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On Cauchy’s bound for zeros of a polynomial

by
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Abstract
In this paper we have improved Cauchy’s bound for zeros of a polynomial
p(z) =z2"+a12" " Faz" T 4 ...+ an.

In many cases, our result gives better bounds than those obtainable by
most of the other known results.
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1 Introduction and statement of results
Let
p(z) =z2"+ a1z" Va2 4. +a,

be a polynomial of degree n, (n > 2). Then we have the following classical result,
due to Cauchy [3], on the location of zeros of a polynomial.

Theorem A. All the zeros of the polynomial p(z) lie in the disc
2] <1+ A4, (1.1)

where
A = max |a;|.
1<j<n
Joyal et al. [6] improved Cauchy’s bound (1.1) and obtained

Theorem B. All the zeros of the polynomial p(z) lie in the disc

2] < (1/2){1 + |aa| + v/ (1 = aa])? + 46}, (1.2)

where

d = max |a;l.
2<j<n
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In this paper, we have obtained a result, which gives a refinement of the bound
(1.2), due to Joyal et al.. More precisely, we have proved

Theorem 1. Let
p(2) = 2" a1 2" T a2 A4 Aan;a; #0 for at least one j,2 < j <n, (1.3)
be a polynomial of degree n, with
B > ) > > B0, (1.4)

being the ordered non-negative numbers

b)) = la 7y > 0,5 =2,3,...,m, (15)
and
By =l ). (1.6)
Then all the zeros of the polynomial p(z) lie in the disc
2] < (/2 ey + B 44/ (0 — B2 + 40, (1.7)
where ( o
0<ay= zér;lgari ( 311/6 7)< (1.8)

(mazimum being taken over all j such that ﬂjh) #0),

057 = (857 /(o + 1)) = (657 oy + 1)) = .. =

” = (65 /(ay + t5)" ), t5>0 L)
8y, ty <0
0 =a 80— B =234, B0 = (1.10)

u=wm%ww@+w%—WW+w@}ﬂw (111)
By taking
y=1
in Theorem 1, we get

Corollary 1. All the zeros of the polynomial
p(z) = 2"+ a12" P+ a2 2+ ...+ an;a; # 0 for at least one §,2 < j <n,

lie in

|2 < (1/2) {oq +80 + \/(a1 — g2 —|—401} . (1.12)
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Remark . Bound (1.12) is a refinement of bound (1.2), due to Joyal et al. as

(1/2)fer + B0 + /(a1 — )2 + 401} <
(1/2){as + 80 + /(e — )2 + 4850}, (by (1.8)),
< (1/2){1+ 80 +/(1 - 80)2 + 48}, (by (1.7)).

Further, in many cases Corollary 1 gives better bounds than those given by many
other known results, as can be seen by the example:

p(2) = 2% + as2® + as; |as| = |as| = 2,
Datt & Govil’s bound [4] > 2,

Our earlier bound [5] > 1.823

Aziz & Zargar’s bound [1] > 1.9,
Boese & Luther’s bound [2] ~ 2.991,
Zilovi¢ et al.’s bound [8] = v/5,

Sun & Hsieh’s bound [7] = 2,

Our bound(1.12) ~ 1.82289

By considering all possible values of v in Theorem 1 we get another refinement,
of bound (1.2), as

Corollary 2. All the zeros of the polynomial
p(z) = 2"+ a2 Fag" i 4.+ an;aj # 0 for at least one j,2 < j < n,

lie in

< it (/2 e + 80+ (0 = B2 440 ). (113)

2 Lemma
For the proof of Theorem 1, we require the following lemma.
Lemma 1. Let
p(z) = 2" +a1 2" T a2 2. Aap;a; #0 for at least one j,2 < j <n, (2.1)

be a polynomial, with
N2 2MN3 2. 21, (2.2)

being the ordered non-negative numbers

la;l,7=2,3,...n, (2.3)
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and
m = |a1]. (2.4)
Then all the zeros of the polynomial p(2) lie in the disc
2| < (L/2{B+m + V(B —m)* + 4n2}, (2.5)
where
0<p= 2;;12331(77%1/77;') <1, (2.6)

(mazimum being taken over all j such that n; # 0).

Proof: We have for |z| > 8

() > 2" = mlz["T = agll2]" 7 = = an, (by (24)),
>z —mlz[*Tt = 2" -
n3|z|" 73 — ... =, (by (2.2) and (2.3)),
>z =zt = a2t = Bl -
n2ﬁ2|z|"_4 — =B, (by (2.6)),
n—2
= [2" Y]zl =m - (Wz/IZI)(Z(ﬂ/|ZI) )}
> a" Mzl = m = (/12D (8/12))
7=0
= 2" NIzl = (B+m)lzl + Bm —m2} /(|21 = B),
> 0,
if
|2l > (1/2)(B+m + /(B —m)? + 4n2),
and Lemma 1 follows. 00

3 Proof of the Theorem 1

By Lemma 1, all the zeros of the polynomial p(vyz) will lie in

121 < (1/2)(ay + B + 1/ (0 — )2 + 4507),

and therefore all the zeros of the polynomial p(z) will lie in

2] < (1/2)(ay + B0 + (g — B2 + 487). (3.1)

Further, let
p(¢) = 0. (3.2)
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Then
¢ =, (3.3)

for certain non-negative real number r, with two possibilities:
(O)r > ay (1))r < a,. (3.4)

For the possibility (ii), Theorem 1 follows trivially. Accordingly we now think
with the help of possibility (¢). Then by (3.3), (3.4) and (3.1), we get

Yy < < (1/2)(an + A7+ (0 — B2 +48). (3.5)
(Further, if ¢, (as given by (1.11)), is non-positive, then by (3.5), we will get
Yoy <A S Yoy,

an absurdity, thereby implying that possibility (i) can not arise with non-positive
ty). Therefore from now onwards, we will assume that ¢, is positive. Further by

(3.5) and (1.11), we get
ay <7 <y Ftsy. (3.6)

Now by (3.2) and (1.3), we have

¢ < laalle]™ ™ + laallg]™ ™ + ... + laal,

i.e
rr < B =2 03 e pO)) (by (3.3), (1.6) & (1.5)),
< pn=1 g gMpn=2 g3 4 g0 (by (1.5) & (1.4)),
ie.
(r=B17) < (@57 fr) + (87 /%) 4+ (B0 /),
(= a +ve number, by (1.3)), (3.7)
i.e.
(r= B —ay) < By = (85" /r) = (857 /r®) ~
(6 /1), (by (1.10)) (3.8)
= a +ve number, (by (1.8),(3.4) & (3.7)), (3.9)
< By = (05 /(e +1,)) = (35 /(o + ,)°) =

= (07 /(ay +£3)" 1), (by (3.6)),
o, (by (1.9)) (3.10)
a +ve number, (by (3.9)) (3.11)

ie.
r? — r(oy + ﬂp)) + O"yﬂy) —oy <0,



278 V.K. Jain

- (r—C)(r— ) <0, (3.12)
where

G = (1/2)(047+B1 +\/ ) +40,), (3.13)

G o= 1/ + 87 —%(aw—m”)wwv). (3.14)
Hence by (3.10), (3.11), (3.13), (3.14) and (3.12), we have

< (1/2)(ay + 8D + (g — B)2 +40,),
and accordingly
€1 < (1/2)(an + 87 + 1/ (0 — BO)2 4+ 40,), (by (3.3)),

thereby proving Theorem 1, for the possibility (i) under consideration. This
completes the proof of Theorem 1.

Remark . One observes that bound in Theorem 1 can be repeatedly improved
e.g. by using (1.7), instead of Lemma 1 and then repeating the proof of Theo-
rem 1, thereby leading to the conclusion that all the zeros of p(z) will lie in

121 < (1/2) (@ + B + /(e — BP)2 + 402,

where
(v 5(7) £)) — 5(7) £2) -
, s — (057 /(ay +1,)) = (637 /(ay +1,)°) — ...

0y =9 (65 /(ay + )"0, t, >0,

O t:Y <0,

= (1/2){ay + 87 + (o — B2 + 40} — 0,
with
o, <o,
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