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Finding Eulerian Cy
le De
ompositions and the Rotationdistan
e between binary treesbyGefry BaradAbstra
tTo any rooted binary tree we assign a permutation. We de�ne the 
lass"T" of permutations as the set of permutations whi
h 
ome from this as-signement.In 1999, Caprara [4℄ proved it is NP-hard to �nd a maximal 
y
le de
ompo-sition of the breakpoint graph of a permutation. His result implies that itis NP-hard to sort permutations by reversals, answering a question relevantto Pevzner-Hannenhalli Theory on sorting genomes by reversals. Using Hy-perboli
 Geometry, Thurston, Sleator and Tarjan(1988) [9℄ proved that thediameter of the Rotation Graph is 2n � 6. In a 
ombinatorial approa
hto understand how trees evolve under rotations, we found a 
lass "T" ofpermutations whi
h satisfy the following 
ondition: given any permutation,it is possible to de
ide in linear time if it belongs to "T". If the answer ispositive, it is possible to �nd a maximal 
y
le de
omposition of its break-point graph. There is also numeri
al and topologi
al information sharedby the trees and their asso
iated permutation. We prove a result about anumber w(T ), asso
iated with any tree.Key Words: Rooted binary trees, rotation distan
e, sorting by re-versals, breakpoint graphs.2000 Mathemati
s Subje
t Classi�
ation: Primary 03D15, Se-
ondary 68R05.1 Introdu
tion: binary rooted trees and permutationsPlanar rooted binary trees are 
onne
ted graphs without 
y
les, with n trivalentverti
es and n+2 univalent verti
es, one of them being marked as the root. Thereare 1n+1 �2nn � binary trees with n internal verti
es.
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Two trees are 
onne
ted by an elementary move 
alled rotation if they are iden-ti
al, ex
ept the zones from the pi
ture below, where one edge is moved intoanother position; we erase an internal edge and one internal vertex and we glueit again in a di�erent lo
ation, to get a rooted binary tree.

The Rotation Graph Gn [9℄ has verti
es all rooted binary trees with n inter-nal verti
es, two trees being adja
ent if they are united by a rotation.Let T be a rooted binary tree, with n internal verti
es. The univalent verti
esare labelled 1; 2; :::n+ 1.The internal zone between the univalent verti
es k and k + 1 is 
alled zone k.Every internal zone has a unique internal vertex whi
h is the head of that zone.To every binary rooted tree with n internal verti
es T , we asso
iate a permutationp(T ) 2 Sn, the symmetri
 group of n letters. If the trees evolve by rotations,then p(t) evolve by an insertion.An insertion in a permutation a:= a(1)a(2)....a(n) is the following transformationapplied to a: insert the element a(y) between two 
onse
utive elements in a:a(x � 1) and a(x). Under this transformation, we get the permutation ar(x; y),
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le De
ompositions 23where r(x; y) is the insertion:
r(x,y)= �1,2,...x,x+1,.......y....n1,2,...y,x,..........y-1...nThere is a unique dire
ted path P (k) whi
h joins every univalent vertex k tothe root. We label internal verti
es with numbers 1; 2:::n in the order they appearon the paths P (1), P (2)...P (n + 1), from the univalent verti
es to the root. Sowe de�ne a total order on the set of internal verti
es: x � y if x 2 P (k) and y 2P (m) and k � m, or k=m and y is on the path from x to the root of the tree.In the permutation asso
iated with the tree, p(T )(x) = y, if the internal vertexlabelled with x is the vertex asso
iated with the zone y, between the univalentverti
es y and y + 1.Example: labelled tree and its permutation:1 12 2 11 3 10 4 9 5 8 6 7

Lemma 1. At a rotation , the permutation p(T ) evolves by an insertion.Lo
al pi
tures of two trees united by a rotation; they are identi
al ex
ept thezones below:



24 Gefry Barad
Proof: Zone a, adja
ent to zone b in p(T ) is moving under rotation , from theposition x+2 to the position y (insertion). The insertion is from left to the rightif the rotation is from left to the right.Remark 1. An insertion involves maximum 5 adja
en
ies of a permutation; thezones are the 3 zones whi
h 
hara
terize the 
ip:a, b and the zone whose internalvertex is y; and the �rst two zones, if they exist, whi
h appear in n dire
tion,immediately after the verti
es labelled x+ 2 and y (let us 
all � and � zones) inthe pi
ture above.

Flip

p(T): 1 2 6 7 11 16 17 3 5 4 8 10 9 12 14 15 13p(
ip(T)) : 1 2 6 7 16 17 3 5 4 8 10 11 9 12 14 15 13The zones involved : 7,11,10,16,91.1 The Breakpoint Graph of a permutationWe asso
iate to p(T ) its breakpoint graph, de�ned by Pevzner [2℄ [4℄. Re
allthe breakpoint graph of a permutation p from the Symmetri
 Group S(n):
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le De
ompositions 25We add 0 and n+1: p(0)=0 and p(n+1) = n+1; Let G be the graph with verti
es0; 1; 2:::n+1:The verti
es will be drawn equidistantly on a 
ir
le. We joini and i+1 by a grey edge if they are not adja
ent (on 
onse
utive positions) in p.We join p(i) and p(i+1) by a bla
k edge if they are not adjan
ent in the identitypermutation. We get a bi
olored graph, where every vertex has degree 0,2 or 4,with an equal number of grey and bla
k edges. It means there is an Eulerian
y
le de
omposition in alternating 
olor 
y
les. In our 
ase, where p = p(T ), theverti
es of G(p(T )) are the zones from the basis of the tree. The zone i is thezone between the univalent verti
es i and i+ 1. p(T )(1) is always 1, so 0 is notadded. The notion of adja
en
y in the identity permutation and in p(T ) 
an bede�ned on the geometri
 planar representation of the tree. We write G(T ) orG(p) or G(p(T )) for the breakpoint graph of a permutation asso
iated with thetree T as above.De�nition 1. The dimension of a tree is the number of its internal verti
es.
(p)=jC(p)j = the maximal number of alternating 
y
les in an Eulerian de
om-position C(p) of G(p), among all possible Eulerian de
ompositions of G(p).1.2 The "hook" transformationLet T be a tree. Let hook(T ) be the tree obtained from T by atta
hing a hookin the right hand side: so the left tree of hook(T ) is T , and the right tree is oneleaf with an univalent vertex. We add n + 1 to p(T ). Then p(hook(T )) is builtby insertion of n+ 1 in another pla
e of p(T ).
T

T

1 5 2 4 3 6 1 5 6 2 4 3



26 Gefry BaradLemma 2. Let T be an n-vertex tree, T=t(1) _ t(2) its de
omposition in its leftand right trees. Then G(T ) is the join of the graphs G(hook(t(1))) and G(t(2)).The join is obtained by the identi�
ation of the vertex jt(1)j +2 from the �rstgraph with the vertex labelled 1 from the se
ond graph.We write G(T )=G(hook(t(1)))_ G( t(2))Proof: p(T )=p(hook(t(1))p(+t(2)), where p(+t(2)) is obtained from p(t(2)) byadding dim(t(1))+1 to every number. U is the middle zone; p(u+1)=u+1

As a 
orollary, we have: There is a maximal 
y
le de
omposition of G(p(T ))given by the de
omposition of T in its left and right trees: if T=t(1)_ t(2), thenC(G(T ))=C(G(hook(t(1))))_C(G( t(2))).We denoted by C(p) an Eulerian de
omposition with maximal number of alter-nating 
y
les.Proof: In an Eulerian de
omposition, there is no 
y
le whi
h pass the zone ubetween t(1) and t(2), be
ause there is no edge whi
h 
onne
t two verti
es x <u and y > u from the breakpoint graph.Note. u+1 is a separating �xed point of the permutation p(T ): u+1 is a �xedpoint and x < u+1 if and only if p(T )(x)< u+1.1.3 The Class "T" of permutations asso
iated with treesLet p be a permutation from the symmetri
 group S(n).We des
ribe below a linear time algorithm to de
ide if p is a permutation asso
i-ated with a tree (p is named a "tree permutation"), and if the answer is positive,we get a tree T su
h that p(T ) = p. During this se
tion we explain why thispro
edure return a 
orre
t answer for our question.



Finding Eulerian Cy
le De
ompositions 27For every k from 1 to n, let qk be the permutation obtained from p after we deletethe numbers k + 1; k + 2:::n: De�ne f(k) to be qk(x-1), if qk(x)=k.Lemma 3. If the permutation p is a "tree permutation", then qn�1 is a "treepermutation".
Proof: If zone n has a triangular shape as in the pi
ture above, when one leafbounds it, then qn�1 is the permutation of the tree obtained by erasing thatleaf, 
onne
ted with the nth univalent vertex. Otherwise, we delete entire zone nand we glue the tree t(1) (whi
h form a part of the boundary of zone n) to theright wall of the tree T . We will get a tree with n� 1 univalent verti
es, whosepermutation is qn�1.From a tree permutation qn�1, we 
an build the permutation p if and only if zonef(n) has its head (the trivalent vertex whi
h is the head of the zone) on the rightwall of the big tree T . The entire algorithm des
ribed in this se
tion is based onthe fa
t we 
an built p out of qn�1.From p, we delete the numbers 6,7,8...n. We will get a permutation z= q5from S(5).Case I- If there is no tree T (5) with 5 internal verti
es su
h that p(T (5)) = z,then p is not a tree permutation.By applying the lemma above, we get: p is a tree permutation if and only if, forall k, qk is a tree permutation. In parti
ular, for k=5, we prove Case I.Case II- Suppose there are trees U(1)::::U(q), q smaller than 16 �105 � su
h thatp(U(i))))=z:For every su
h tree U(i) as above, we will try to add leaves (edges 
onne
tedby an univalent vertex). Eventually by modifying the tree, after n� 5 steps, weget a tree su
h that p(T )=p. For every step k, the tree Tk satis�es p(Tk)=qk+5.Let Q be a �xed tree with 5 internal verti
es from the list above. At every step, we
an de
ide if we have an obstru
tion whi
h says that p is not a tree permutation,or we 
an move on to a tree with more internal verti
es.Suppose we have a tree Tk�1 with k � 1 internal verti
es, su
h that p(Tk�1)isthe permutation obtained from p by deleting k; k + 1; k + 2:::n: We want to add



28 Gefry Baradzone k. If the head of the zone f(k) is not on the right wall of the tree, then wehave an obstru
tion: p is not a tree permutation.If f(k) is on the right wall, we have two 
ases:Case I: f(k) is not k-1; there is a unique way to evolve from Tk�1 to another treewhi
h bear the permutation qk obtained from p by deleting k + 1; k + 2:::n: Wereverse the pro
edure from Lemma 3, by adding zone k:Case II: f(k)=k � 1; we add a left to the right leaf to 
reate zone k, by dividingzone k � 1 in two zones, as in the �rst 
ase of Lemma 3.This 
hoi
e does not a�e
t the property to �nd or not to �nd an obstru
tion inthe future. An obstru
tion appears at step M when f(M) is not on the rightwall of the tree. For any M , f(M) is unique. The property of the internal vertexf(M) of being on the right wall is not a�e
ted in 
ase II by that 
hoi
e of theleaf to 
reate zone k.Corollary 1. There are at most 16 �105 � 2n�5 trees whi
h have the same permu-tation.Indeed, only in 
ase II, whi
h 
an be repeated at most n� 5 times, there aretwo 
hoi
es to add the leaf whi
h 
reates zone k.De�nition 1.1. Given a tree T , the set of its subtrees is de�ned re
ursively: theleft and the right trees of T are subtrees. Any subtree is a left or a right tree fora subtree with more internal verti
es.Note: The pro
edure above has a geometri
 
hara
ter. Given p, we have to drawa tree at every stage, and to 
he
k if f(k) is on the right wall of the tree.Permutations from 
lass T have the following property: they have separating �xedpoints, as des
ribed by the Note after Lemma 2. Also, the intervals [f(k); k℄ aredisjoint or are in
luded one into the other. They 
an have one number in 
ommon(an end of an interval). They form a nested set of (non-
rossing) intervals. Letus 
all a permutation whi
h satisfy this 
ondition a permutation of type (A).Theorem 1. A permutation p 2 Sn is a tree permutation if and only if p is oftype (A) .Proof: We apply indu
tion over n. If n is a �xed point of p, we apply indu
tionfor qn�1. There is a tree whose permutation is qn�1; we add one leaf to get p.If n is not a �xed point and f(n) � n-2, we apply indu
tion for the permutationq, obtained from p by deleting the numbers: f(n) + 1::::n � 1: There is a tree
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le De
ompositions 29T (q) su
h that p(T (q)) = q: There is a treeM su
h that p(M) is the permutationobtained from p by deleting the permutation q. We graft the trees T (q) and Mand we will get a tree whose permutation is p.

If f(n) = n � 1, we 
onsider f(n � 1)=f(f(n)). If p is not the identity, afterk iterations we get fk(n)�fk�1(n)-2; we apply indu
tion for the permutation q,obtained from p by deleting the numbers: fk(n)+1,... fk�1(n)-1. There is alsoa tree M su
h that p(M) is the permutation obtained from p by deleting thepermutation q. We apply the grafting pro
edure above.
2 The breakpoint graphs of permutations asso
iated with trees2.1 The re
ursive approa
hThere is a linear pro
edure to de
ide if a permutation p from Sn is in 
lass "T".We will see in this se
tion that we 
an �nd a maximal 
y
le de
omposition ofG(p(T )) based on the subtrees of T (using Lemma 2), whi
h suggest a polynomialtime to �nd this de
omposition. We will study families of trees, graded by thenumber of their internal verti
es.We analyze G(p(T )), for any tree T= t(1) _ t(2).Let Gn be the set of breakpoint graphs whi
h 
ome from p(T ), for any tree Twith n internal verti
es. We des
ribe the relation between Gn and Gk for all k� n.Gk is in
luded in Gn : we atta
h n � k left hooks to any tree from Gk; itsbreakpoint graph will re
eive n� k isolated points: 1; 2; 3:::n� k; whi
h are �xedpoints for the tree permutations built in this way.



30 Gefry Barad

Case I) If t(2) is not a leaf (a dimension 1 tree), Lemma 2 implies that G(p(T ))from Gn (having n+1 verti
es) are formed by the identi�
ation of two endpoints(the join) of two graphs, one from Gk and the se
ond one from Gn�k .Case II) If t(2) is a leaf, then T is the hook transformation of t(1);t(1)=t(3) _t(4).We have two sub
ases:Case II a) If t(4) is not a leaf and G(t(4)) is non-trivial, we will prove thatany maximal 
y
le de
ompositions of G(T )=G(hook(t(1)) 
an be build usingmaximal 
y
le de
ompositions the graphs of hook(t(3)) and hook(t(4)), whi
hhave dimensions lower than G(T ).Notation: for any tree T , v(T )= the zone whi
h appears after the middle zone ofT in p(T )u(T )= the middle zone of T-The edges nu(t(4)) and nv(t(4)) appear in G(hook(t(4)), but they do notappear in G(T ). They are repla
ed by the edges nv(t(3)) and nu(t(1)). Froma maximal 
y
le de
omposition of G(hook(t(4)), we take all 
y
les, ex
ept the
y
les (one or two) whi
h 
ontain the edges nu(t(4) and nv(t(4)). Let us 
allthe ignored 
y
les from G(hook(t(4)) C and D (they 
an be identi
al). C, D,the edge u(t(4))v(t(4)), nv(t(3)) and nu(t(1)) will be part of the same new 
y-
le. The remaining edges of this new 
y
le are the edges of a 
y
le Y fromG(hook(t(3)) whi
h 
ontain u(T )v(t(3)): This edge does not appear in G(T ): Werepla
e u(T )v(t(3)) from Y by the sequen
e of edges: u(T )n C u(t(4))v(t(4)) Dvt((3)).The edge u(t(4))v(t(4)) appears in G(T ). It does not appear in G(hook(t(4)). Itis used to form a bridge between C and D.Any maximal 
y
le de
omposition of G(T ) is obtained in this way: nu(t(1)) and
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ompositions 31nv(t(3)) have to belong to the same 
y
le X . The interse
tion between X andthe verti
es of the graphs of hook(t(3)) and hook(t(4)) has to generate maximal
y
le de
ompositions of these graphs.We have: 
(p(hook(t(3)_t(4)))) = 
(p(hook(t(3)))) + 
(p(hook(t(4))))-x, wherex is 1 or 2; x=1 if and only if C=D.
(p(hook(T _ Q))) - 
(TvQ) = 
(p(hook(Q))) - 
(p(Q)) -x
 is the maximal number of alternating 
y
les in a de
omposition of G(x).

The breakpoint graph of a tree permutation 
an be drawn on the tree: theverti
es are the zones from the base of the tree. In the pi
ture above, all impor-tant edges mentioned above appear.Zone n takes the role of the last vertex for G(hook(t(4))). It is also a last vertexfor G(hook(t(3))), instead of the middle zone of t(1) (whi
h is 
onne
ted withv(t(3)) in G(hook(t(3)), but not in G(T )). Two edges from the triangle abovewhi
h 
ontains n do not appear in G(T ). They appear in G(hook(t(4)).We 
an 
ombine Theorem 1 with the re
ursive pro
edure above to �nd a maximal
y
le de
omposition of a tree permutation p. Instead of the geometri
 pi
ture ofa tree T whi
h satisfy p(T ) = p, we 
an use paranthetizations of n+ 1 variables:for example, the indu
tive step of the proof of Theorem 1 says that we 
an putparantheses between f(n) + 1::::n � 1. The middle zone of the tree is a pointwhere there are n�k left parantheses and k right parantheses, so we 
an �nd theparameter u(T ). Given p, the tree T is not unique.Case II b) This is a 
ase when we 
annot really apply Case II a), and this 
ase ispossible when at least one of the edges nu(t(4)); nv(t(4)); nu(t(3)) and nv(t(3))does not exist in G(hook(t(4)) or G(hook(t(3)). This is possible in the followingsituations:a)t(4) or t(3) is a leaf.b)t(3) and t(4) are not a leaves, and at least one of t(3) or t(4) has the followingstru
ture:
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In the �gure above, the right tree has dimension 0 or 1.If the left tree of t(4) (or t(3)) has dimension bigger than 1, G(hook(t(4))) hasisolated verti
es and G(T ) will have the stru
ture of the breakpoint graph of alower dimension tree; so we 
an suppose that its dimension is 0 or 1.If t(4) is a leaf, then G(T ) is built from G(t(1)) = G(hook(t(3))) (a lower dimen-sion tree) using the folowing pro
edure:Let us say that t(3) has n�1 univalent verti
es. The vertex n from G(hook(t(3)))is split into 2 verti
es, labelled n and n + 1, whi
h will re
eive half of the edgesof n.

From Case II a), any maximal 
y
le de
omposition of G(hook(t(3)) will havethe verti
es: u, v, n�1, n, w on the same 
y
le. This means that there is a bije
-tion between the eulerian de
ompositions ofG(hook(t(3))) andG(hook(hook(t(3)))) =G(T ); in parti
ular this is true for Eulerian de
ompositions with maximal numberof 
y
les.



Finding Eulerian Cy
le De
ompositions 33If t(3) is a leaf, we are in the situation des
ribed in the �gure below:
p(A)=0 n p(T ), where we labelled the �rst zone of the tree A with 0.The verti
es of G(A) are 0,1,...n+ 1.p(T ) begins with 1, so there is a bla
k edge between 1 and n and between 0 andn and a grey edge between n and n+ 1 and between 0 and 1.In G(T ), n is joined by a bla
k edge with p(T )(n� 1) = v. In G(A), v is joinedwith n+ 1Proposition 1. A and T have the same stru
ture of their breakpoint graph.The sequen
e of edges [n � 1; n℄[n; v℄ from a 
y
le de
omposition of G(T ) isrepla
ed by n� 1; n; 0; 1; n; n+ 1; v from G(A).The remaining 
ases, when t(3) or t(4) are not leaves, but have dimensions atmost 3 
an be treated similarly. At most one 
y
le of length 4 
an di�erentiatethe stru
ture of the maximal Eulerian de
omposition ofG(hook(t(3)_t(4))) from G(t(3) _ t(4)).3 The stru
ture of a maximal 
y
le de
omposition of the breakpointgraph of a treeWe de�ne and identify several 
ombinatorial pie
es of a maximal 
y
le de
om-position of G(p(T )). Their existen
e is based on the re
ursive approa
h above,on the geometry of the tree and on the fa
t that we draw the Breakpoint graphon the verti
es of a regular n + 1-gon. In C(G(T )) we will meet: long 
y
les,
y
les of length 4, 
urls and twisted 
urls, triangles and bounded regions in theplane formed by a long 
y
les. The number of bounded regions formed by thelong 
y
les is denoted w(T ), as a parameter of the maximal 
y
le de
ompositionof a G(p), whi
h depends on the tree T ; p(T )=p. We also de�ne a spe
ial 
lassof trees 
alled w-trees.De�nition 2. A long 
y
le in a maximal de
omposition of G(p) is a 
y
le oflength greater than 4, or a 
y
le of length 4 whose the remaining two edges (outof the 6 whi
h 
an be formed by its verti
es) are not in G(p)De�nition 3. A 
onne
ted 
omponent (or stru
ture) of a breakpoint graph is theunion of a long 
y
le with the length 4 
y
les (
4 for short) atta
hed to it.



34 Gefry BaradDe�nition 4. A w-tree T is a tree whose maximal 
y
le de
omposition in alter-nating 
y
les of G(T ) has at most one long 
y
le, whi
h bounds only one regionin the plane, and all other 
y
les of length 4, if they exist, are atta
hed by thislong 
y
le. (they have two verti
es in 
ommon with this long 
y
le).A w-stru
ture is a minor of tree of the shape as in the pi
ture below. De�new(G) as the maximal number of w-stru
tures whi
h stay linearly and with disjointinteriors (un-nested) on the basis of the tree. A w-tree is a tree with w(G)=1.
The best way to understand the w-trees is re
ursively, using left-right subtreede
omposition. If t=t(1) _ t(2) is a w-tree, then exa
tly one from hook(t(1)) andt(2) is a w-tree. The other one is a 
omb-tree.Long 
y
les 
an have the following stru
tures atta
hed to them: triangles,twisted 
urls, and 
urls with one or two 
y
les of length 4 atta
hed.De�nition 5. A triangle in a maximal 
y
le de
omposition of G(T ) is a sequen
eof 5 
onse
utive points from a long 
y
le, as in the �gure below. The third pointwill be 
alled the base of the triangle.De�nition 6. A twisted 
url in a maximal 
y
le de
omposition of G(T ) is asequen
e of 6 
onse
utive points from a long 
y
le, as in the �gure below. Themidpoint of the se
ond and the �fth point will be 
alled the base of the twisted
url.We draw the verti
es of the breakpoint graph as the verti
es of an n-gon. Thegrey edges will be some of the edges of the n-gon. The numbers (labels) of theverti
es whi
h form the basis of a movable stru
ture are greater than the numbersof the verti
es of the grey edge. In the �gure below, b+ 2 � a and x+ 1 � y �z � 1.
De�nition 7. A movable stru
ture is a triangle or a twisted 
url.There are 
onsequen
es of the inequalities among the numbers envolved inthe geometry of the tree:



Finding Eulerian Cy
le De
ompositions 351)Two 
urls of the same 
onne
ted stru
ture do not interse
t.2)A sequen
e of 6 
onse
utive points of a long 
y
le as in the pi
ture below 
annotexist.So, the following stru
tures of a breakpoint graph drawn on the verti
es of aregular n-gon do not exist on a long 
y
le in the 
ase of permutations whi
h 
amefrom trees.
A 
url (6 
onse
utive points of a long 
y
le) is twisted, or several points amongthese 6 points are also verti
es for one or two 
y
les of length 4.Theorem 2. Let T be a tree. Let w(T ) be the maximal number of w-stru
tureswhi
h stay linearly and un-nested on the basis of T . Then any maximal 
y
lede
omposition of G(T ) will have the following stru
ture:a)it will 
ontain several long 
y
les, whi
h are plane proje
tions of 3-dimensional
ir
les (trivial knots). The number of bounded regions is w(T ).b)the long 
y
les 
ontain triangles, triangular stru
tures asso
iated with a w-stru
ture, twisted 
urls and 
urls whose walls 
an be diagonals for 1 or 2 
y
lesof length 4.So, in a maximal Eulerian de
omposition of the breakpoint graph of a treethere are two types of long 
y
les: 
y
les whi
h bound only one region and 
y
leswhi
h bounds more than one region in the plane, forming a 
hain of triangularstru
tures as in the �gure below.
A long 
y
le whi
h bounds several regions in the plane is the proje
tion of a3-dimensional knot. There is a linear order on the set of long 
y
les indu
ed bythe linear order of the w-stru
tures of a tree.



36 Gefry BaradProof: We use indu
tion over the dimension of the tree T , using left/right sub-trees de
omposition. If the right tree has dimension greater then 1, we applyindu
tion using Lemma 2. The topologi
al stru
ture of C(G(T )) is given by thetopologi
al stru
tures of smaller trees.If the right tree is a leaf we apply the hook transformation analysis for the lefttree Q. T=hook(Q). T and Q have the same number of w-stru
tures.We saw how we get a maximal 
y
le de
omposition of hook(Q = A _ B) fromhook(A) and hook(B).The di�eren
e between w(Q) and the number of bounded regions formed by long
y
les does not 
hange by applying the hook transformation, establishing a). Thestru
tures of the long 
y
les of hook(A) and hook(B) (triangles and 
urls) willbe found in G(T ), establishing b).
4 The evolution of rooted binary trees under rotationsThe way rooted binary trees evolve under rotations is not fully understood.Re
ently, Kau�man, Eliahou and Kryu
hkov [6℄ [7℄ reformulated the Four ColorTheorem in terms of signed diagonal 
ips . Also, it is not known if the problemto 
ompute the rotation distan
e between any two trees is NP. The initial ap-proa
h of the Rotation Graph, made by Thurston, Sleator and Tarjan [9℄, usedhyperboli
 geometry.An insertion is a 
omposition of 2 reversals. These transformations were alreadystudied by Bafna, Pevzner and Christie [2℄ [3℄in the 
ase of Genome Rear-rangements: genomes are modeled as permutations, whi
h evolve under reversals,transpositions or mutations.Theorem (Pevzner). Let p1 and p2 be permutations 
onne
ted by a reversal. Letbi and 
i be the number of bla
k edges and of 
y
les in a maximal de
ompositionof G(pi). Then:j�
j � 1j�bj � 2j�b-
j � 1, where �x is the di�eren
e in the values of x for two permutations
onne
ted by a reversal.Applying this theorem two times, in the 
ase of 2 permutations of trees, we getthe following theorem 
on
erning the 
hange of 
 and b at a rotation:j�
j � 2j�bj � 3(here, we use the fa
t that the permutations are asso
iated with trees;at a rotation we 
annot modify the number of bla
k edges by 4)j�b-
j � 2
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ompositions 37Lemma 4. A rotation 
hanges w(G) by at most 1. It a
ts on maximum 2
onne
ted stru
tures asso
iated to the �rst 2 subtrees of the rotation.Proof: A rotation modi�es the adja
en
ies from the �rst 2 subtrees of the 
ip(the �rst two small subtrees in the pi
ture below). w(G) is 
hanged if the movinginternal edge of the tree will play a role in a w-stru
ture.We 
an apply indu
tion over the dimension of the tree. If the �gure belowrepresent the tree, then w(G) is 
hanged by 1 if w(G)=1 for the tree of therighthand side. If the �gure below represent just a lo
al pi
ture of the tree, thenwe apply indu
tion for the (left or right) subtree whi
h 
ontain it.

A tree with one long 
y
le and w(G)=24.1 Final remarksLower bounds for the rotation distan
e between planar binary trees 
an be derivedusing the 
ombinatorial stru
tures above.The insertion distan
e is not strongenough to 
hara
terize the rotation distan
e. The breakpoint graph seems to bevery useful to re
ord stru
tural 
hanges under 
ips.The re
ursive approa
h on the stru
ture of the trees implies a polynomial timealgorithm to �nd a maximal 
y
le de
omposition of a permutation from 
lass T :for every permutation p, we build a tree T whose permutation is p. This treehas at most n subtrees of dimension lower than 6, with very simple stru
ture oftheir breakpoint graphs. Based on their relations in the big tree T , we 
an builda maximal Eulerian de
omposition of G(p).It is also a 
hallenge to enlarge the 
lass T of permutations whi
h are not 
overed



38 Gefry Baradby Caprara's NP-result on maximal 
y
le de
omposition. There is also the ques-tion if, given two permutations from 
lass T , it is possible to �nd the breakpointgraph maximal de
omposition in alternating 
y
les of G(g�11 Æ g2) based on theirasso
iated trees.Aknowledgement: the resear
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