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Abstract

Some new eighth-order iterative methods are obtained by choosingaperpr
parameters in the general formula with some parameters. Besidesemsddiate
results, we get also different families of methods with convergencer dinek, six
and seven. Numerical tests show the superiority of the new eighth-metéiods.
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1. Introduction

Solving non-linear equation is one of the most importanbfams in numerical analysis.
In this paper, we consider iterative methods to find a simmd¢ of a non-linear equation
f(x) =0, wheref : D C R — R for an open intervaD is a scalar function.

Ostrowski’s method [1] with fourth-order convergence igegi by

{ Yn =%~ f(%)/f'(Xn), 1)
Xnt1 = Yn— T (Yn) (X0 —Yn)/(f(%n) — 2 (¥n)).

A variant of the Ostrowski's method with sixth-order corgence is proposed in [2]
and given by
Yo =X — F () /f'(xn),
H = (% —Yn)/(2F(yn) — £ (X)), @)
Zn=Yn+ KT (¥n),
Xn11=2Zn+ U f(zn).

This method improves the local order of convergence of @&kds method with an
additional evaluation of the function.
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Motivated by this method, Sharma and Guha [3] present thewaoig family:

Yn =Xn— f(Xa)/ ' (Xn),

Zn = yn — f(Yn) (%2 —Yn)/(f(Xn) —2f(yn)), (3)
Xuiq = Zn— f(xn)+af(yn) f(zn)

1= 20T 00 @=2) fyn) T O)?

wherea € R. Fora= 0 in (3), the method (2) is obtained.
Furthermore, Chun and Ham [4] present the following family:

Yn =Xn— f(Xn)/ ' (Xn),
Zn = Yn — F(yn) 0 = Yn)/ (f (%) — 2f (Yn)), 4)
xn+1:zn—H(un)%,

whereu, = f(yn)/f(Xn) andH(t) represents a real-valued function. It is observed that
if taking H(t) = 1/(1— 2t), then the method defined by (4) reduces to (2). They prove
that if any functionH (t) satisfies the propertig$(0) = 1,H’(0) = 2,|H”(0)| < o, the
method defined by (4) is a sixth-order variant of Ostrowski&sthod.

Based on (2), a family of modified Ostrowski’s methods withesgh-order conver-
gence is presented by Kou et al. in [5]

Yn =% — (%) /' (%),
Zy = Yn— T (¥n) (X0 —Yn) /(T (%) — 2 (¥n)), (5)

Xas1 = Zn— [(L+ Ha(%n, Yn))2 + Ha (Y, 20)] 11025,

whereHa(Xy,yn) = f(yn)/(f(%n) — 2f (Yn)) andHa(yn. z0) = f(z)/(f(yn) — af(20)),
acR.

Anther family of seventh-order methods has been studied]in Recently, some
eighth-order methods are also presented in [7, 8, 9, 10,Kdy. et al. in [11] propose
two families of new methods with eighth-order convergerséha following.

One family of methods is given by

f
{ HB (ymzn) = f(ynJEZE>f(Zn)’ (6)

X1 = 20— [(14+ Ha 0, Yn))? + (L4 4H2 (%, Yn) Hg (Y 20)] 11025,

wheref3 € R.
The other is given by

{ Un = Zn — (14 Ha(Xn, ¥n))? ff’((ir;))’

—Un f (7)
Xn+1 = Up — (1—|—4H2(Xnayn)) ynfunziﬁtllnfun) f/((f(nn))7

wheref3 € R.
In (6) and (7) yn, Z, andHz (X, yn) are defined by

Yo =Xn— f(Xn)/f'(%n),
Ha(Xn,¥n) = f(yn)/(f(Xa) —2f(yn)), (8)
Zy = Yn — H2(%n,Yn) (%0 — Yn)-
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In this paper, we present a class of new iterative methodssuitne parameters for
the non-linear equation. By choosing the proper parameterget different families of
methods with convergence order five, six, seven and eigheotisely. Numerical tests
show the new eighth-order methods work better than the attrepared methods. The
convergence analysis is also given.

2. Main results

We consider the iteration scheme consisting of two subst&pe first substep is one
iterate to getz, from x,, namely

Yn=Xn— ff/(<>)<(r:|)) )
f(yn
Hy(Xn,Yn) = m v
Zn = Yn— (Hv(Xn, Yn) + (2= V)Hy(Xn, Yn)2 + tHy (X0, Yn) ) ff'<<xx”n)> ’
wherev,t € R.
Let

_ f(z)
Ku(Yn:zn) = ma (10)

whereu € R. DenoteHy = Hy(Xn,¥n) andKy = Ky(Yn,zy). The second substep is to
calculatex,,1 from the new poini, by a family of methods given by

f(zn)

Xyl =2Zn— (PTQ) f/(xn) ’ (11)
where
P = (1,&,a,a3,a4,85,36,87,33) ", (12)
Q= (1,Hy, HZ HZ HY HuKu, HZKy, Ky, KT, (13)
anda;---ag € R.

If taking different parametera;, a, as, a4, as, ag, @z, ag, U, v, t, we can obtain differ-
ent families of methods with convergence order five, sixeseand eight. The conver-
gence analysis is shown in the following theorem.

Theorem 1. Assume that the function: D € R — R for an open interval D has a simple
root X* € D. Furthermore assume thatf) is sufficiently smooth in the neighborhood of
the root X, and z is given by(9). If the initial approximation ¥ is sufficiently close to
X*, then

(I) for ay,ap,a3,a4, 85, 8¢,87,88,U,V,t € R, the methods defined I§%1) can be of fifth-
order convergence.

(I for ag = 2,ap, a3, a4, a5, a4,a7,ag,U,V,t € R, the methods defined I§%1) can be of
sixth-order convergence.

() foray =2,a) = 14+ 2v— V2 +t,a; = 1,83, a4, a5, 86,88, U, V,t € R, the methods de-
fined by(11) can be of seventh-order convergence.

(IV) fora; =2,ap =1+ 2v— V2 +t,a3 =6v— 22 —4+tv+2t,a5 = 4,a7 = 1, as, a,
ag,u, v,t € R, the methods defined Y1) can be of eighth-order convergence.
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Proof. Using Taylor expansion and taking into accotifi*) = 0, we have
f(xn) = f'(x) |:Q"| + Co€4 + C363 + Ca€fh + Csn + Co€l + O(eﬂ)] : (14)
wherec, = (1/k!) K (x*)/f/(x*), k= 2,3,---. Furthermore, we have
/(%) = f/(x) [1+ 260 + 3c3€2 + Ac46® + 5osel + 6eged + O(eﬁ)} . @15)
and hence, we have
Yn—X' = Cpeh—2(C5—c3)€l+ (4¢3 — Tcocs + 3ca) € — (8¢5 + 6C5
+10C,C4 — 20C5C3 — 4¢s) €5 + (566 — 130205 — 17C4C3
+28c4C3 + 33c,¢5 — 52c3¢3 + 1603 )€ + O(ef). (16)
Again expandind (yn) aboutx* and from (16), we have

f(yn) = F/(X")[co8h—2(c5—c3) &+ (563 — 7CaCa+3cs) €4
—(12¢3 4 63 + 10coC4 — 24c5c3 — 4cs) €2
+(5c6 — 13cyc5 — 17c4C3 + 34C4C§
+37c25 — 73c3C3 + 28c3)€b + O(e)]. 17)

Furthermore, we have

Hu(Xn,Yn) = Coen+ (2c3+ (v—3)C3) €+ (3ca + (4v— 10)coCs
+(V? —6v+8)c3)ed + ((6v— 14)cocy + (37— 32v+ 6v2)checs
+(25v—9v2 + V3 — 20)c3 + (4v— 8)c + 4cs )€l
+[(8v— 18)CaCs + 5C6 + (48— 88v+ 51v% — 12° +V*) 5
+(12v—22)csCs + (V2 — 46V + 51)c5Cs + (55— 56v+ 12/%)CoC
+(8v® — 66v2 + 166y — 118)C3cs] € + O(€h). (18)

So it follows that

f (%)
f/(%n

Zn—X = ya—X— (Hv(xnayn) +(2— V)Hv(Xn7Yn>2 +tHv<Xnayn)3)

g

= ((V*—4v—t+5)C3 — Coc3) €

+ [(2v® — 16v% + 40v — 3vt + 10t — 36)C3 — 2¢5 — 2CoCq

+ (6% — 24v — 6t +32)c5c3] €3+ [(3v* — 34v3 + 140/% — 248y

—6V2t + 39vt — 62 + 170)c3 + (9v? — 9t — 36V + 48)c3cs

+(296v — 1222 + 16v° — 24vt + 74 — 262)C3c3 — 7C3C4 — 3C2Cs
+(66— 48v+ 122 — 12t )cpc3)el + O(e). (19)
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Taylor expansion of (z,) aboutx* is
f(za) = £'(X) [(zn—X) +C2(z0 —X)?+O((z0 —x")%)] - (20)
Then we have

Ku(Yn,zn) = ((VV—4v—t+5)c3—cs)el
+[(2v® — 142 + 32v — 3vt + 8t — 26)C3 — 2c4) €3
+(4v? — 16v— 4t + 20)cpc363 + [(93+ 33vt — 10ut
+26uv? — 6v2t +V*u— 40uv— 8viu + t2u— 164v
+10A2 — 30v® — 41t + 8uvt— 2v2ut + 3v* + 25u)c5
+(123 — 792 4+ 172y — 130— 18vt 4 8uv— 2uv? + 2ut
+43 — 10u)c3c3 + (19— 4t + u-+ 4> — 16v)c3
+(6v2 — 24v — Bt + 29)Cyc4 — 3cs)€l 4 O(€D). (21)

Since we get from (11) that

et = zn—X — (L+arHy +aH2 + agHd +asHy + asHuKy

f
n

then we have

eni1= (a1 —2) [C5Ca+ (t — VP +4v—5)C3] & + reh + el + @eh + O(]),  (22)

where

@ = (96v—36v2— 92— 15a5t — 6tv+ 25a;v> — 65a;v — 2587 + 24t
+61a; + 4v3 + dagtv+ 2a7V°t + 10ast + apt — 8apvt
—i—8¢’:l7V3 — rf:le2 — 6171.'2 + dapVv — 3(:11V3 — a7v4 — 26:’;17V2
—5ap +40a7V)C3 + (a2 + 83+ 1087 — 47a; + 8agt
+33a1v— 8ayV? 4 2a7;v2 — 60v+ 152 — 2a;t — 15t
—8ayV)C3Cs + (281 — 4)Cac4 + (4ay — a7 — 7)CaC3,

® = (52443527 —688/+ 130at + 90tV — 315a;v> + 596a;v
+agt + 8agV® + 6V* + 36087 — 12v° — 172 — 4408, — 5a3
—76v® — 72aytv — 76a7V°t — 25a5 — 17237t — 18ayt
+190a7vt — 22837V + 322V + 20ast? — 82a,v+ 72a; v
+48a;v* — 26352 — asV* + 4agv+ 40agv — agV? — 6agV* — ast?
+10ast — dapV® — dag\V° + 55237\ + 763y + 2asV°t
+5aptv+ 10a7v>t + 10a;tv? — 6ast?v — 8asvt — 688a7v)co
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+(856v— 328/ — 828— 141ast — 57tv+ 242212 — 62423V
—342a7 + 214 + 597a; + ag + 383 4 40aytv -+ 20a7v2t 4 10as
+124agt + 10ast — 86azvt + 84asVv° — 10a,v2 — 10agt? + 42a,v
—308y\° — 10a7V* + 2a5\2 — 8asv — 2ast — 296a7V2 — 60ay
+496a7V)CaC3 + (—4agt + 124+ 20a7 + 12a3t + 2202 — 12332
+50a;v — 16a7V + 28, — 88v+ 4asv? — 733 — 22)ccy

+(3ay — 6)c3es + (24agt + 64ay — 24a3v2 4 6a; — 12agt

—42t — 168/ — 1573 + 248— a5 + 12a;V° — 48ayv + 427
—|—102511V)C%C:23 + (1421 — 4a7 — 24)CyC3Ca + (day — 2a7 — 6)037

and

¢ = (218V? - 24agtv® + 3848/ — 63a7v*u — 21ast?V? — 3agt?V?
—90astV? + 3a7vAut — 2390astv + 78agtv? + 3agtv* + 300azuv
—105aptv + 15a,tv2 — 7ast?v+ 12astv® + 224astv — a;vPu
—125ag + 962 + 2438y — 64507v> — 2585 + 2agVt + 12agt’yv
+30a7v*t — 330a7V°t — 1208gtv+ a7t3u— 210a;tv? — Bagvt
+12a7v°u+ Bagtv + 75az7ut — 129/ — 253872 + 8v° + 816/°
+156a7\° — 20tv° — 2636V + 10agt + agt® + 914ayv
—63agV* — 8503t — 10a7\° — 223a7t% + 337287V° + 1670ast
—10a3\° 4 138a7t%v+ 20atv® + 73233tV + 4355 + 13347t V2
—15a7ut? — 315a7uV? — 5ay + 184ayuV’ — 2971ay + 91ag — t2
—Bas\° — 6633y — 24a7v ut — 99%agv — 202ast — 4923,V° + 75agt
—15agt? + 1838yt -+ 668087V — 108V* + 3%a3v2 + 3008gV -+ 12agV°
—40633V — 99727V + 23ast? — agt? + 5%sV* — 315agV2 — 788V
—auV? + 116a,V° + 277123V + 67085V + agt + 154a1v* — ag\P
+184agV® — 5agV® — 278asV° + 8ag\° + 40agV + 4asv — 125a7u
—agV* — 21agt — 8335V — 9323;V° — 12087utv— 3azt?uv?
+12a7vut® + 78a7utv? — 2393 ) + [a1 (12Qv 4 1402 — 820tv
+6526/— 35257 — 72" + 832 — 4764) + ay(60tv — 966v
+376/2 — 205 — 48v3 4+ 918) + ag(51v— 122 4 12 — 73)
+a5(24v° — 104v+ 150 — 122 — 12/* — 3622 + 1027
+610v — 422) + a7 (3vAu+ 2274V — 120uv+ 66627 + 1202
—30ut — 48/° 4 2282 — 2716/° — 2114 — 722y — 900V
+3ut? + 78uV? — 24uv® — 8456/ + 570" + 75u+ 24utv
—6utV? + 4534 — 138> — 7104/ — 1776 + 10ag + 69v*
+37387 — 838/° + 2a5\° — 2agt + a4 + 981tV — 8agVv
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+ag(24tv — 6tv? + 3v* — 30 + 3t — 120v+ 782

—24v + 75) + 5332 C3¢3 + (123 — 132a7tv+ 308 + 8808y
—460a7\2 — 476/ + 56V° + 64a,v — 207ast — 15a7t? + 128a7\°
+196ast + 60a1tv+ 20as + 30astv? — 54%;7 + 2a3 — 94a,
—4agt — 15a,V2 + 1580t + 784a7v — 92221V — 15a7v* — 84tv
+35%;V? + 4asv? — 16asv — 45a;V° — 1184)cicy

+[29v% — 2% + a7(30+ 6v2 — 6t — 24v) — 116v+ 3a,

+a (16t + 67v— 16v2 — 99) + 165c3cs + (2304a7v — 2940
—12081 V2 + 352a7v° + 87a5 — 3agV? — 1667a7 + 3036/

—ag — 16ast + 12agv — 2385V — 6535V — 15ag + 144/°
—15a7u+ 93631\ + 16a5v? — 216V + 40ast + 3agt + 576ast
+2294p; — 368a7tv+ 176a,v+ 8ag — 40azt® + 160a;tv + 3azut
—3a7u\? + 12a7uv+ 80a7VvPt — 40ayV* — 402V + 75 — 273,
—131237V% — 528t — 119102)c3c3 + (4a; — 8)c5cs

+(123/% — 72a1V? + 42a7V2 — 42a7t — 481a; — das + 21a,
—168a7v+ 72a1t + 309V — 49V — 123 + 22487 4 732)c3C3C4
+(208; — 11a7 — 29)c5cs + (12a; — 4ay — 20)coC3

+(20a; — 6a7 — 34)CyC3Cs + (52v% — 208V + ag + 32a;t — 96a7v
+132a7 — 52 + 12ay — 24a7t + a;u — 224a; — 4ag

+24a7v2 — 320V + 14083V + 319)C,C3.

This means that the methods defined by (11) are at least fiflbr@onvergent when
a1, a,as,a,85,36,a7,3s, U, ,t € R.
If we takea; = 2,ap,a3,a4,8s,85,a7,a8,U,V,t € R, then

en1 = [(3042tv—5ay —25a; — 34v+ 14v2 — 23 — 6t + 40ayv — 26a7v°
+10ast + 8a7v3 — a7v4 — a7t2 +4ayv+ ast — a2v2 — 8ayvt + 2&7V2t)Cg
+(1—a7)coC3 + (6v— 11+t — V2 4 10ay + ap + 2a7v2
—2ast — 8ayv)cics]ed + O(gl). (23)
This means that the methods defined by (11) are at least @igtr-convergent in this
case.

Furthermore, if we take; = 2,ap = 1+2v— V2 +t,a7 = 1,83, 84, s, 8, ag, U, V;t €
R, then

eni1 = [(B04tV —8tv2+23v—114v+ 66/ — 185+ 2v* —t2v— 2@
+2t2 — Bag — 25a5 + 4agv — agV> + agt + 40asv — 26asv? + 10ast
—8asvt + 2a5Vt + 8asV° — asv* — ast?) (6t — 36+ 26V — 6V —tv
+ag+ 10as — 8asV + 2a5v° — 2agt)Cacs + (4 — as)cac3lel + O(ef). (24)
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This means that the methods defined by (11) are at least beveter convergent in this
case.

From (22) and (24), itis easy to know that if we take=2,a, = 1+2v—V2+t,a3 =
6v— 22 —A+tv+2t, a5 = 4,a; = 1,84, 36,88, U,V,t € R, then the methods defined by
(11) are at least eighth-order convergent. And especialignwve takea; = 2,a, =
14+2v—V2 4t ag=6v—2v° —44tv+2t, a5 = 2V° — 147 + 3+ 5t — 25,85 = 4,85 =
t—\V2+9 a;=1a3=1—u,u,vt € R, then we can obtain the methods defined by (11)
satisfy

eni1 = [(5—4v+V2 —1)CaC — CaCaCh] €8+ O(€]). (25)

This ends the proof. O

Note that if we take® = (1,2,1,0,0,4,0,1,0)",v=2,t = O,u € R, we get a family
of eighth-order methods given by (6), so we know that one lfemof methods stated in
[11] is a special one of the family defined by (11).

We assume that the computational cost of the first derivatiraduation is the same
to the function evaluation, then per iteration the numbefuattion evaluations of the
methods given by (11) is four. We consider the definition dicesfncy index [12] as
pvlv, wherep is the order of the method and is the number of function evaluations
per iteration required by the method. We have that the metigogn by (11) have the
max efficiency index equal /8 « 1.682, which is better than the ones of Ostrowski’s
method(+/4 v« 1.587), the sixth-order variants given by (2)-(4y/6 « 1.565) and the
seventh-order methods given by (5)7 « 1.627).

3. Numerical tests

Now we employ the new methods given by (11) to solve some m@at equations
whereP = (1,2,142v— V2 +1t,6v—2v2 — 4+ tv+2t,2v° — 14v° + 324 5t — 25,4,t —

v +9,1,1—-u)",v,t,uare given in table 1. We compare them with Ostrowski’s method
(OM), the method [2] given by (2) (GDM), the method [5] given () (KM1) with

o = 3, the method [11] given by (6) (KWM1) and (7) (KWM2) wifh = 3.

Table 1 shows the expression of the test functions, the rdabtfaurteen significant
digits. In these methods it is necessary to begin with ori@i@pproximatiorxy. In the
second column of Table 2, we present the initial approxiomestivhich are the same for
all methods.

Displayed in Table 2 are the absolute values of the functibfx()|) calculated by
costing the same total number of function evaluations (TNeguired by all methods.
Here, the TNFE for all methods is equal to 12.
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Table 1. Test functions and their roots

Test functions Root % u t

f1(x) =X+ 4% - 15 1.6319808055661 2 2.2 1
fo(x) = x&° — sin?(x) + 3cogx) +5 -1.2076478271309 2 -2 1
f3(x) = sin(x) — 1x 1.8954942670340 2 -2 1
fa(x) = 1xe ¥ —1 1.6796306104284 2 -2.5 1
f5(x) = cogx) — x 0.73908513321516 2 1 1
fo(x) = sirP(x) —x2+1 1.4044916482153 2 -10 1
f7(X) = e 4 cogx) 1.7461395304080 2 35 1

Table 2. Comparison of various iterative methods
OM GDM KM1 KWM1 KWM2 Eq. (11)

N &

1.03e-228 4.46e-179 3.93e-276 1.33e-438 1.04e-440 B842e
fa -1 8.82e-223 2.54e-155 3.08e-264 4.07e-425 6.60e-429 e486
fa 1.9 8.18e-656 5.71e-541 2.93e-844 4.41e-1299  3.38e-129%H4e8422
fa 15 1.91e-210 7.81e-165 1.33e-252 5.99e-463 2.64e-442 4e-b95
fs 1 7.05e-296 4.12e-237 5.87e-366 1.95e-571 2.96e-619 91Be
fe 15 6.99e-300 1.05e-239 2.21e-369 3.24e-586 3.21e-586 6eZP9
f7 2 1.05e-279 1.58e-223 1.86e-335 4.50e-545 2.92e-607 -8eele

Many numerical applications use high precision in their patations. In these types
of applications, high order numerical methods are impadiiain As far as the tests we
consider, the new eighth-order methods show higher poetthian Ostrowski's method
with the same TNFE. This superiority of the new eighth-onehethods, illustrated by
these results, is in accordance with the theory of efficieamtglysis developed in the
previous section.

4. Conclusions

We have obtained a class of new iterative methods with somenpeers for the non-
linear equation. By choosing the proper parameters, weiffeteht families of methods
with convergence order five, six, seven and eight. Per itardéihe new methods require
three evaluations of the function and one evaluation of iig$ flerivative and therefore
have the max efficiency index equal {8 = 1.682. Numerical tests demonstrate that
the new eighth-order methods are preferable to the cld€3steowski’'s method in high
precision computations.
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