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Abstract

For a connected graph G and any two vertices u and v in G, let d(u,v)
denote the distance between u and v. For a subset S of V(G), the distance
between a vertex v and S is d(v,S) = min{d(v,z) | x € S}. For an ordered
k-partition of V(G) II = {S1, S2, ..., Sk} and a vertex v, the representation
of v with respect to II is the k-vector r(v | IT) = (d(v, S1), d(v, S2), . .. d(v, Sk)).
IT is a resolving partition for G if the k-vectors r(v | II), v € V(G) are dis-
tinct. The minimum k for which there exists a resolving k-partition of V' (G)
is the partition dimension of G, denoted by pd(G). II = {S1, Sa,..., Sk} is
a star resolving k-partition for G if it is a resolving partition and each sub-
graph induced by S;, 1 < i < k, is a star. The minimum k for which there
exists a star resolving k-partition of V(G) is the star partition dimension
of G, denoted by spd(G).

Let Jk,n be the graph obtained from the wheel Wy, by keeping spokes
with step k, for k > 2 and n > 2. In this paper the star partition dimension
for this family of graphs is determined.
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1 Introduction

As described in [1] and [5], dividing the vertex set of a graph into classes according
to some prescribed rule is a fundamental process in graph theory. Perhaps the
best known example of this process is graph coloring. In [2], the vertices of a
connected graph are represented by other criterion, namely through partitions of
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vertex set and distances between each vertex and the subsets in the partition.
Thus a new concept was introduced - resolving partition for a graph.

Let G be a connected graph with vertex set V(G) and edge set E(G). For
any two vertices u and v in G, let d(u,v) be the distance between u and v. For
a subset S of V(G) and a vertex v of G, the distance d(v, S) between v and S is
defined as d(v,S) = min{d(v,z) | z € S}.

For an ordered k-partition IT = {51, Sa,..., Sk} of V(G) and a vertex v of G,
the representation of v with respect to II is the k-vector

r(v | ) = (d(v, S1),d(v, S2),...,d(v,Sk))-

IT is called a resolving k-partition for G if the k-vectors r(v | II), v € V(G) are
distinct. The minimum % for which there is a resolving k-partition of V(G) is
the partition dimension of G and is denoted by pd(G). A resolving partition of
V(G) containing pd(G) classes is called a minimum resolving partition [2].

In [4] a particular case of resolving partitions - connected resolving partitions
was considered. II = {S7,85s,...,5;} is said to be a connected resolving k-
partition if it is a resolving partition and each subgraph induced by 5;, 1 < i < k,
is connected in G. The minimum k for which there is a connected resolving k-
partition of V(G) is the connected partition dimension of G, denoted by c¢pd(G).

In this paper we consider a particular case of resolving partitions - star re-
solving partitions, mentioned in [4] as topic for study. II = {S1,S59,...,S,} is
called a star resolving k-partition if it is a resolving partition and each subgraph
induced by S; is a star, for 1 < ¢ < k. The minimum & for which there is a star
resolving k-partition of V(@) is the star partition dimension of G, denoted by
spd(G). A star resolving partition of V(G) containing spd(G) classes is called a
minimum star resolving partition.

If IT = {51, 52,..., Sk} is an ordered partition of V(G) and uy,us,...,u, are
r distinct vertices, we say that w;,us, ..., u, are separated by classes S;,, ..., S;
of partition II if the g-vectors

(d(up, S, ), d(up, Siy ), - - -, d(up, Si,)), for 1 <p <r

are distinct.

Let Ji , be the graph obtained from the wheel W, by keeping spokes with
step k, for K > 2 and n > 2. This is a generalization of gear graph [3], also
known as Jahangir graph Jo,, [6]. More precisely, Ji ,, is obtained from the cycle
Ckn and a new vertex, as follows. Denote by 0,1,...,kn — 1 the vertices of the
cycle Ck,, and by c¢ the new vertex. We join by edges the vertex ¢ with vertices
0,k,2k,...,(n — 1)k of the cycle Ciy, (see fig. 1 for k =3 and n =5).

In the next section we will determine the star partition dimension of Jj .



On star partition dimension of the generalized gear graph 263

Figure 1: J3 5

2 Star partition dimension of J; ,

We call a partition IT = {Sp, S, ...,S4} of V(Ji ) a star partition of Jj ,, if each
subgraph induced by 5;, 0 < i < q, is a star. Hence, a star resolving partition is
a star partition which is also a resolving partition.

Moreover, for a star partition of Ji, II = {So, S1,...,5,}, we assume that
classes are numbered such that center c is in Sy. We denote by i1,42,..., 0
(0<iy <ig <...<i. <kn—1) the vertices of So NV (Cky). Hence we have

SO = {C,il,i27 cee ,’L'T}.

Every two consecutive vertices from SoNV (Cl,,) determine sets of vertices which
induce paths on Cj, called gaps [6]. More precisely, we say that the pair of
vertices {it,i¢41}, 1 <t <17 —1 generates the gap {j|iz < j < it41} and the pair
of vertices {7,141} generates the gap {jli, <j <kn—1} U

{jl0 < j < i1}. It is clear that some gaps may be empty.

Theorem 2.1. For any k > 2 and n > 2 we have

, ifk=2o0r3 andn=2;
= if k=0(mod 3) and (k,n) # (3,2);
|n—+1, if k=1(mod 3) and (n >3 or
spd(Jgn) = (m=2and k>4));
%Jn+1+[g], if k=2(mod 3) and (n >4 or
(n=2and k>5)),
3% +2, if k=2(mod 3) and n = 3.

Proof: We will determine the minimum number of classes for a star partition of
Jk,n, which is not necessarily a resolving partition. Let denote this number by
Ns.

We consider three cases, in accordance with the residue class modulo 3 to
which k belongs.
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Case 1: k= 1(mod 3).

Let k = 3p+1, p > 1. It is easy to see that if a class of a star partion of Jj , con-
tains only vertices of the cycle Ck,,, then this class has maximum three elements.
It follows that for n > 3 or (n = 2 and p > 2) there exists a unique star partition
with minimum number of classes, and that partition is IT = {Sy, S1,...,Spn}
where

So ={c} U{ktlt € {0,1,2,...,n —1}}
Stpr1 ={kt+ 1, kt + 2,kt + 3}, Sipro = {kt + 4, kt +5,kt +6},...,
St+1)p = 1kt +1) =3, k(t+1) =2,k(t+1) =1}, forevery 0 <t <n—1

(see fig. 2 for k =4 and n = 5).

Figure 2: Jy 5

IT has Ny=pn+1= L%J n + 1 classes, hence

k
Spd(]kvn) > Ny = \\3J n+ 1.

But we can easily prove that II is a resolving partition, which implies

k
spd(Jk,n) = L))J n+1.

Indeed, the vertices from class S;, for 1 < ¢ < pn are separated by classes
Si—l or Si+1~

For n > 3, vertices from Sy are separated by classes S1, Sp+1, Sop+1, - - -
S(n—1)p+1 because we have

d(kt,Sipt1) =1, forevery 0 <t <n-—1
d(kt,Sjpi1) =3, forevery 0 <t <j<n-—2
d(k(n—-1),51) =3

d(c, Sipy1) =2, forevery 0 <t <n—1.

For n = 2 and p > 2 (or, equivalently, k¥ > 7) we have Sy = {c,0,k} and
vertices ¢, 0 and k are separated by classes S1 and S, _1)p41-
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Ifn=2and p=1(k=4), kn = 8 there exists a star resolving partition with
three classes

II={{c0,1,7},{2,3,4},{5,6}}

hence spd(Js2) = 3.

Case 2: k = 0(mod 3).

Let k = 3p, p > 1. Let II = {Sy, S1,...,Sn.—1} be a star partition of Jy , with
minimum number of classes. We assume ¢ € Sj.

If |So| = 1, then the minimum number of classes in a star partition of Jy , is
equal to pn+1, each of the classes S1, . . ., Spn containing exactly three consecutive
vertices of the cycle Ck,.

Assume |Sp| > 1.

If TT induces on Cj,, exactly one nonempty gap, we have 2 < |Sy| < 4, which
implies that the minimum number of classes in a star partition of J ,, is at least

Fm—S—‘ kn
1+ = — =pn.

3 3

If I induces at least 2 nonempty gaps, denote by w = |Sy| — 1 the number of
these gaps.

It is not difficult to see that in this case the number of vertices from any gap
is congruent with 2 modulo 3. It follows that in a minimum star partition of J
the vertices of every gap must be partitioned in paths with 3 vertices and one
path with 2 vertices, hence the number of classes with 2 vertices is w.

Consequently, the number of classes in a minimum star partition equals

{kn —w— 2w-‘ kn
14 |
3
We have obtained that spd(Jg,) > Ns > %"
Moreover, for n > 3 or (n =2 and p > 2), partition IT = {So, S1,..., Spn-1}
having classes Sy = {¢,0,1,kn—1} and S; = {3t—1,3¢,3t+1},for 1 <t <pn-—1
is a star resolving partition with pn classes of Ji ,, (see fig. 3 for k = 3 and n = 5).

Figure 3: J3 5
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For n = 2 and p = 1 partition II = {{¢, 3}, {0, 1,2}, {4,5}} is a minimum star
resolving partition, so in this case spd(Js 2) = 3.

It follows that spd(Jy,) = % for every (k,n) # (3,2) and spd(Js2) = 3.
Case 3: k = 2(mod 3).

Let k =3p+2, p>0. Let IT = {Sp, S1,...,Sn,-1} be a star partition of J_,
having minimum number of classes such that ¢ € Sy.

If the number of nonempty gaps induced on Cy,, by vertices from Sp—{c} is at
least 2, then we can suppose that I has no gap containing exactly k—1=3p+1
vertices, bounded by 2 consecutive vertices of degree 3, kt and k(t + 1) of Cy.
Indeed, if II has such a gap, let W, then II induces a minimum star partition
Iy of W having p + 1 classes (one class being a singleton or 2 classes inducing
each a path with 2 vertices and the remaining classes induce each a path with 3
vertices).

We shall delete kt or k(t+1) from Spy; suppose that this choice is kt, hence we
define S}, = Sy — {kt}. Then we shall add vertex kt to W and we shall consider
a star partition of W U {kt} into p + 1 classes.

In this way a new star partition of J , having minimum number of classes
has been produced with no induced gap of cardinality equal to 3p + 1.

Consider now a minimum star partition II = {Sy, S1,...,Sn,—1} of Ji, such
that ¢ € Sy having no gap of cardinality 3p + 1.

If |Sp| = 1, then the minimum number of classes in a star partition of J ,, is
equal to

kn 2n n
_— = —_— > - | -
1+[3l 1+pn+{3—‘_1+pn+[2-‘

If IT induces on CY,, exactly one gap, then 2 < |Sp| < 4.
It follows that this minimum number of classes in a star partition is at least

1+ kn —3 1+ o+ 2n — 37
= mn
3 P 3

For n =2 or n > 4 we have

2n — 3
3

1+pn—|—{ —‘21+pn+[n

2

but for n = 3 we have (%1 = {%1 — 1, so this lower bound becomes

3p+2—3L§J+2—pn+[Z—‘.

If I induces at least 2 nonempty gaps, let w = |Sg| — 1 denote the number of
these gaps. Since every gap has cardinality at least 6p + 3, one deduces

o< [3].
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It follows that in this case the minimum number of classes in a star partition
equals

kn —w 2n —w n
1+ 3 =1+pn+ —3 21+pn+[§—‘.

If n = 3 in all cases we deduced

n

spd(Jy,n) > Ng > pn + [J =3p+2.

But for n = 3 a resolving star partition with 3p 4+ 2 classes is built by choosing
So = {¢,0,1,kn — 1}, and other 3p + 1 classes are obtained by partitioning the
vertices {2,3,...,kn — 2 = 9p + 4} into classes containing 3 consecutive vertices
each: {2,3,4}, {5,6,7}, ..., {90+ 2,90 + 3,9p + 4} (see fig. 4 for k = 5 and
n = 3). Consequently, spd(Jy3) = 3p + 2.

Figure 4: Js 3
If n # 3 in all cases we have

spd(Jgn) > Ng > 1+pn+ {g—‘ .

We consider a star partition IT = {Sg, S1,...,S,} defined as follows:

So={chu{erio<t<[Z| -1}
and every gap bounded by vertices from Sy is divided into 2p + 1 classes with 3
consecutive vertices each, with at most one exception (for n odd) - the last gap
(bounded by 2k ([%] — 1) and 0) has a class with one element (see fig. 5 for
k =5 and n = 5). We denote the classes obtained, in the clockwise sense, by
S1,...,5-. The number of classes in this partition is

_Hrmm :HPMW} e [2].

3 3
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Figure 5: Js 5

Tt is easy to see that for n > 3 or (n = 2 and p > 1) II is a resolving partition,
this implying that

spd(Jyn) =14 pn+ [%-‘ )

For n =2 and p = 0 (k = 2) we have spd(Jk,,) = 3, a minimum star resolving

partition being {{c}, {0,1},{2,3}}. O
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