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Topology of plane curves and discriminants
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Abstract

We explore the relation between the topology of the fibers of a polyno-
mial in two complex variables and the degree of the associated discriminant.
This gives, in particular, lower and upper bounds for this degree, and the
polynomials realizing these bounds, or even close values, can be described
geometrically, see Theorems 3.1, 3.2, 3.3 and 3.4.
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1 Introduction

The following general result by R. Thom, A. Varchenko and J.-L. Verdier is well-
known, see [14], [17], [18], [16].

Theorem 1.1. Let f: C" — C be a complex polynomial map, with n > 2. Then
there is a minimal finite set B(f) in C such that

ff7HC\B(f)) — C\ B(f)
is a locally trivial fibration.

This bifurcation set B(f) contains two types of points : the critical values
C(f) of f and the critical values at infinity I(f) of f. In the case n > 3 the
description of the set I(f) is rather involved, see [15].

In this paper we concentrate on the simpler case n = 2. First we recall the
usual definition of I(f) in terms of jumps of the Milnor number of the singularities
of f at infinity. Then we recall a result by Krasinski relating the sum of the
Milnor number of the singularities of f at infinity to the degree deg A(z) of the
discriminant A(z) of f with respect to y. In fact we make this result more precise
in Proposition 2.6 and relate it to the set I(f) in Corollary 2.7. It is surprising that
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this explicit and constructive description of the set of critical values at infinity
I(f), which apparently goes back to Krasinski and Ha, is present neither in
Durfee’s excellent survey [8], nor in the recent monograph by Tibar [16].

In Proposition 2.9 we relate the degree of A(z) to the topology of the affine
curve C' : f = 0 supposed to be reduced and irreducible. For such a situation we
obtain the following bounds

m:=d—1<degAx) <M :=d*—d

where d = deg,, f = deg f. In the third section we describe the irreducible curves
C’ for which deg A(x) € {m, M — 2, M — 1, M}. We also investigate the relation
between the possible values of deg A(z) and the geometry of the curve C’ when
d=3.

In the final section we discuss our results in the second section the light of
more sophisticated results which are valid in arbitrary dimension obtained in [5]
and [15].

2 Teissier’s result and Krasinski’s formula

First we recall what is a critical value at infinity in the case n = 2.

Definition 2.1. Let f(z,y) € Clz,y] be a reduced polynomial and let C be the
projective closure of the affine curve C' : f(x,y) = 0. Let Coo = CN Lo be the
set of points at infinity of C. We consider the projective curves Cy (possibly with
multiple factors) given by the equations

Ci: F(x,y,2) —t2¢ =0

where d = deg f and F(z,y,2) = 2%f(x/z,y/2). Clearly Coo = C; N Loo for any
t € C. Let ,u; = pp(Ct) be the Milnor number of Cy at p € Coo. If a multiple
component of Cy passes through p, then we set ,u; = +4o00. Let

,LLZ”” = min{y,, : t € C}. (2.1)
With this notation one has
I(f) =A{t € C: there is a p € Co such that pl, > p""} (2.2)

see for instance [10] or [6], pp. 20-22. The elements of 1(f) are called critical
values at infinity of the polynomial function f : C2 —— C. Different equivalent
definitions of critical values at infinity are discussed in [8]. For everyt € C we
put
N = Y (= ™).
P€Cs

If C; is mon reduced then \'(f) = +oo. Note that if C and L, meet with multi-
plicity 1 at every intersection point, then I(f) = 0. One says in such a case that
C is transversal to the line at infinity Lo, see also Theorem 3.1 below.
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Lemma 2.2. (Teissier’s Formula)

Let C' be the curve defined by the reduced polynomial f(x,y) = 0 such that the
line x = a intersects the curve C' in a finite number of points. Then for any point
p = (a,b) € C’ one has

<ﬁ§§p=uAn+wﬁx—@p—L (2.3)

This is a two dimensional case of a formula due to Teissier, see [13], Chap.2,
Proposition 1.2.

Definition 2.3. (Polar curve)

Let C C P? be a reduced projective curve given by F =0 and q = [qo : q1 : q2] € P?
such that qog—i + %% + QQ% # 0 in Clx,y, 2].

The polar curve T'y(C) of C with respect to q is the projective plane curve defined
by the equation qo‘g—f + q1g§ + qg% =0.

Lemma 2.4. (Projective Version of Teissier’s Formula)
For any point p # q on the projective curve C, one has

(C,Fq(C))p = Up(c) + (aﬁ‘])p -1
where pq is the line passing through the points p and q.

Proof: We choose coordinates on P? so that p=1[0:0:1] , ¢ =[0:1:0]. Then
the above formula reduces to Teissier’s local formula at the origin

f

(£ 500 = o) + (F)o = 1.

O

Let f(z,y) € Clx,y] be a reduced polynomial such that deg, f = deg f = d >
1. Let A(z,T) = discy(f(z,y) = T) = Ry(f(z,y) — T, g—;) be the y discriminant
regarded as a polynomial in C[z,T]. Let us write

Az, T) = Ao(T)a™N + -+ + An(T), where Ao(T) # 0 € C[T].
Let A(z) = disc, f(z,y) be the y-discriminant of the polynomial f.

Proposition 2.5. (Krasinski’s Formula)
Let f be a polynomial of two variables x,y which is x-reqular, i.e. the equality
deg, f = deg f holds. Then, for any value of t € C, we have

Y (€)= ¢~ deg, (A(x, 1))

pEC

where ¢ is a constant independent of t.
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This formula is due to Krasinski, for details see [12]. We improve this formula
by calculating the value of this constant c.

Proposition 2.6. Let f(z,y) € Clz,y] be a reduced polynomial such that deg,, f =
deg f = d > 1 and let C be the projective closure of the affine curve f(x,y) = 0.
Let C, be the set of points at infinity of C and let k = #C. Then

degA(z) =d(d—2)+k— > 1,(C). (2.4)

P€EC

Proof: If F(z,y, z) is the homogenous polynomial corresponding to f(z,y), then

C is defined by F(x,y,z) = 0. Then %—5 corresponds to %5 because we have

assumed that deg, f = deg f. Let ¢ = (0 :1:0), note that ¢ ¢ C and consider

the corresponding polar curve I';(C) : %—1; = 0. Then by well known properties of

the discriminant, we have

deg A(x)

Qe R, (150 = S (5= 3 €@Ty(C),

peC2 pEC\L oo

= Y €T 0))— Y (€.T4(C)),-

p€eC PEL

By Bézout’s Theorem for C,I';(C) and Lemma 2.4 for C,T';(C) we get

degA(z) = d(d—1)= > wp(C) = D> ((C,pa)y — 1)

pEC pECoo
= dd-1)- > @) —-d+ > 1
pECo0 pECoo
= dd-2)+k- Y ).
pEC

Corollary 2.7. With the above notation
M(f) = N —deg, A(z,t) and I(f) = {t € C: Ao(t) = 0}.
Proof: By Proposition 2.6 applied to f —t we get
deg, A(z,t) =d(d—2)+k— > ul
P€C

and ‘
deg, A(z,T) =d(d—2)+k— >  pur"
pE€Cx

Subtracting the above two equations we get the result. O
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Remark 2.8. In the above Propositions we need the condition degf, = deg f =
d > 1. Indeed, if deg f, < deg f, we cannot apply the affine form of the Bézout’s
theorem to get the equality

of of
deg Ry (f. 50 = 2 (5
p€eC?
in the proof of Proposition 2.6, because the point [0 : 1 : 0] at infinity lies on
both curves defined by the equations F' and %—Z. As an explicit example, consider

f(x,y) = 2%y — x. Then A(x,t) = 1, so we can derive no information about
the critical values at infinity. But we know that f has a critical value at infinity,
namely t = 0. See Fxample 2.11. below for more on this polynomial.

Proposition 2.9. Let f(z,y) € Clz,y] be a reduced polynomial such that deg,, f =
deg f = d > 1. Assume that the fiber C; = f~1(t) is reduced and irreducible, then

deg, A(z,t) =d — 1+ b1(C;) + pu(Cy)
where u(Cy) is the total Milnor number of C;.

Proof: With the above notation, we obviously have

x(C1) = x(Ct) — k.
Using next Corollary (5.4.4) in [6], p. 162, we get

k+s
X(Cé) = X(Cd,smooth) + Z Hp; (Ct) —k

i=1
where {pg+1,.... Pr+s} are the singularities of the affine curve C; and Cq smootn 18

a smooth plane curve of degree d. By Proposition 2.6, we get

k+s

X(C;) = X(Ca,smootn) + d(d — 2) + k — deg, Az, t) — k + Z tp; (Cr)-
i=k+1

But

X(Cd,smooth) =2 29 =3d — d2
and, by definition, the total Milnor number p(C;) is precisely the sum
Zfiks 1 Mp; (Ct). Tt follows that

X(Cp) = d — deg, A(x,t) + p(C;).

On the other hand C; is a connected affine curve, so it has the homotopy type
of a CW-complex of dimension one, i.e. a bouquet of by(C}) circles S1. It follows
that

X(Cp) =1 —b1(Cy)

which yields the result. O
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Remark 2.10. It was later communicated to the author that the results 2.6,
2.7, 2.9 also obtained by the Polish mathematicians Janusz Gwozdziewicz and

Arkadiusz Ploski in [9].

Example 2.11. (Broughton Polynomial)
Let us consider the polynomial

f=ay—a

introduced in [4]. First we have to make f an x-regular polynomial: for this we
substitute x = x +y and y = y in the polynomial f and get

f=a?y+2ey* +y° —x—y.
Then the discriminant is given by
Az, t) = —4ta® + 2? — 18tz — 27t% + 4.
From this we see that t = 0 is the only critical value at infinity and \°(f) = 1.

Example 2.12. (Briang¢on Polynomials)
These polynomials were introduced in [3] and further studied and generalized in
[2]. Sets = ay+1, p=swv—1, g = (p*+p3+p?x)z~2 and finally f = g+a1ps+aos,
where we have two cases depending on the values of ag and ay.
Case(I) ap=—%, a1 =13
First we have to make f x- regqular : for this we substitute t = x+y and y =y
in the polynomial f. We get the first Briancon polynomial

5 =y 4 6y°z 4 (1522 + 4)y® + (2023 + 20z — 3)y” + (152* + 4022 — 122+
6)y° + (627 +402° — 1822 424z — L)y + (2% +202* — 122° + 3622 — 192+ 7)y* +
(42° — 3z + 242 — 1922 + 18z — 4 )y® + (62 — Y23 + 1522 — 22 + 3)y>+
(42 — Ha? + 4o — Yy +a? -z -1t

The corresponding discriminant is given by
Az, t) = (147456¢% + 524288t + 41943044) 131
(26542081° +23113728t* 47296384013 - 200055888 42 4 1567552928 ¢ 4 2097152 ) ;124
(11943936¢7 + 92565504¢° + 273411072¢° + 362007040t + 143070822443 _

5250;?8224 t2 _ 2464;52)38288 t+ 68052774976 )1’11 + (7 1 1943936t8 — 111 144960t7

—429161472t6 _ 924229888t5 _ 12616é95712t4 _ 151272(1323088t3_

4623081301212 2033537120248y _ 2993694592010 . .,
243 2187 729

where the dots represent the terms of lower degree of x. Hence, we get Ag(t) =
147456t3+524288t2+%t = 0 and solving this equation, we get the bifurcation
values t =0, —8. Hence the set of critical values at infinity is I(f) = {0, -2




Topology of plane curves and discriminants 287

and \O(f) =1 (since A1(0) #0) and \=5 (f) = 3 (since Ar(—28) = Ay(—18) =
0 and Asz(—32) #0).

Cases(1I) ag = %, a] = %
First we have to make f in x reqular: for this we substitute x = x4y and y =1y
in the polynomial f. We get the second Briang¢on polynomial
fo =y + 6xy? + (1522 + 4)y® + (2023 + 202 — 3)y” + (152* + 4022 — 122 +
6)y° + (62° + 402> — 1827 + 24z — 82)y® + (2° + 202" — 1223 + 362% — L+ T)y* +
(42° — 3z + 242°% — 2% 4+ 18z — £)y® + (62 — a3 + 1522 — B + 13)y2 +
(42 — La? + Lo — Py + 2?2 - Yo+ 1 —t.
Then the discriminant is given by

A(J?, t) — ( 16384 t3 + 203’;91)52 t2+ 67108864 t)$13+ (294912t5+ 1813528 If4 _ 56926433840 t3

59049
7988529905499872 t2 _ 6642758925916244 t)x12 4 (11943936t7 + 34172928t6 4 1095;7216#’)
_‘_126657)359392 t4 + 229269546118240 t3 4 42111549521336223496 t2 _ 81%;?2;&3}25607& + 21692618434) 11
+(—11943936t8 _ 41545728t7 _ 554987824 t6 _ 38803231152 t5 _ 1357;&8287008154
_‘_2782?5331613464 t3 + 11644030074165702018485 t2 4 56;?23;%‘;22%20t _ 211599041332132 )mlo 4+

where dots represents the terms of lower degree of x. We get, Ag(t) =

1638443 4
9
209715242 4 671088644 _ () gnd solving this equation, we get the bifurcation values
64

) 723 59049
= y TRLC
Hence the set of critical values at infinity is I(f) = {O,—g—‘f} and \°(f) = 2
(since, Ag(0) = A1(0) = 0 and Ay(0) # 0)and \=%1(f) = 2 (since Ao(—%)
Al(—%) =0 and AQ(—%) #£0).

3 On the degree of the discriminant

In this section we assume that the polynomial f(z,y) is a primitive polynomial,
that is there does not exist a polynomial h(z,y) € Clx,y] such that f(z,y) =
g(h(z,y)), where g € C[t] and deg(g) > 2. Equivalently, a primitive polynomial
is a polynomial whose generic fiber F', i.e. the fiber of the fibration in the Intro-
duction, is connected, see [7]. We also assume that the 0-level curve ¢’ : f =0 is
irreducible.

Theorem 3.1. The discriminant of a plane affine curve C' : f = 0 whose equa-
tion f is x — regular satisfies the inequality

deg A(z) < M :=d* —d.

Equality holds if and only if the projective closure C of C' is smooth along the line
at infinity Lo and the intersection C N Ly is transverse or, equivalently, the top
degree homogeneous component of f has no multiple factor. In this situation one
has

deg, A(z,t) =M
for allt € C. In particular I(f) =0 in this case.
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Proof. Let us suppose that the equality holds i.e. degA(x) = d? — d, then by
Proposition 2.6, we get d(d —1) = d(d —2) +k =3 o () = k = d.
Hence, the projective closure is smooth along the line at infinity £, and the
intersection C N L, is transverse. Conversely, suppose that the curve is smooth
and transversal along the line at infinity, then again by Proposition 2.6, we have
the equality deg A(x) = d? — d. The x—regular polynomial f of degree d can be
written as f = F¢ + F4=1 4 ... + FO where F? is homogeneous component of
degree i and its partial derivative is given as g—i =dF¥t 4 (d—-1)Fi2+... 4 C.
Then y-discriminant has at most degree M = d(d — 1). Since the resultant of
two forms equal to zero if and only if they have common component. Hence,
deg A(z) = d? — d if and only if the top degree homogeneous component of f has
no multiple factors, hence the result follows.

Theorem 3.2. The discriminant of an irreducible plane affine curve C' : f =0
whose equation f is x — regular satisfies the inequality

degA(z) >m:=d—1.

Equality holds if and only if the curve C' is smooth and contractible. In this
situation one has
deg, A(z,t) =m

for allt € C. In particular I(f) =0 in this case and f is obtained from a linear
form by composing with a biregular automorphism of C2.

Proof: Let f(z,y) € C[xz,y] be a reduced polynomial such that deg, f =deg f =
d > 1. Assume that the fiber C; = f~1(¢) is reduced and irreducible, then by
Proposition 2.9, we have

deg A(z) >d—1.

If the curve is smooth and contractible, then again by Proposition 2.9, we get
the equality deg A(x) = d — 1. Conversely, suppose that deg A(z) = d — 1, then
Proposition 2.9 implies that b1 (C;) + (C;) = 0, which is only possibly when both
equal to zero, hence the curve C’ is smooth and contractible. The last claim
follows by the celebrated Abhyankar-Moh Theorem, see [1]. O

Beyond these two results referring to the maximal possible value M and the
minimal possible value m for the degree of A(x), one can say the following.

Theorem 3.3. The discriminant of a plane affine curve C' : f = 0 whose equa-
tion f is x — regular satisfies the equality

degA(z) =M -1

if and only if the projective closure C of C' is smooth along the line at infinity Lo
and the intersection C N Lo, is transverse except at exractly one point p1 where
L is a simple tangent to C. In this situation one has

deg, A(z,t) =M —1
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for allt € C. In particular I(f) = 0 in this case.

Proof: Note that in this case k = d — 1 and this explains the first claims.

To explain the last claim, suppose that the singularity of C at a point at
infinity (say at p = (1: 0 : 0), such that we may use y, z as local coordinates at p)
is defined locally by a function germ g(y, z) = 0. Then, the same singular point,
but this time on the deformed curve C, is defined by

9i(y,2) = gly, 2) + tz°. (3.1)

In our case d > 1 and hence, if C is smooth at p, then the same is true for C;,
and all these curves have the same tangent at p. O

Theorem 3.4. The discriminant of a plane affine curve C' : f = 0 whose equa-
tion f is x — regular satisfies the equality

deg A(z) =M —2

if and only if one of the two cases (A) and (B) below holds.

(A) the projective closure C of C' is smooth along the line at infinity Lo, and
either

(i) d > 3 and the intersection CN Lo, is transverse except at exactly one point
p1 where Lo, is a simple inflectional tangent to C, or

(1) d > 4 and the intersection C N Lo, 1is transverse except at exactly two
points p1 and ps such that Lo is a simple tangent to C at each point p1 and ps.

(B) d > 3 and the projective closure C of C' is smooth along the line at infinity Lo
except at one point p1 which is a node on C. The intersection CN Ly, is transverse,
where transversality at the point p1 means that Lo is not in the tangent cone of
C at P1-

In this situation one has
deg, A(z,t) =M —2
for allt € C and hence I(f) = 0.

Proof: Set 110 (C) =3 cc. 1p(C). Using Proposition 2.6, it follows that in this
case one can have either k¥ = d — 2 and pe(C) = 0 (and this leads to the case
(A),or k =d—1and p(C) = 1 (and this leads to the case (B)). Details are
left to the reader. The last claim follows from equation (3.1), which shows that
all singularities (C¢, p1) are nodes with the same tangent cone. O

Remark 3.5. If f is not z-reqular, let fs be the polynomial obtained from f by
setting X = x+sy and Y = sx+vy. Then fs is z-reqular for s € C* generic, and
obuviously one has for such an s

deg, discy(fs(z,y) —t) > deg, discy(f(x,y) —t) = deg, A(x,1).
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For instance, in the absence of the x-reqularity assumption on f, Theorem 2.9
becomes

deg, A(z,t) <d—1+4b1(C)) + p(C)).
This remark and above Theorems yield the following.

Corollary 3.6. Assume that f is a primitive polynomial of degree d > 3 such
that for some t € C one has deg, A(z,t) > M — 2, with M = d* — d. Then

I(f)=0.
Remark 2.8 shows that such a result fails when M — 2 is replaced by M — 3.

A different approach is to fix the degree d of the polynomial f and discuss the
degree of the discriminant deg, A(x,t) in function of the coefficients of f. Here
is one example of this approach.

Example 3.7. (Case d=3)
A polynomial of degree three which is x—regular and without constant term can
be normalized to the following form

flx,y) = + (az® + ¢)y + Az® + Ba® + Ca.

(First we kill in the usual way the term in y?, then we kill the term in x in the
coefficient of y.) Then the y-discriminant of f(x,y) —t is

Az, t) = (—4a® — 27A%)2% — 54ABx® + (—54AC — 12a%c — 27TB?)z* +

+(54At — 54BC)2® + (54Bt — 27C? — 12ac?)z? + 54Cta — 4¢3 — 2712,

In this case M =9 —3 =6 and m =3 — 1 = 2. So the (interesting) coefficients
of x8, 2% x4, 23, 2% are respectively Ny = 4a® + 27TA%, A1 = AB, Ay = 18AC +
4a’c+9B2%, Ay = At— BC, Ay = 18Bt —9C? —4ac?®. The condition Ay = 0 says
precisely that we are not in the situation of Theorem 3.1, i.e. the homogeneous
part of degree 3 has a multiple root. The condition Ay = 0 (added to the condition
A =0) leads to two possible cases.

Case(i) A=0
Then a = 0 and if B # 0, then we are exactly in the case (A) (i) of Theorem
3.4 (since in this case there is exactly one point at infinity). On the other hand,
if B =0 as well, then Ay = Ag = 0 and Ay = —9C?. The polynomial becomes
f(x,y) = y3 + cy + Cx — t. This polynomial is equivalent to a linear form as in
Theorem 3.2 if C # 0. If C = 0, then the polynomial f is non-primitive, case
excluded from our discussion.

Case(iit) A #£0
Then a # 0, B =0 . Then the polynomial becomes f(z,y) = y> + ax?y + Az +
Cz + cy. We know that the corresponding top form fz = y3 + ax®y + Az3 has
a double root i.e. f3 = (y — uw)?(y + 2ux) for some u € C*. Comparing the
coefficients we get A = 2u3, a = —3u>.
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Then we have Ay = 18u3C + 18u*c. Hence Ay # 0 if and only if u # ;LC and
this corresponds to the case (B) of Theorem 3.4. Indeed, there are now two points
at infinity and an irreducible cubic curve cannot have a bitangent! (If c =0 and
C # 0 we are in the same situation,).

Now Ay = 0 may occur either when C' = ¢ = 0 and then f is reducible and
non-reduced (case excluded by our assumptions), or when ¢ # 0 and u = =<

C
which leads again to a reducible polynomial

f(@,y) = (v — uwa)[(y — uz)(y + 2ux) + .

After a coordinate change X = y —ux, Y = y + 2ux, this is essentially the
Broughton polynomial considered in Example 2.11

4 Polar invariants and global y*-invariants of affine curves

In this section we use the above notation and discuss briefly some of the results
of the papers [5] and [15] in the light of our results in the second section above.
In these papers the results are obtained for arbitrary dimensional hypersurfaces
using non-proper Morse theory or generalized Lefschetz pencils. However, in the
case of plane curves our results are as complete as theirs and obtained by far less
complicated techniques.

In [5] the authors consider affine polar curves T',(C’) for a = (ay,a) € C?
defined to be the union of the irreducible components of the curve

which are not contained in the singular locus of f. It follows from Example 8
and Theorem 3’ in [5] that if C] is smooth and irreducible, then the intersection
multiplicity (C¢,T'w(C’)) is independent of a as long as (a; : as : 0) ¢ Co. Note
that for an z-regular polynomial f, a = (0: 1) is such a good choice.
With this particular choice for a (assuming f to be z-regular) we clearly have
(CuTalC) = 3 (7 1. 51, = dog, Alw.)

peC?

Hence the polar invariant of the affine curve C; introduced in Definition 2 in [5] is
nothing else but the z-degree of the discriminant A(x,t). For a smooth curve C;
this equality follows also from Proposition 5, (i) in [5] as well. Moreover, Theorem
3 in [5] implies that, for a smooth curve C;, one has

deg, A(z,t) =d—1+b.(C}).
This is just a special case of Proposition 2.9 above.

In [15] the author introduces the global y*-invariants for a hypersurface having
only isolated singularities, see Definition 3.3. In the case of plane curves, one has

YH(C}) = deg, A(x,t) and 1°(C]) = d.
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With these equalities in mind, we see that Theorem 3.6, (iii) in [15] yields exactly
Proposition 2.9. Moreover, the description of the critical values at infinity given
in Corollary 2.7 is equivalent to Theorem 4.6 in [15].
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