’ X! o =0,
J
where Xij, Xijk, f(ijk, ?;k, Y;k are arbitrary tensor fields on T M.

Particular cases:

1. IfwetakeXZ =X k—X k—Y k—Y r = 0in Theorem 2.1., we obtain
an example of metrlcal d-Tinear connection on TM given in (1.12) p.96 from [5].

2. If we take a metrical d-linear connection on TM (e.g. canomcal d-linear
c C 4

connection of G, with local coefficients: CT(N) = (Lijk, ]k,C’Z]k,C’ w)s (see

0
(1.11) p.96 from [5]) as D, in Theorem 2.1., we have:

Proposition 2.1. The set of gll metrical d-linear connections on T M, with local
coefficients: DT(N) = (Lijk, ]k,C’ljk,C x) 1S given by:



92 Monica Purcaru and Marius Paun

N% =N% —X",
) ¢ ¢ ) . c c o
L'y =Ly + Clpy XM+ QX" Ly =L + Oy X7+ XD
Cij’“ :Cijk +Q%Y}er’ Cijk :Cijk +Q%thk> X 'Tk =0
J
, (6)
3. If we take X*; = 0 in Proposition 2.1 we obtain: Theorem 1.3 p.96 from [5].

4. If we shall tray replace the arbitrary tensor fields X;k, ij in Theorem
2.1 with X; = 0, by the torsion fields T(o) ijk, S;k we find a result obtained by
R.Miron and M.Anastasiei in (2.6) p.98 from [5].

Taking into account (3) and (2.6) p.98, [5] we obtain:

Proposition 2.2. The set of all semi-symmetric metrical d-linear connections

with local coefficients: DI'(N) = (Lijk, Lijk, Cijk, Cijk), is given by:

c . €
L'y =Ly, +00;, — gjkg" " om, L', =L, .
C C ( )

Ol =Clips - Oy =Cp 70}, = Gk G T

3 The group of transformations of semi-symmetric metrical d-linear
connections.

We study the transformations (o, 7;) : DI'(N) — DI'(N) of the semi-symmetric
metrical d-linear connections, on T'M, with respect to G.
Let N be a given nonlinear connection. Then any semi-symmetric metrical d-
linear connection with local coefficients DI'(N) = (L'}, Eijk, C”jk, C%1.) is given
by (7). We have:

Proposition 3.1. Two semi-symmetric metrical d-linear connections with local

coefficients DT'(N) = (L', L', C'p Cy ) and DT(N) = (Eijk,iijk,éijk,éijk)
are related as follows:

Ly = L'y + 030, = 99" 0m, Ly, = LYy + 2000 o,

Lije = Ly or: 2= L (8)
C,ﬂjk = ank? ] . C_VZJ’€ - CZJ’“’ ~

Cljk = Czjk + Tjé,g - gjkglm'rrru Cljk = Cljk + 29??7_”7'

Conversely, given o; € X*(M),7; € X*(M) the above (8) is thought to be
a transformation of a semi-symmetric metrical d-linear connection D, with local
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coefficients DI'(N) = (L', Eijk, C’ijk, C'p) toa semi—s_ymmetric metrical d-linear
connection D, with local coefficients DI'(N) = (L', L', C'  C ).

We shall denote this transformation by: t(o;,7;).

Thus we have:

S
Proposition 3.2. The set 7@N of all transformations t(c;,7;) : DI'(N) —
DT(N) of semi-symmetric metrical d-linear connections given by (8) is an abelian
group, together with the mapping product:
t(éj,?j) Ot(O'j,Tj) = t(O'j +04,7; +?j).
This group acts on the set of all semi-symmetric metrical d-linear connections,
corresponding to the same nonlinear connection N, transitively.

ms

In order to find invariants of the group 7y, let us consider the transformation
formulas of the torsion and the curvature tensor fields by a transformation of d-
linear connections corresponding to the same nonlinear connection N (A*; = 0):

t(0,B%,, B',, D',y D' ) : DT(N) — DI(N)
Jy =N, L, =Lk = Bl Ly, =L, - B,

(9)
Ciyy=Cly— Dby, Oy =CFy — Dy

Proposition 3.3. By a transformation (9) of d-linear connections, corresponding
to the same nonlinear connection N, DI'(N) — DI'(N), the torsion and curvature
tensor fields, Tio) x> Ta) i Py v Py v 'm0 Beoyg v By v Floys'vos

P(l)J kl’S(O)j kle(l)] o are transformed as follows:

Toy'in = Tioysx + By — By Ty = Tay s (10)
Py =Py = Dl Py’ = Py + By, (11)
Sijk = Sijk + (Dikj - Dljk)' (12)
Ry’ = Ry — ]hR BT o) + A =By, + BBy}, (13)
R(l)jikl = R(l)jzkl - Dzth ol — Bz'hT(o) ket ‘Akl{_szk\l + Bjszhz}v (14)
P(O)j = Py, bt~ D P(z) B Z}hé'}zil — Bl + Dijl\kJr
(15)
+B" Dy — D"y By,
Pyt =Py — DY P(Q) Kl Z}hé}kl - B§k|l + D'yt 16)

+B", DYy — D" Y.,

S00); = S(O)jikl — D%, 8%, + Au{—=D';li + D", D}, (17)
S’(l)jikl 5(1)] ' — D'pShy + A{ Dl + D", DY ) (18)
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We consider the tensor fields:
[ i ~i h
’C(O)j kl — R(O)j El thR ki
- i i h
K(l)j kl — R(l)j kl thR k>
i i ~; ON"
Py = Aut{Lo);' — ih oyt 2

P = AP, i — O 2Ny
(1)7 ki kI (1)5 ki jh oyt I

(22)

Proposition 3.4. By a transformation (9) of d-linear connections corresponding
to the same nonlinear connection N, the tensor fields K(O)jikl,IC(l)j’kl,P(O)j’kl,

'P(l)jikl are transformed as follows:
c i _ i i h i h i
K0 =Ky + BTy + Ac{ =B + BBt

Koy =Ky = BinTo) s + Aud=B + BBy},

Poys 1t = Proys b + A { =Bl + Dijllk + B"Djy — D" By +
+D%, Ly = B Cla},
ﬁ(l)j = Ply; e Akl{_éijkh + Dijllk + B};‘kDiz - D@lBihk‘i‘
+D', LYy, — B%,Cl
Substituting in (9):
B, = —20i"q,,, By =0, Diy =0, Di, = —20imr,,,

we have the transformation (8)

(23)

(24)

Proposition 3.5. By a transformation (8) of semi-symmetric metrical d-linear
connections corresponding to the same nonlinear connection N, the tensor fields

K(O)jiliC(l)jikl’S(O)jikl’ S(l)jikl are transformed as follows:

K(O)jikl = K0); ' + 2A0{ Q%] o},

K K

i i
(1) kL = (1)g kD

S(O)jikl = S(O)jikl’
Syiw = Says w246 {0 T}

where:

(28)
(29)
(30)
(31)
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T
Tt = Ot — Om01 + Sgmior — Z2EOL (0 = g™ ,), (32)
Tl = Tt = T+ 3Gt — 250, (7 = 570 Tm). (33)

mS
Using this results we can determine the invariants of the group 7 5 using a
well-known elimination method:

Theorem 3.1. For n > 2 the following tensor fields:

Hgy 'k Hy oo Moy My

mS
are invariants of the group T y, of transformations, of semi-symmetric metrical
d-linear connections on TM, corresponding to the same nonlinear connection N:

H(O)jikl = K(O)jikl + %Akz{%’;(’%w - ’2C((72)—g1§ )} (34)
Hoyj'a =Koy wo (35)
Mo)i'sr = S0y m (36)
M(l)jikl = S(l)jikl + %Akl{ggj(s(l)rl - f((;)—gll))}v (37)

where:
Koyik =Koy kir Koy = 9 Koyjrs  Syie = Syirir Sy = 375 Swyin

We note that the results obtained from Theorem 3.1 in the particular case of
the normal d-linear connections support the findings of R.Miron and M.Hashiguchi
in their paper [7].
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