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Abstract

We present an algorithm for finding maximum cut and an algorithm

for minimum flow in directed s-t planar networks. Finally, we present an

example for these two algorithms.
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1 Introduction

The computation of a maximum flow in a graph has been an important and well
studied problem, both in the field of computer science and operations research.
Many efficient algorithms have been developed to solve this problem, see, e.g.,
[1]. The computation of a maximum flow in a planar graph has been extensively
investigated by many researchers starting from the work of Ford and Fulkerson
[3] who developed an O(n2) time algorithm for s-t graphs when the source s and
sink t are on the same face. This algorithm was later improved to O(n log n)
time by Itai and Shiloach [6]. By introducing the concept of potentials, Hassin
[4] gave an elegant algorithm that run in O(n

√
log n) time using Frederickson’s

shortest path algorithm. Itai and Shiloach [6] also developed an algorithm to find
a maximum flow in an undirected planar graph when the source and sink are
not on the same face. For faster maximum flow algorithms in planar (but not
necessarily s-t planar) undirected and directed networks, see Hassin and Johnson
[5] and Johnson and Venkatesan [8]. Khuller and Naor [7] presents the flow in
planar graph with vertex capacities.

The computation of a minimum flow in a directed network has been investi-
gated by Ciurea and Ciupală [2]. The minimum flow problem in planar graph
was not treated. In this paper we present the minimum flow problem in directed
s-t planar network.
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2 Terminology and preliminaries

We consider a capacitated network G = (N,A, l, c, s, t) with a nonnegative ca-
pacity c(i, j) and with a nonnegative lower bounds l(i, j) associated with each
arc (i, j) ∈ A. We distinguish two special nodes in the network G: a source node
s and a sink node t.

A flow is a function f : A → R+ satisfying the following conditions:

f(i,N) − f(N, i) =







−v, if i = s

0, if i 6= s, t

v, if i = t

(2.1.a)

l(i, j) ≤ f(i, j) ≤ c(i, j),∀(i, j) ∈ A, (2.1.b)

for some v ≥ 0, where

f(i,N) =
∑

j|(i,j)∈A

f(i, j)

and

f(N, i) =
∑

j|(j,i)∈A

f(j, i)

We refer to v as the value of the flow f.
The minimum flow problem is to determine a flow f for which v is minimized.
A cut is a partition of the nodes set N into two subsets S and S̄ = N -S; we

represent this cut using notation [S, S̄]. We refer to an arc (i, j) with i ∈ S and
j ∈ S̄ as a forward arc of the cut and an arc (i, j) with i ∈ S̄ and j ∈ S as a
backward arc of the cut. Let (S, S̄) denote the set of forward arcs in the cut and
let (S̄, S) denote the set of backward arcs. We refer to a cut [S, S̄] as an s-t cut
if s ∈ S and t ∈ S̄.

For the minimum flow problem, we define the capacity c[S, S̄] of the s-t cut
[S, S̄] as the sum of the lower bounds of the forward arcs minus the sum of the
capacities of the backward arcs. That is,

c[S, S̄] = l(S, S̄) − c(S̄, S). (2.2)

We refer to an s-t cut whose capacity is the maximum among all s-t cuts as
a maximum cut.

In [2] the next theorem is proved.

Theorem 2.1. If there exists a feasible flow in the network, the value of the
minimum flow from a source node s to a sink node t in a capacitated network
with nonnegative lower bounds equals the capacity of the maximum s-t cut.

In this paper we present the minimum flow problem in directed s-t planar
network. Research on planar flow is motivated by the fact that more efficient
algorithms can be developed by exploiting the planar structure of the digraph.
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Definition 2.1. A digraph G = (N,A) is said to be planar if we can draw it in
a two-dimensional (Euclidian) plane so that no two arcs cross (or intersect) each
other.

That is, we allow the arcs to touch one another only at the nodes. For some
digraphs, however, no matter how we draw them, some arcs will always cross. We
refer to such digraphs as nonplanar. Researchers have developed very efficient
algorithms (in fact, linear time algorithms) for testing the planarity of a digraph.

Definition 2.2. Let G = (N,A) be a planar digraph. A face x of G is a region
of the (two-dimensional) plane bounded by arcs that satisfies the condition that
any two points in the region can be connected by a continuous curve that meets
no nodes and arcs. The boundary of a face x is the set of all arcs that enclose it.
Faces x and y are said to be adjacent if their boundaries contain a common arc.

The planar digraph G has an unbounded face.
Next we present two well known properties of planar digraphs.

Theorem 2.2. If a connected planar digraph has n nodes, m arcs and f faces,
then f = m − n + 2.

Theorem 2.3. If a planar digraph has n nodes and m arcs, then m < 3n.

Planar digraphs have many special properties. In particular, every connected
planar digraph G = (N,A) has an associated ”twin” planar digraph G′ = (N ′, A′)
which we refer to as the dual of G. Our discussion in this paper applies to a special
class of planar digraphs known as directed s-t planar networks.

Definition 2.3. A directed planar network with a source node s and a sink node
t is called s-t planar if nodes s and t both lie on the boundary of unbounded face.

For notational convenience, we refer to the original directed network G as the
primal directed network.

3 Finding maximum cuts using longest directed path

We define the dual directed network of a directed s-t planar network
G = (N,A, l, c, s, t) as follows: we first draw an arc (t, s) with l(t, s) = 0,
c(t, s) = 0, which divides the unbounded face into two faces: a new unbounded
face and a new bounded face. Then we place a node x′ inside each face x of the
primal network G. Let s′ and t′, respectively, denote the nodes in the dual net-
work corresponding to the new bounded face and the new unbounded face. Each
arc (i, j) ∈ A lies on the boundary of the two faces x and y; corresponding to
this arc, the dual graph contains two oppositely directed arcs (x′, y′) and (y′, x′).
If arc (i, j) is a clockwise arc in the face x, we define the cost of arc (x′, y′) as
l(i, j) and the cost of arc (y′, x′) as −c(i, j). We define arc costs in the opposite
manner if arc (i, j) is a counterclockwise arc in the face x. The dual directed



308 Oana Georgescu∗ and Eleonor Ciurea

network contains the arc (s′, t′) which we delete from the network. There is an
one-to-one correspondence between s-t cuts in the primal network and directed
paths from node s′ to node t′ in the dual network; moreover, the capacity of the
cut equals the cost of the corresponding directed path. Consequently, we can ob-
tain a maximum s-t cut in the primal network by determining a longest directed
path from node s′ to node t′ in the dual network.

Since in the previous discussion we showed that by solving a longest directed
path problem in the dual network, we can identify a maximum cut in a primal
directed s-t planar network, we suppose that dual network G′ = (N ′, A′, b′, s′, t′)
does not contain a directed cycle of positive cost. Since for all arcs (i, j) ∈ A with

l(i, j), c(i, j), for any directed cycle
◦

C ′= (x′, y′, x′) from G′ = (N ′, A′, b′, s′, t′)

it has b′(
◦

C ′) = b′(x′, y′) + b′(y′, x′) = l(i, j) − c(i, j) ≤ 0. We can solve the
longest directed path problem in the dual network G′ = (N ′, A′, b′, s′, t′) using
Bellman-Ford algorithm.

Theorem 3.1. It is possible to determine a maximum s-t cut in a directed s-t
planar network in O(n2) time.

Proof. We showed that can obtain a maximum s-t cut in the primal network by
determining a longest directed path from node s′ to node t′ in the dual network.
The Bellman-Ford algorithm has complexity O(m′n′). The planarity implies that
m′ = O(n), n′ = O(n) and the algorithm for determine a maximum s-t cut has
complexity O(n2). ⊓⊔

4 Finding minimum flow

We present an algorithm for finding a minimum flow in a directed s-t planar
network.

Let d′(y′) denote the longest directed path distance from node s′ to node y′

in the directed dual network G′ = (N ′, A′, b′, s′, t′). The longest directed path
distances satisfy the following conditions:

d′(y′) ≥ d′(x′) + l′(x′, y′) for each (x′, y′) ∈ A′ (4.1)

Each arc (i, j) in the directed s-t planar network G = (N,A, l, c, s, t) corre-
sponds to two arcs (x′, y′) and (y′, x′) in the directed dual network
G′ = (N ′, A′, b′, s′, t′).

The minimum flow problem in a general directed s-t network can be solved
in two phases:

(1) establish a feasible flow, if it exists;

(2) from a given feasible flow, establish the minimum flow.

For finding minimum flow in a directed s-t planar network we determine the
function f : A → R with the next algorithm:



Minimum flows in directed s-t planar networks 309

(1)PROGRAM MF;
(2)BEGIN
(3) BELLMAN-FORD(G′);
(4) FOR (i, j) ∈ A DO
(5) f(i, j) = d′(y′) − d′(x′)
(6)END.

Theorem 4.1. The algorithm MF determines a flow f in network G.

Proof. We show that f satisfies the mass balance constraints. Each node k in
G, except nodes s and t, define a cut Ek = [{k}, N -{k}] consisting of all of the
arcs incident to that node. The arcs in G′ corresponding to arcs in Ek define a

direct cycle, say
◦

C ′ which has the arcs (x′, y′) with b′(x′, y′) = l(k, l). Obviously,

∑

◦

C′

k

(d′(y′) − d′(x′)) = 0 (4.2)

because the terms cancel each other. Using f(i, j) = d′(y) − d′(x) and (4.2) it
results that

∑

Ek

f(i, j) = 0

which implies that inflow equals outflow at node k. ⊓⊔

Theorem 4.2. If the flow f determined with the algorithm MF satisfies the
condition f ≤ c then the flow f is a minimum feasible flow.

Proof. The expressions (4.1) imply that f(i, j) = d′(y) − d′(x) ≥ l′(x′, y′) =
l(i, j) for each (i, j) ∈ A. Therefore l ≤ f ≤ c and f is a feasible flow. We show
that the flow f is a minimum flow. Let P ′ be a longest path from node s′ to
node t′ in G′. The definition of P ′ implies that d′(y′)−d′(x′) = b′(x′, y′) for each
(x′, y′) ∈ P ′ and corresponding [S, S̄] = (S, S̄) in G. We obtain from (2.2) that
c[S, S̄] = l(S, S̄). We have b(P ′) = l(S, S̄), because b′(x′, y′) = l(i, j), (x′, y′) ∈
P ′, (i, j) ∈ (S, S̄). Therefore, v = f [S, S̄] = f(S, S̄) = b′(P ′) = l(S, S̄) = c[S, S̄]
and Theorem 2.1 implies that f is a minimum feasible flow. ⊓⊔

Theorem 4.3. If there exists a feasible flow in a directed s-t planar network,
then it is possible to determine a minimum flow in O(n2) time.

Proof. The procedure from line (3) has the complexity O(n2). The lines (4)
and (5) have complexity O(m)=O(n). Therefore, it is possible to determine a
minimum flow in O(n2) time. ⊓⊔
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5 Example

We determine minimum flow in the network G = (N,A, l, c, s, t) with
N = {1, 2, 3, 4, 5, 6} and A = {(1, 2), (1, 3), (2, 3), (2, 4), (2, 5), (3, 5), (4, 6), (5, 4),
(6, 4)}. The network G is a directed s-t planar network with s = 1 and t = 6 and
it is shown in Fig. 5.1. The values for lower bounds and capacities are indicated
on the arcs.

Figure 5.1: Directed s-t planar network

Fig. 5.2 shows the directed s′-t′ dual network G′ corresponding to primal
network G; the dashed lines are the arcs in the dual network and s′ = 1′, t′ = 6′.

Figure 5.2: Directed s′-t′ dual network

Arc (1, 3) is a clockwise arc in the face 1′, so we define the cost of arc (1′, 2′)
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as
b′(1′, 2′) = l(1, 3) = 1

and the cost of arc (2′, 1′) as

b′(2′, 1′) = −c(1, 3) = −4.

We determine the other values for the costs of arcs in dual network in the
similar manner for all the clockwise arcs.

It is easy to verify that if the arc (5, 4) is the counterclockwise arc in the face
4′ than it is a clockwise arc in the face 5′; therefore,

b′(5′, 4′) = l(5, 4) = 0

and
b′(4′, 5′) = −c(5, 4) = −2.

Distance vector is d′=(0, 1, 2, 3, 2, 4) and predecessor vector is
p′ = (0, 1′, 1′, 3′, 1′, 4′).

A longest directed path from node s′ = 1′ to node t′ = 6′ is D′ = (1′, 3′, 4′, 6′)
and corresponding maximum s-t cut in G is

[S, S̄] = (S, S̄) = {(2, 4), (2, 5), (3, 5)}.

We have

c[S, S̄] = l(S, S̄) = l(2, 4) + l(2, 5) + l(3, 5) = 1 + 1 + 2 = 4

and
b′(D′) = b′(1′, 3′) + b′(3′, 4′) + b′(4′, 6′) = 2 + 1 + 1 = 4.

Therefore,
c[S, S̄] = l(S, S̄) = b′(D′).

Let k=3 a node in G and the cut is

E3 = [{3}, {1, 2, 4, 5, 6}] = ({3}, {1, 2, 4, 5, 6}) ∪ ({1, 2, 4, 5, 6}, {3}) =

= {(3, 5)} ∪ {(1, 3), (2, 3)}.
The arcs in G′ corresponding to arcs in E3 define the directed cycle

◦

C ′
3= (1′, 3′, 2′, 1′).

We obtain

c[S3, S̄3] = l(S3, S̄3) − c(S̄3, S3) = l(3, 5) − c(1, 3) − c(2, 3) = 2 − 2 − 4 = −4

and

b′(
◦

C ′
3) = b′(1′, 3′) + b′(3′, 2′) + b′(2′, 1′) = 2 − 2 − 4 = −4.
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Figure 5.3: Minimum flow

Therefore,

c[S3, S̄3] = b′(
◦

C ′
3).

Fig. 5.3 shows a minimum flow f with f(i, j) = d′(y′) − d′(x′).
The minimum flow f has value v = f [S, S̄] = f(S, S̄) = f(2, 4) + f(2, 5) +

f(3, 5) = 1 + 1 + 2 = 4. Therefore, v = c[S, S̄]. According to the previous
Theorem 2.1 we have that this flow f is the minimum flow.
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