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On Cau
hy's bound for zeros of a polynomial

by

V.K. Jain

Abstra
t

In this paper we have improved Cau
hy's bound for zeros of a polynomial

p(z) = z
n + a1z

n−1 + a2z
n−2 + . . . + an.

In many 
ases, our result gives better bounds than those obtainable by
most of the other known results.
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1 Introdu
tion and statement of results

Let

p(z) = zn + a1z
n−1 + a2z

n−2 + . . . + an

be a polynomial of degree n, (n ≥ 2). Then we have the following 
lassi
al result,

due to Cau
hy [3℄, on the lo
ation of zeros of a polynomial.

Theorem A. All the zeros of the polynomial p(z) lie in the dis


|z| < 1 + A, (1.1)

where

A = max
1≤j≤n

|aj |.

Joyal et al. [6℄ improved Cau
hy's bound (1.1) and obtained

Theorem B. All the zeros of the polynomial p(z) lie in the dis


|z| ≤ (1/2){1 + |a1| +
√

(1 − |a1|)2 + 4δ}, (1.2)

where

δ = max
2≤j≤n

|aj |.
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In this paper, we have obtained a result, whi
h gives a re�nement of the bound

(1.2), due to Joyal et al.. More pre
isely, we have proved

Theorem 1. Let

p(z) = zn+a1z
n−1+a2z

n−2+. . .+an; aj 6= 0 for at least one j, 2 ≤ j ≤ n, (1.3)

be a polynomial of degree n, with

β
(γ)
2 ≥ β

(γ)
3 ≥ . . . ≥ β(γ)

n , (1.4)

being the ordered non-negative numbers

|b(γ)
j | = |ajγ

−j |; γ > 0, j = 2, 3, . . . , n, (1.5)

and

β
(γ)
1 = |a1γ

−1|. (1.6)

Then all the zeros of the polynomial p(z) lie in the dis


|z| ≤ (γ/2){αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4σγ}, (1.7)

where

0 ≤ αγ = max
2≤j≤n−1

(β
(γ)
j+1/β

(γ)
j ) ≤ 1, (1.8)

(maximum being taken over all j su
h that β
(γ)
j 6= 0),

σγ =



















β
(γ)
2 − (δ

(γ)
2 /(αγ + tγ)) − (δ

(γ)
3 /(αγ + tγ)2) − . . .−

(δ
(γ)
n /(αγ + tγ)n−1), tγ > 0

β
(γ)
2 , tγ ≤ 0



















, (1.9)

δ
(γ)
j = αγβ

(γ)
j − β

(γ)
j+1, j = 2, 3, 4, . . . , n;β

(γ)
n+1 = 0, (1.10)

tγ = (1/2)

{

αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4β

(γ)
2

}

− αγ . (1.11)

By taking

γ = 1

in Theorem 1, we get

Corollary 1. All the zeros of the polynomial

p(z) = zn + a1z
n−1 + a2z

n−2 + . . . + an; aj 6= 0 for at least one j, 2 ≤ j ≤ n,

lie in

|z| ≤ (1/2)

{

α1 + β
(1)
1 +

√

(α1 − β
(1)
1 )2 + 4σ1

}

. (1.12)
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Remark . Bound (1.12) is a re�nement of bound (1.2), due to Joyal et al. as

(1/2){α1 + β
(1)
1 +

√

(α1 − β
(1)
1 )2 + 4σ1} ≤

(1/2){α1 + β
(1)
1 +

√

(α1 − β
(1)
1 )2 + 4β

(1)
2 }, (by (1.8)),

≤ (1/2){1 + β
(1)
1 +

√

(1 − β
(1)
1 )2 + 4β

(1)
2 }, (by (1.7)).

Further, in many 
ases Corollary 1 gives better bounds than those given by many

other known results, as 
an be seen by the example:

p(z) = z5 + a2z
3 + a5; |a2| = |a5| = 2,

Datt & Govil's bound [4℄ > 2,

Our earlier bound [5℄ > 1.823

Aziz & Zargar's bound [1℄ > 1.9,

Boese & Luther's bound [2℄ ≈ 2.991,

�Zilovi¢ et al.'s bound [8℄ =
√

5,

Sun & Hsieh's bound [7℄ = 2,

Our bound(1.12) ≈ 1.82289

By 
onsidering all possible values of γ in Theorem 1 we get another re�nement,

of bound (1.2), as

Corollary 2. All the zeros of the polynomial

p(z) = zn + a1z
n−1 + a2z

n−2 + . . . + an; aj 6= 0 for at least one j, 2 ≤ j ≤ n,

lie in

|z| ≤ inf
γ>0

((γ/2){αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4σγ}). (1.13)

2 Lemma

For the proof of Theorem 1, we require the following lemma.

Lemma 1. Let

p(z) = zn+a1z
n−1+a2z

n−2+. . .+an; aj 6= 0 for at least one j, 2 ≤ j ≤ n, (2.1)

be a polynomial, with

η2 ≥ η3 ≥ . . . ≥ ηn, (2.2)

being the ordered non-negative numbers

|aj |, j = 2, 3, . . . n, (2.3)
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and

η1 = |a1|. (2.4)

Then all the zeros of the polynomial p(z) lie in the dis


|z| ≤ (1/2){β + η1 +
√

(β − η1)2 + 4η2}, (2.5)

where

0 ≤ β = max
2≤j≤n−1

(ηj+1/ηj) ≤ 1, (2.6)

(maximum being taken over all j su
h that ηj 6= 0).

Proof: We have for |z| > β

|p(z)| ≥ |z|n − η1|z|n−1 − |a2||z|n−2 − . . . − |an|, (by (2.4)),

≥ |z|n − η1|z|n−1 − η2|z|n−2 −
η3|z|n−3 − . . . − ηn, (by (2.2) and (2.3)),

≥ |z|n − η1|z|n−1 − η2|z|n−2 − η2β|z|n−3 −
η2β

2|z|n−4 − . . . − η2β
n−2, (by (2.6)),

= |z|n−1{|z| − η1 − (η2/|z|)(
n−2
∑

j=0

(β/|z|)j)},

≥ |z|n−1{|z| − η1 − (η2/|z|)(
∞
∑

j=0

(β/|z|)j)},

= |z|n−1{|z|2 − (β + η1)|z| + βη1 − η2}/(|z| − β),

> 0,

if

|z| > (1/2)(β + η1 +
√

(β − η1)2 + 4η2),

and Lemma 1 follows.

3 Proof of the Theorem 1

By Lemma 1, all the zeros of the polynomial p(γz) will lie in

|z| ≤ (1/2)(αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4β

(γ)
2 ),

and therefore all the zeros of the polynomial p(z) will lie in

|z| ≤ (γ/2)(αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4β

(γ)
2 ). (3.1)

Further, let

p(ζ) = 0. (3.2)
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Then

|ζ| = γr, (3.3)

for 
ertain non-negative real number r, with two possibilities:

(i)r > αγ (ii)r ≤ αγ . (3.4)

For the possibility (ii), Theorem 1 follows trivially. A

ordingly we now think

with the help of possibility (i). Then by (3.3), (3.4) and (3.1), we get

γαγ < γr ≤ (γ/2)(αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4β

(γ)
2 ). (3.5)

(Further, if tγ , (as given by (1.11)), is non-positive, then by (3.5), we will get

γαγ < γr ≤ γαγ ,

an absurdity, thereby implying that possibility (i) 
an not arise with non-positive

tγ). Therefore from now onwards, we will assume that tγ is positive. Further by

(3.5) and (1.11), we get

αγ < r ≤ αγ + tγ . (3.6)

Now by (3.2) and (1.3), we have

|ζ|n ≤ |a1||ζ|n−1 + |a2||ζ|n−2 + . . . + |an|,

i.e

rn ≤ β
(γ)
1 rn−1 + |b(γ)

2 |rn−2 + |b(γ)
3 |rn−3 + . . . + |b(γ)

n |, (by (3.3), (1.6) & (1.5)),

≤ β
(γ)
1 rn−1 + β

(γ)
2 rn−2 + β

(γ)
3 rn−3 + . . . + β(γ)

n , (by (1.5) & (1.4)),

i.e.

(r − β
(γ)
1 ) ≤ (β

(γ)
2 /r) + (β

(γ)
3 /r2) + . . . + (β(γ)

n /rn−1),

(= a +ve number, by (1.3)), (3.7)

i.e.

(r − β
(γ)
1 )(r − αγ) ≤ β

(γ)
2 − (δ

(γ)
2 /r) − (δ

(γ)
3 /r2) − . . . −

(δ(γ)
n /rn−1), (by (1.10)) (3.8)

= a +ve number, (by (1.8), (3.4) & (3.7)), (3.9)

≤ β
(γ)
2 − (δ

(γ)
2 /(αγ + tγ)) − (δ

(γ)
3 /(αγ + tγ)2) −

. . . − (δ(γ)
n /(αγ + tγ)n−1), (by (3.6)),

= σγ , (by (1.9)) (3.10)

= a +ve number, (by (3.9)) (3.11)

i.e.

r2 − r(αγ + β
(γ)
1 ) + αγβ

(γ)
1 − σγ ≤ 0,
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i.e.

(r − ζ1)(r − ζ2) ≤ 0, (3.12)

where

ζ1 = (1/2)(αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4σγ), (3.13)

ζ2 = (1/2)(αγ + β
(γ)
1 −

√

(αγ − β
(γ)
1 )2 + 4σγ). (3.14)

Hen
e by (3.10), (3.11), (3.13), (3.14) and (3.12), we have

r ≤ (1/2)(αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4σγ),

and a

ordingly

|ζ| ≤ (γ/2)(αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4σγ), (by (3.3)),

thereby proving Theorem 1, for the possibility (i) under 
onsideration. This


ompletes the proof of Theorem 1.

Remark . One observes that bound in Theorem 1 
an be repeatedly improved

e.g. by using (1.7), instead of Lemma 1 and then repeating the proof of Theo-

rem 1, thereby leading to the 
on
lusion that all the zeros of p(z) will lie in

|z| ≤ (γ/2)(αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4σ′

γ),

where

σ
′

γ =











β
(γ)
2 − (δ

(γ)
2 /(αγ + t

′

γ)) − (δ
(γ)
3 /(αγ + t

′

γ)2) − . . .−
(δ

(γ)
n /(αγ + t

′

γ)n−1), t
′

γ > 0,

σγ , t
′

γ ≤ 0,

t
′

γ = (1/2){αγ + β
(γ)
1 +

√

(αγ − β
(γ)
1 )2 + 4σγ} − αγ ,

with

σ
′

γ ≤ σγ .
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