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Multiplicity of algebras of minors of extended Hankel
matrices
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Abstract

In this paper we give a formula to determine the multiplicity of the
algebras A; of minors of an extended Hankel matrix. The multiplicity of A,
coincides with the number of facets of a simplicial complex A;. The facets
of A; are related to skew tableaux and we may express the multiplicity of
Ay as a sum of the number f* of standard skew tableaux of shape A
for certain A and p.
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1 Introduction

Let X = (z;;) be an m x n matrix of indeterminates over a field k and let
k[X] be the polynomial ring over k whose indeterminates are the entries of X.
Denote by M; the set of the t-minors of X. Furthermore denote by I; the ideal
of k[X] generated by M, by R, = k[X]/I; and by A; the k-subalgebra of k[X]
generated by M;.

The variety associated to R; is the subset of Homy (K™, k™) of maps of rank
< t while the variety associated to A; is the variety of exterior powers of linear
maps, that is, the closure image of the map Homy (K™, k™) — Homy (ALE™, ALE™)
sending f to ALf.

Formulas for the multiplicity e(R;) of R; (i.e. the degree of the associated
variety) are classical and given by Giambelli [9], Abhyankar [1] and Galligo [3].
In particular in [12] Herzog and Trung used Grébner bases deformations and a
formula of Gessel and Viennot to prove that:
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On the other hand the multiplicity e(A;) of A; is not known in general despite
to the fact that the homological and arithmetical property of A; are well under-
stood, see the paper of Bruns and Conca [2]. However if ¢t = m < n, then the
algebra A; is the coordinate ring of the Grassmann variety Grass(m —1,n—1) of
the (m — 1)-planes in a projective space of dimension n — 1, and its multiplicity
was computed by Schubert [15] in 1886; see the book of Harris [11, page 247]:

120 (m — D)l(mr)!
rlr+ 1) (m+7r—1)!"

e(Ay) =

where r = n — m.

The goal of the paper is to present a combinatorial formula for the multiplicity
for the algebra of minors associated with extended Hankel matrices. The ideals
of minors of these matrices define the secant varieties of the so-called balanced
rational normal scrolls while the variety associated with the algebra of minors
can be seen as a subvariety of the variety of exterior powers of linear maps.

Let R = k[x1,...,2,] be the polynomial ring, and fix a positive integer c.
The extended Hankel matrices are defined as follows:

€ Zr2 r3 0 Tp—(t—1)c
T1qe Tote . e
— xT
Xn,c,t — 142c¢
m1+(t—1)c ... ... .. x'fl

fort=1,...,m= L’CLLCJ To simplify the notation we set X; = X, .+. As above
we denote by M; the set of t-minors of X; and I;, R; and A; respectively the
ideal generated of R by M;, the quotient ring R/I; and the k-subalgebra of R
generated bt M;.

In [13] we have studied the algebra A; in details. In particular we proved
that the set M; is a Sagbi basis of A;. This allows us to deform A; to a toric
algebra A; whose generators are the c-chains with length ¢ (see below for the
definition). Moreover, a square-free Grobner basis of the binomial ideal defining
Ay is described in [13, Theorem 5.1.4]. So we are led to consider the associated
simplicial complex A;. It turns out that the multiplicity of A; is exactly the
number of facets of A;. We construct a bijection between the set of facets of
A; and a certain set of standard skew tableaux, see Theorem 3.7 and Theorem
3.17. Given a partition y of m and a partition A of n such that  C A\ we denote
by f* the number of standard tableaux of shape A with entries in {1,...,n}
and by f** the number of standard skew tableaux of shape A /p with entries in
{1,...,n—m}.

It turns out that:

(1)



FExtended Hankel matrices 247

where A = (v,...,v) andv=n—(m—1)(c+1) - L
——
m
(i) If 2 <t < m, then
(A= 3 pevue,

a€Ni_1

where A,_; is the set of the c¢-chains of {2+ ¢,...,n — (¢ + 1)} of length
t —1 and A(a), p(a) are defined as in 3.14.

We are grateful to Prof. Aldo Conca for the discussions during the writing of the
paper. Some results in this paper have been conjectured and confirmed by using
the computer algebra package CoCoA [4].

2 The multiplicity of algebra of t-minors of extended Hankel matrices
Definition 2.1. In N we introduce the following partial order:
1 <.J if and only if i=jori+c<j.

We write ¢ <. 7 if ¢ <. 7 and ¢ # j. We say that a sequence of integers
ai,as,...,as is a c-chain if a1 <. as <. --- <. as. We set:

Q; = {the set of c-chains of length ¢}.

Let a = ay,...,a; and b = by,...,b; be two c-chains such that (aq,...,a;) <
(b1,...,b) with respect to the lexicographic order. If a; < b; forall t = 1,... ¢
and b; < a;yq for all i = 2,...,t — 1 then (a,b) is called a sorted pair. More
generally, let (M), ..., a®) be c-chains length ¢t. The table A = (agi)) is called
sorted if (a(¥,a9)) is sorted pair for all 1 <i < j < k.

Lemma 2.2. Leta =aq,...,a; and b =by,...,b; be two c-chains. There exists
a sorted pair ((c1,...,¢t), (dy,...,dy)) such that

multiset{ay, ..., as, by,...,b} = multiset{cy, ..., ¢t dy, ..., di}.
Proof: We arrange the multiset {a1,...,as,b1,...,b} as the multiset
{O[l,OZQ, ey a2t}

such that a1 < ag < --- < gy and fill them into the table of size 2 x ¢ follow the
219209 way. This means:

(017027 e ,Ct) = (Otl,Oég, e ,Oégt_l), (dl,dg, e ,dt) = (OZQ,OL4, e ,Otgt).
We need prove that (c1,...,¢t),(d1,...,d;) are c-chains. Because a = aq,...,a;
and b = by,...,b; are two c-chains, then

| multiset{ai,...,a;,b1,...,0:} N]as,a; + ]| <2
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and
| multiset{as,...,as,b1,...,b:} N [bi,b; + ]| <2

for all i = 1,...,¢. Assume that (cy,...,¢) is not a c-chain. There exists an
index k such that ¢ < cx11 < ¢ + ¢. This implies that

Chydp, 1 € multiset{ay, ... ,as,b1,..., b} N [ck,cr + .
This is a contradiction. O]

The pair (¢,d) in 2.2 is unique. It is called the sorted pair reduction from
(a,b).

Let R = k[z1,x2,...,2,] be the polynomial ring over field k respects to the
degree-lexicographic term order. We say that a monomial x,, - - - 4, is a c-chain
of R if its indices form a c-chain. Denote by A; the k-subalgebra of R generated
by the elements x4, Zq, - - T4, With 24,24, - - - 24, is a c-chain of R.

Denote by M, the set of t-minors of X; and A; the k-subalgebra of R generated
by the elements of M;. In [13], we have shown that the set of t-minors form a
Sagbi basis of A;. By [3, Corollary 2.5], we have

e(A) = e(in Ay) = e(Ay).

We take a family of indeterminates Y = (Y, )scq, and consider the presenta-
tion of A; as:
D kY] — A

defined by sending Y, to x, = T4, Zq, - - Xa,, where a = (aq,...,at). Therefore,
Ay = Ek[Y]/ ker ®@. So,

e(Ar) = e(k[Y]/ ker @) = e(k[Y]/ in(ker ®)).

In [13, Theorem 5.1.4], a Grobuner basis of ker(®) has been described. It follows
that :
in(ker(®)) = (V.Y : (a,b) is a non-sorted pair).

Therefore we can associate with A; a simplicial complex A; on the set ;. The
faces of A; are the subsets {a™,a®) ... a®} of Q; such that the table (a())%_,
is sorted. The facets of A; correspond to mazimal sorted tables, that is sorted
tables which are maximal under inclusion. Summing up, the multiplicity of A,
equals the number of maximal sorted tables.

We now describe some properties of the maximal sorted tables. We have the
following lemma:

Lemma 2.3. Let A= (ag.i)) be a sorted table with size h X t.
(a) If t = m, then A is a mazimal sorted table if and only if the following
conditions satisfy:

e M =(1,24¢,....,1+(m—1)(c+1)) and a™ = (n— (m —1)(c+1),n —
(m—2)(c+1),...,n),
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° Zlea?“) —Zt al? =1foralj=1,...,h—1.

i=1"

(b) If 2 < t < m, then A is a maximal sorted table if and only if the following
conditions satisfy:

° agl) =1 and agh) =n,
° agh) :al(»_li_)l foralli=1,...,t—1,

° ZE:I anH) - 22:1 al(-j) =1forallj=1,...,h—1.
Proof: The maximality of the sorted table implies that Z§=1 a§j+1) *Z§=1 agj) =
lforallj=1,...,h—1.

(a) Because a) = (a},...,a}) is a c-chain of {1,...,n}, then 1+ (j —1)(c+1) <
ay) <n-—(t—j)(e+1)forall j =1,...,t. Moreover ¢ = m, there does not

exist any c-chain of {1,...,n} of length ¢ + 1. Thus aﬁh) <n—({t—j)c+1)<
L+j(c+1)forall j=1,....,t —1. Ifa™ # (1,24 ¢,...,1 + (m —1)(c+1)) or
a™ %4 (n—(m—1)(c+1),n—(m—2)(c+1),...,n), then we can extended the
sorted table by adding the row (1,2+¢,...,14+ (m —1)(¢+ 1)) in the top of the
table or the row (n — (m —1)(c+1),n — (m —2)(c+1),...,n) in the bottom of
the table.

(b) If 2 < ¢t < m, then (ozgl),a:(,,l)7 .. ,agl)) is a c-chain of {2+¢,...,n—(c+1)}.
The desired assertion follows now from the definition of a sorted table. O

Example 2.4. (a) Let n =9, t =3 and ¢ = 2. Then

WNN KPP~
S O T UL T
© © © © 0w o

is a maximal sorted table.
(b) Let n =9, t =3 and ¢ = 1. Then

b

I
LOWNNDNND— - =
OO T R W W
© 00 00 0000~
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is a maximal sorted table.

Let a = (ay,...,a¢),b = (b1,...,b;) be two c-chains length ¢ with a; < b; for
alli =1,...,t. A maximal sorted tables with a is the first row and b is the last
row can be interpreted as a path in Z' from a to b. If we denote by Q.(¢) the
number of paths in the subregion of Z* described by:

azgngbz foralli:l,...,t
c+1<ziyy—x; foralli=1...,t—1"

we have that Q.(¢) is the number of maximal sorted tables such that a is the
first row and b is the last row.
We define the following function:

1 ifay,...,a is a ¢ -chain
Xe(ar,ao, ... a;) =

0 ifay,...,a; is not a ¢ -chain

The number Q.(f) can be determined recursively by:

t
Qc(gllj_._.::[it) = Z X(b17 e 7bi71a bi - 17 bi+17 e 7bt)Qc(b1 albzijlat bt)7

£ X D BT R DR b
whesre Qc(3) =1 and Q.(74 9" ) = 0if g; > h; for some 1.
et

Po(ay, ... ai—1) = Qc(3 1),

Corollary 2.5. (a) If t =m, then

e(Ar) = Qc(p),

wherea = (1,c+2,..., 1+ (t—1)(c+1)) andb=(n—(m—1)(c+1),n— (m—
2)(c+1),...,n).
(b) If 2 <t < m, then

e(At) - Z Pc(a’)7

a€ENi_1

where Ay_1 is the set of c-chains of {2+ ¢,...,n— (c+ 1)} of length t — 1.

Formulas for computing the number of paths in subregions of Z for t > 2 are
very difficult to obtain. But in Z? those formulas can be found and can be used
to compute the multiplicity of As, see [3, Corollary 4.5]. On the other hand, 2.5
implies the following:
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Corollary 2.6. (a) If |25 ] =2, then

6(142) = Qc(n—17cc—+12,n)'

(b) If [ 255 ] > 2, then

n—c—1

e(4s)= Y Pila)

a=c+2

In [3] the formulas for e(As) are obtained inductively. We close this section
by showing that we can get those formula by a simple counting. Indeed we have:

B(1,n) H(2,n) C(n—c—1,n)

Fln—c—1,n-1)

D(n—c—c,c+2)

A(l,c+2) |E@2,¢c+2)

G(2,¢+1) Kn—c—1,c+1)
One has:

Qe(,2*,) = |{paths from A to C in AABC}|
= |{paths from A to C in OABCD}|
—|{paths from A to C through a point in ADEF}|
= |{paths from A to C in JABCD}|
—[{paths from G to C in OGHCK}|

_ 2n—2c—4 2n —2c—4
o n—c—2 n—c—3 )

2n —2c—4 2n —2c—4
As) = — .
¢(4z) (n—c—2> (n—c—S)

So,
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B(1,n) H(a —¢,n) Cla,n)

Ei(a,a+c+1)
Es(a,a+ c)

A(1,a) / D(a,a)

Fi(a—c—1,a) [Fy(a—c,a)

K(a,c+1)
Gla—c,c+1)

P.(a) = |{paths from A to C in ABCE, F}|
= |{paths from A to C in OABCD}|
—|{paths from A to C through a point in ADE;F5}|
= |{paths from A to C in OABCD}|
—|{paths from G to C in OGHCK}|

- ()= ()

So,

3 Standard tableau, standard skew tableau and the formula of the
multiplicity

We give in this section a combinatorial formula for Q.() and P.(a). We will
deal with standard tableaux and standard skew tableaux.

Definition 3.1. Suppose A = (A1,...,\;) b n with Ay > Xy > -+ > X\;. The
shape of \ (or Ferrers diagram) is an array of n boxes into [ left-justified rows with
row ¢ having \; boxes. We label every boxes with the set of numbers {1,...,n}.
It is called a A-tableau. A A-tableau is called standard tableau if its rows and its
columns are increasing sequences.

Example 3.2. Let A = (4,3,3,1).
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2 5 8 3 1 3 6 10
7110 |1 SEE
1|46 51 91
9 8
A-shape A-tableau standard A-tableau

The number of standard A-tableaux is denoted by f*. This is the dimension
of Specht module S* in group representation theory, see the book of Sagan [14].
The number f* is determined by the Hook formula, see, for instance, the paper
of Frame, Robinson and Thrall [7].

Definition 3.3. If v = (4,7) is a box in the shape A, then the Hook length is
hy = [{(i, 45" = 3} U{(@, J)Ii" = i}
Theorem 3.4 (Hook formula). If A+ n, then

n!

Hve)\ hU

Example 3.5. Let A = (4,3,3,1). We have

=

5 3 2
4 2 1
1

hook-length table

and
11!

7.5.5.4.4.3.2.2.1.1 58

f)\

On the other hand, the number f* can be expressed by following determi-
nantal formula, see the papers of Frobenius [5] or Young [16]. Set 1/r! = 0 if
r <0.

Theorem 3.6 (Determinantal formula). If A = (A1,...,\) b n, then

1

Aopl———
U F v Tl

where the determinant is | by .
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We have the following theorem:

Theorem 3.7. Leta= (1,c+2,...,1+({t—1)(c+1)) andb=(n—(m—1)(c+
yn—(m-—2)(c+1),...,n). Then

QC(ZL) = an

where X\ = (r,...,r) andr=n—(t —1)(c+1) — 1.
——
t
Proof: We will build a bijection between the set of maximal sorted tables of the
a

form [ : | and the set of standard A-tableaux. Set s =t(n—1—(t—1)(c+1)).
b

Let A = (ag-l)) be a maximal sorted table with a is the first row and b is the last
row. By 2.3, table A has size (s+1) xm and a,(fﬂ) —ag) =n—1—(t—1)(c+1) for
all k =1,...,m. Moreover, Y " | az(-J'H) - agj) =1forall j=1,...,s, this
implies that for each j € {1,...,s} there exists an unique index ¢; € {1,...,m}
such that ag ) _ a,Ej ) +1. This is an injection between the set of maximal sorted
tables and a set of multisets {t1,...,ts} with ¢; € {1,...,m}. It is easy to see
that |{j |t; = k}| = al(:H) - a,(cl) for every multiset in this case. We will label
the boxes of A-shape step by step from 1 to s. If t; = k, then we label the first
empty box from the left in the (¢4 1 — k)th row with the number j. We will prove
that the A-tableau is a standard A-tableau. Obviously, the rows are increasing.
Moreover, for each j € {1,...,s}, the set {i |[i < j,¢; = k} is the content of the
(t + 1 — k)th row in the jth step. Because the first row of the table A is tight

(i.e., agi)l — al(-l) =c+1foralli=1,...,t— 1), this implies that:

[(ili<gti=t}| > [{ili<jti=t—1}|> > |{ili <jt; =1}

forall j=1,...,s.
If there exists a place (u,v) in the A-shape such that A, , = j1 > Ayy1.0 = Jo,
then we have:

\{i|i§j2,ti:t+1—u}|<|{i|i§j2,ti:t—u}|

in the joth step. This is a contradiction. Therefore the A-tableau is a standard
A-tableau.

Conversely, let B be a standard A-tableau. We will rebuild the maximal sorted
table A of the inverse correspondence. We define the ith row of A by induction
onie{l,...,s+ 1} from the first row a. If the number i belongs to kth row of
B, then we add 1 to the k-component of the ith row to have the (i + 1)th row.

a

It is easy to check that A is a maximal sorted table of the form : : O
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This implies the following corollaries:

Corollary 3.8.
e(Am) = f)\a
where X\ = (r,...,r) andr=n—(m—1)(c+1)—1.
——

m

Corollary 3.9. If LZIH =2, then

G(AQ) _ f(nfcf2,nfcf2)'

If t = m, then A,, is isomorphic to the coordinate ring Grass(m—1,m+r—1)
of the Grassmann variety of (m — 1)-planes in a projective space of dimension
m+r—1 with 7 as in 3.8. We recall the formula of the degree of the Grassmann
variety is given by Schubert in 1886, it is:

d(m,r) := degree(Grass(m — 1,m+r — 1)) = r'(l;il)'(mzﬁl—‘)_'gi)'l)'

Corollary 3.10.
12l (m — D)l(mr)!
rlr+ 1) (r+m—1)!

e(An) =

Proof: By 3.8, e(A,,) = f* with A = (r,...,7). We have the hook length table:
——

m

m+r—1 m4+r—2 m

m+r—2| m+r—3

It is easy to see that

(mr)!
HUG)\ hA(U)
_ (mr)! C 12l (m— 1) (mr)!
ol (r+1)! rtm—1! .| . Y
07:( 1!) ((mfl)l) T(T—’—l) (,r._;’_m 1)
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Definition 3.11. Let u© C X be two shapes. The corresponding skew shape is
the set of boxes

Mp={c|ce Xand c ¢ u}.

If A is a partition of n and p is a partition of m, then we label every boxes of A/
with the set of numbers {1,...,n—m}. It is called a skew \/pu-tableau. Moreover,
it is called a standard skew \/p-tableau if its rows and its columns are increasing
sequences. Denote by f*/# the number of standard skew \/p-tableaux.

Example 3.12. Let A = (6,5,4,4) and u = (3,2,2).

o
% 7/% 913 8 1 6 |10
% 7 L]l1wo]5 318 |12
/ 4 |7 519
6 |11 | 2 |12 2 14| 7|11
M/ p-shape skew \/p-tableau standard skew \/pu-tableau

In [6, Main Theorem)], Feit gives the determinantal formula for the number of
standard skew tableaux. We have the following:

Theorem 3.13. If = (p1,...,pts) CA=(A1,...,As) and n =30 (N — p4),
then

>

1
(N =y — i+ )

fA/“ =n!

where the determinant is s by s.

Now we will give the combinatorial formula to determinate the number P.(a)
in 2.5 with t <m and a € Ay_;.

Definition 3.14. Let a = (a1,...,a;—1) € Ay—1. We define the sequences A(a) =
(M, Mgy ..oy ) and p(a) = (p1, o, - .-y fe—1, fe) as follows:

M=n—-1—-(t-D(c+1),\i=a41-i—1—(t—d)(c+ 1) foralli=2,... ¢

and
wi=MNg1—(c+1)foralle=1,...,t — 1, =0.

Remark 3.15. Let a = (ay,...,a:—1) € Np—1 and \;, u; are defined as above
foralli =1,...,t. Then A\; > p; > 0 for alli = 1,...,t and A a), p(a) are
decreasing sequences . In particular, u(a) C A(a) and 22:1(/\2‘ — ;) =n—1.

Example 3.16. Let n = 13, ¢ = 1, a = (4,8,11). Then \(a) = (6,6,5,3) and
ul(a) = (4,3,1,0).
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Aa)/p(a)

Theorem 3.17. Let a = (a1,...,a:—1) € Ar_1.Then one has:
P.(a) = @/ ula)

Proof: We will construct a bijection between the set of maximal sorted tables of
1 a1 - a2 a1
the form and the set of standard skew A(a)/u(a)-
ap Gaz - Gg-1 n
tableaux.
Let A = (a;i)) be a maximal sorted table of above form. By 2.3, the table

A has size n x t and 2™ al/ T — > a’ =1forall j =1,...,s. Therefore

i=1"" i=
there exists an unique index ¢; € {1,...,t} such that agﬂ) = ag) + 1 for each
je{l,...,n—1}. It is easy to see that |{j |[t; = k}| = a,(cn) - a,(cl) =ap — Gp—1
with a9 = 1,a; = n. If t; = k, we say that using k-step in the jth step. We
will label the boxes of A(a)/u(a)-shape step by step from 1 to n — 1. If ¢t; = k,
then we label the first empty box from the left in the (¢ + 1 — k)th row with the
number j. We will prove that the skew A(a)/u(a)-tableau is a standard skew
Aa)/p(a)-tableau.

For each j € {1,...,n — 1}, the set {i |i < j,t; = k} is the content of the
(t + 1 — k)th row in the jth step. In particular, |{i |i < j,¢; = k}| = |[{k-steps
which are used from the first step to the jth step}|. For each j = 1,..., s we have:

[{ili<jti=k+1}|4+ar—ar—1—(c+1)>|{i|i <jt; =k}|

forall k=1,...,t—1.
If there exists a place (u,v) in the A(a)/p(a)-shape such that A, , = j1 >
Aut1,0 = J2, then we have

‘{Z \Z§j2,tl:k+1}|+ak—ak,1—(c+1)<|{z|z§]27t1:k‘}|

in the joth step with k = ¢ — u. This is a contradiction. Therefore the A(a)/u(a)-
tableau is a standard skew A(a)/u(a)-tableau.
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Conversely, let B be a standard skew A(a)/u(a)-tableau. We will rebuild the
maximal sorted table A of the inverse correspondence. We define the ith row of
A by induction on i € {1,...,s + 1} from the first row (1,a1,...,a;—1). If the
number 7 belongs to kth row of B, then we add 1 to the k-component of the ith
row to have the (¢ + 1)th row. It is easy to see that A is a maximal sorted table
of the form as above. O

Example 3.18. Let n =13, ¢ = 1, a = (4,8,11) as in 3.16. Given a maximal

sorted table
11

11
11
12
12
9 13
13
10 13
10 13
11 13
11 13
11 13
11 13

O© © © O

R R W W NN NN e
CO 31 O O Oy Oy UL UL UL UL U W=
—
jen)

corresponds with a multiset
{tla t2a t3; t4,t57 tGa t7a t8a t97 th; tllv tlQ} = {33 2) 47 1, 47 37 27 13 3; 17 2a 2}

If t; = 7, then the number i stays in the (5 — j)th of the A(a)/p(a)-shape. So, the
maximal sorted table A corresponds with the standard skew A(a)/u(a)-tableau

standard skew A(a)/u(a)-tableau
Corollary 3.19. If2 <t < m, then
e(4y) = Z fA@)/pula)
a€hi

where Ay_1 is the set of c-chains of {2+ ¢,...,n— (c+ 1)} of length t — 1.
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Example 3.20. Let n =9,c=1 and ¢t = 3. We have:

e(As) = Pi(3,5)+ Pi(3,6) + P1(3,7) + P(4,6) + P(4,7) + P(5,7)
f(4,2,2) +f(4’3’2)/(1’0’0) +f(4’4’2)/(2’0’0) +f(4,3,3)/(1,1,0)
_|_f(4,4,3)/(2,1,0) + f(4,4,4)/(2,2,0)

= 56 + 168 + 140 + 98 + 168 + 56 = 686.

One can write down a simple routing to compute the number f»/#. We have
done it by using CoCoA program. For instance, for n=30, c=3 and t=5 we get

e(A;) = 6431457245628453210.
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