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On the location of zeros of a polynomial

by
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Abstract

Observing that for the zeros of polynomigk) = z”+2;‘;é a;z}, Cauchy’s bound
14 <1+A, Azosr?gan)_<l|aj|

does not reflect the fact that fér — 0, all zeros approach the origin= 0, Boese
and Luther suggested the proper bound

14 <R,

[A@- A/ - A" A<,
R'=1 min{(1+A)(1- (A/(@+A™ - nA),
1+2((0A-1)/(n+ 1))}, A> 1/n.

We have obtained a generalization of Boese and Luther’s bound bideaing the
polynomial
2+ aZ P +apaZ P+ e l<p<n

and have also suggested certain related results.
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zero free bound.
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1 Introduction and statement of results

Concerning the zeros of a polynomial of degnege have the following well known
result due to Cauchy [2].

Theorem A. All zeros of the polynomial

f(9=2"+a12" 1 +... +a, (1.2)



338 V.K. Jain

with
A= i 1.2
omax (8, 1.2)
lie in the disc
lZ7<1+A

Boese and Luther [1] observed that Cauchy’s bound does fiettréne fact that for
A— 0,

all zeros approach
z=0.

Accordingly they obtained the appropriate bound and proved

Theorem B. All zeros of the polynomial(g) lie in the disc
lZ <R, (1.3)

where
(A@-nA)/@- A", A<,
R'=1 min{1+A)1- (A/(1+A™ - nA),
1+2(nA-1)/(n+ 1))}, A>1/n.

In this paper we have firstly obtained a generalization ofofém B. More precisely
we have proved

Theorem 1. All the zeros of the polynomial

a2 =2"+apZ" P +apZ P+ +a,l<p<n, (1.4)
with
D = max|a (1.5)
p<t<n
and
min({1 + 2(O(n - p+ 1) - 1)/(p + M)},
[D{(((n- p+ D)™V — 1)/(((n- p+ D) - 1]¥"), (n-p+1)D <1
- | min[{D+((n-p+1)D)>1}""
{1-D(p(D + ((n - p+1)D)PH™V/P — (n- p+1)D)71},
{L+2(D(n-p+1)-1)/(p+ )] .(n-p+1)D>1,
1 ,(n—-p+1)D=1,
lie in the disc
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Remark 1. In many cases Theorem 1 gives better bound than that obtaindthe-
orem B (e.g. for the polynomial

U(2) =2 + az+as; laal = L lag| = 4;p =4,
all the zeros lie in

()12 < 4.9985 (by Theorem B),
(i) 12 < 26, (by Theorem 1)
By applying Theorem 1 on the ray= constant, we obtain

Corollary 1. Let
cos. t = max(Q cost), for real t (1.6)

and _
—a = A€e™, p<ks<n 1.7)

Then the angle-independent boun(DIR for all zeros of ¢z), of Theorem 1 can be
replaced by RD(6)), where

D(9) = Qé’é{Ak cos, (ax — ko)}, 6 € [0, 2r). (1.8)

In the same paper [1] Boese and Luther obtained a zero fréenregound origin
also, for amt" degree polynomial and proved

Theorem C. The polynomial

f(2):=ay+a1z+...+a,2", aa, #0,n>2 (1.9)
is zero-free in the open disk
1z < Ro, (1.10)
Ro = A/(L+ A-pg"), 0<A<n, (111)
Tl [+A-AL+A-(Alp) YV, n<A (112)
A/(1+A), 0<A<A;, (113)

po =1 max{A/(1+A), 1+ VD-(3/(2n-2)}, Ag<A<n, (114)
[Amax{1/n,1 - (n/ayn)| ", n<A (1.15)

Aoz = n(5/8-(3/(4n-4))),
A: = laol/max{lal,lazl, .. ., lanl),
D: = (9/(4(n- 1)) - (6(1- (A/n))/(n* - 1)).

In this paper we have obtained a partial generalization ebféim C also, by proving
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Theorem 2. The polynomial

S(2) = an + an-1Z+ a2 2 + ...+ 2" P + &', @ # 0;1< p < n,(1.16)

with
E = |an|/ maxqan—lL |an—2|» LY |ap|, |a0|)’ (117)
maxE/(n- p+ 1), E/(1+ E)), E<n-p+1 (118)
p=qEmMaxY(n-p+1),1[1+(E/(n-p+1)P"/
(1-(E/(n—p+ 1)) M)*n, E>n-p+1 (119)
and
E/(1+E—-p"P+p"t—pMm, E<n-p+1,
1+E—(1+E—p"P+p"t—(E/p)n-Pmy 1N
R= (L+E-p"P+p"1— (E/p)-Din — , E>n-p+1,
E(L+E-p"P+p"" = (E/p)) /"
1, E=n-p+1,

is zero free in the disc
17 <R

Remark 2. Theorem 2, with the possibility
E>n-p+1 & p=1
reduces to the corresponding possibility of Theroem C. Bgtofem 2, with the possi-
bility
E<n-p+1 &p=1

reduces partly to the corresponding possibility of Theofen{to be precise, only for
0 < A < Ay, (and to be more precise, Theorem 2 is a refinement of Thergeior C
0< A< A)).

Remark 3. To be more precise, for the possibility
E£n-p+1,

the zero free disc is
72 <R

By applying Theorem 2 on the r@y= constant, we obtain
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Corollary 2. Let

2 T A€ k=0,p,p+1,....,n—1;1<p<naa, 0, (1.20)
cos.t = max(Qcost), forreal t (1.21)
and

E(6) = 1/max{Agcos,(ap+ nb), Ay cos.(ap + (N - p)é) ,
Api1€OS (@pi1 + (N— p—1)0),..., Ay1COS (an 1 + 9)} ) (1.22)

Then the angle-independent zero free bou(E)Ror s(2), of Theorem 2 can be replaced

by RE(6))-

Finally, in this paper we have obtained a result, which agaias a zero free region
around origin for am®™ degree polynomial, but better than those obtainable by many
other known results. More precisely we have proved

Theorem 3. The polynomial

P(2 =ag+a1z+... +anZ, @a, #0,n> 2 (1.23)
with

lag/aol = Ad. (1.24)

ngjgﬁlaj/aol = 6, (1.25)

A/ {1-@/(1+A)™] = A 0<A, (1.26)

GALe) = | [AL+D) = V(AL— 1P+ 41/(A - 9)). A#0, (1.27)

L 1/(Aq + 1), A =6, (1.28)

max{l/((n—1)5 + A1),G(A1,8)}, (n—-21)5+ A > 1& (1.29)

{Ar > 6 or§ > max(Ag, Ag) or A; = 0}
max{((6 — Ag)/(n))Y/™-),
p=1 1/((n- 1) + A1), G(A1,6)}, (N—1)5+A; >18& A <6 < Ao, (1.30)
max|1/((n - 1) + A))'",
1/(5(1 = ((n = 1)5 + A)Y") 1+
(AL = 0)((N= 1) + AJODMIN] - (n-1)5+ Ay < 1 (131)

and
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Q+AL+ (0 -A)p - 5pn)_1, n-1)+A>1&
{Ar>60rA; <6< Ao}
0 (N-1)6+A >1&
R= {6 > max(As, Ag) or A; = 0}
(@ + A)/6) = (1/(0p)) + (L= (A/o)p}", (N=1)5+ AL < 1& AL <6,
P, (n—1)6+A1<1&A1>6
1, (N-1)5+ A1 =1,

is zero free in the disc
17 < R

Remark 4. The polynomial
P(2) = a0 + a4z + &Z + 8sZ; |aol = 1.]ay| = 6,|az| = 12 |ag| = 8,
is zero free in

()12 < .077(by Theorem &
(i) 124 < .077 (by [3, Exercise no. 2, p. 126,]
(i) |2 < .125(by Theorem B

Remark 5. To be more precise, for the possibility
(n-1)+A>1,

the zero free disc is

<R
By applying Theorem 3 on the ray
6 = constant
we obtain
Corollary 3. Let
% = BE™k=12....n & apa#0, (1.32)
cos.t = max(Qcost), forrealt, (133)
A1(6) = Bicos (a;+6) (1.34)
and
5(0) = ngjngjcosp(aj +j6). (1.35)

Then the angle-independent zero free bou(d;R) for p(2), of Theorem 3 can be re-
placed by RA1(6), 6(0)), except wherd(6) = O, in which case R\, 6) will be replaced
by 1/A1(6).
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2 Proofs of the theorems

Proof of Theorem 1. For each zero
z(# 0) =re,
of q(2), we have
2= a,Z" P+ ap 2P+ L+ an, (by (L4)),
and therefore
M <D P+r"Ply  +1),(by (21) and (15)),

which implies that
D>0.

Further let
p(r) =r" =D P+ P4+ 1)

Then the equation
¢(r)=0
has a unique positive rogt with
B 1L if(n-p+1)D=1,
B < L if(nh-p+1)D<1,
p > L if(n-p+1)D>1,

thereby helping us to write

¢(r) = (r = By(r),
with
() >0,r>0.

Now by (2.2), (2.3), (2.8) and (2.9) we can say that
r<pg.
But asp is a root of (2.4), we also have
B"=DE"P+p"P 4+ +B+1),(by (23)).

Therefore if
(n-p+1)D<1

then by using (2.6) in (2.11), we get

B <{D(h—p+ 1),

343

2.1)

(2.2)

(2.3)

(2.4)

(2.5)
(2.6)
2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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which on being used in (2.11), gives us

B" < D{((n-p+ D)™ P+ (n— p+ D)™ P4 41},

i.e.
((n— p+1)D)" P - 1)1
2.12
8< P -1 (242
Now we assume that
Dn-p+1)>1
Therefore on using (2.7) in (2.11), we get firstly
B> {D(n—p+ 1" > (D(n—p+1)HYMD,
which implies
B =1{D(n-p+ 1YV s for certains(> 1) (2.13)
and secondly
B <DE"P+...+p"P),
ie.
B<pP<(n-p+1)D. (2.14)

Further by (2.11) we get

B +D = (D+pPhpTP
< [D+((n- p+ D))" P, (by (214))

which by (2.13), implies

P+ (s™ Y (n-p+1) < {D+((n-p+ D)D) ((n- p+ 1)D) P/,
= B, (say) (2.15)
The function
() =P+ (s™P Y (n-p+1),s>1 (2.16)

has positive and strictly increasing derivative and as
s < BYP, (by (215))

we have
w(BYP) — u(s) < (BYP — o)y (BYP),

(s-BYP)y/ (BYP) +y(B"P) < y(s).
< B, (by (216) and (215)).
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ie.
<< BU/P [1_ {(pB(n+l)/p 1Y (n-p+ 1)}] ,(by (216)),

which by (2.13) and (2.15) implies that
B < {D+((n-p+1)D)PH¥P(1—D(p(D+(n- p+1)D)™V'P_(n—p+1)D)}}. (2.17)

For the function

gn) =1/ P+r P e 4r "), r>0, (2.18)
we have
gr) = (prPt+ e+ P2+ 4™/ PPy )
r>o, (2.19)
> 0, (and strictly increasing ) > 0 (2.20)

and therefore
g9+ (-9 (9 <gr);r#sr>0&s>0,

i.e
g9 +(r-9g(s) < gr)r>0&s>0,
< D, (by (218) and (22)). (2.21)
By taking
s=1,

in (2.21) and using (2.18), (2.19) and (2.20), we get
r<[1+2{(D(h-p+1)-1)/(p+n)]

and now, on combining (2.10) with (2.12), (2.17) and (2.%)edrem 1 follows.

Proof of Corollary 1. For each zero
2(+ 0) = re"”, (2.22)

of q(2), we have

rn

IA

Z Ad™ ¥ cos, (ax — kd), (by (17), (2.22) and (16)),
k=p

D(6) {r”‘p L Tt 1}.

IA

Now Corollary 1 follows, by following the line of proof of Tlmeom 1.

Proof of Theorem 2.For each zero

z=re", (2.23)
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of §(2), we have
E<r+r?+...+r"P4+r" (by (223) and (117)).

Further let
YO ="+ P4 41?241 -E
Then the equation
x()=0
has a unique positive rogt with

vy = 1 if n-p+1=E,
vy < L if n-p+1>E,
vy > 1 if n-p+1<E,

thereby helping us to write
x(r) = (r —»)g(r),
with
g(r)>0,r>0.
By (2.24), (2.25), (2.30) and (2.31) we can say that
r=vy.
But asy is a root of (2.26) we also have
E=y+y’+...+y"P+5", (by (225)).

Now firstly we assume that
E<n-p+1

Therefore on using (2.28) in (2.33), we get
y > maxE/(n- p+1),E/(1+E)), (= p). (by (118)),
which, by (2.28) and (2.31), implies
(0 = Dl - »9) > O,

- E/(1+E—p"™P+p"1— p" > p. (by (230) and (225)).
Further for the function
fX)=-x"+x"1-x"P 1<p<n,
we have
(0 = =x"PHnP - (n-1x" + (n- p)}.

= —x"Plig(x)}, say

V.K. Jain

(2.24)

(2.25)

(2.26)

(2.27)
(2.28)
(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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with
g(0) > 0, (2.37)

g () =npxX? {(x—((n-1)(p- 1)/(np))}. (2.38)
and

(n-1(p-1)

o o
By (2.38), (2.39) and (2.37) we can say tlgéx) is positive in [Q o0) and therefore by
(2.36) and (2.35)f(X) is strictly decreasing in [@). Now by (2.34) and (2.28) we get

)>o0. (2.39)

E/Q+E-p"P+p" " =p") < E/(Q+E-y"P+y"t-9"),
= v, (by (233)). (2.40)

Secondly we assume that
E>n-p+1 (2.41)

Therefore on using (2.29) in (2.33), we get
y > {E/(n— p+ 1Y (2.42)
Again by (2.33), we have

Y = E/{L+ @+ @)Y,
E/ {1+ ((1/7°)/(L= (L/y))}. (by (229))
E/ {1+ ((E/(n- p+ 1)) ™"/(1- (E/(n- p+ 1)) ™)},

thereby implying by (2.42) and (1.19) that

vV Vv

y>p, (2.43)

with
p > 1, (by (241) and (119)). (2.44)

Now by (2.43), (2.44) and (2.31), we have
(0 =Dl -7)9(p) <0,

ie.
L+ E—-p"P+p"t—(E/p)Y" > p, (by (230) and (225)). (2.45)

Further by (2.43) and (2.44), we get
PP )P - 1 < oM /o) - 1,
which implies

(L+E-p"P+p" = (E/p)"" < (1+E-y"P+y"1—(E/y)"" (by (243)),
= v, (by (2.33)). (2.46)
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Now let n
5=(1+E-p"P+p" —(E/p)) .
Then
y>o, (by(246))
and
6>1, (by(245) and (244)).
Hence on repeating all steps, after (2.44) and upto (2.4& )il get
n- n-1 I/n
(1+E-6"P+s"" = (E/0)) <.
ie.
1+ E-(@Q+E-p"P+p"t - (E/p)P"+
(L+E—p"P+ o™ = (E/p)™D" — E@+E-p"P+p™t - (E/p) )"
<. (2.47)
Finally by using (2.32), (2.40), (2.47) and (2.27), Theoizfollows.
Proof of Corollary 2. For each zero
z=re" (2.48)

of 5(2), we have

n-1

1< Z Ar" ¥ cos, (ax + (N — K)F) + Agr" cos, (ao + nd), (by (1.20), (2.48) and (121)),

k=p

which, by (1.22) , implies

E@) <r+r2+.. . +r" Py

Now Corollary 2 follows, by following the line of proof of Tleeem 2.

Proof of Theorem 3. For each zero
z=re",

of p(2), we have

1< Ar+60%2+r3+ ...+, (by (249), (1.24) and (125)).

Further let
() =60+t 4 )+ Ar — 1

Then the equation
Ya(r) =0

(2.49)

(2.50)

(2.51)

(2.52)
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has a unique positive roat, with

a = Lif(n-16+A =1,
< Lif(n=216+A;>1,
a > Lif(n-16+A <1,

thereby helping us to write
Ya(r) = (r — @)ga(r),
with
¢1(r) > 0,r > 0.

By (2.50), (2.51), (2.56) and (2.57) we can say that
r=a.
But asa is a root of (2.52), we also have
1=6"+a" 1+ ...+ a2 + Aa, (by (251)).
Now firstly we assume that
(N—1)5 + Ay > 1.
Therefore on using (2.54) in (2.59), we get firstly
a>1/((n-1)5+ Ay)

and secondly
(6 - A)2? + (AL +1)a—1>0,

which implies
a > G(Ag,9), (by (1.27) and (128)).

On combining (2.61) and (2.62) we get

a > maxl/((n-1)5+ A, G(As,6)},
= p,A1 > 60rd > maxA, Ag) or A; = 0, (by (1.29)).

And if
A1 < 6 < Ao(& S0 A; > 0, by (1.26)) andt = ((§ — A1)/6)Y/ ™D
then
t<1/(1+A.), (by(126))
i.e.
A < (1-At)(1-t)/t%,
i.e.

(1 —t"1) < (1- At)(1-t)/t?,

349

(2.53)
(2.54)
(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)
(2.64)

(2.65)
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i.e.
y1(t) <0, (by (256) and (257)),

which implies
a = ((6- A/,
> (6 = Ag)/(ns))Y D (2.66)
and therefore
@ > max{((§s - A)/(ne)M ™Y, 1/((n - 1)6 + A1), G(Aw. 8)}. (by (263)).(2.67)
= p,(by (130)). (2.68)
Further for the function
h(X) = 1/(1 + A1 + (6 — A))x— 6xX"), x € (0, ], (2.69)
we have
h(p) > p, AL = 6 or Ay < 6 < Ao, (by (264) and (268)), (2.70)
h(x) > 0, X" > (§ — A1)/(no)

and therefore, if
AL >0

thenh(x) will be strictly increasing in (O], thereby implying
h(o) < /(1 + A + (6 — A — 6a") = a, (by (259)), (2.71)
and if
Al <0< Ao

thenh(x) will be strictly increasing in [ — A1)/(nd))Y™ D, o], (by (2.66)), thereby

implying
h(p) < /(1 + Ay + (6 — AYa — 6a") = «, (by (259)). (2.72)

Secondly we assume that

(n-1)+A <1 (2.73)

Therefore on using (2.53) in (2.59), we get firstly
a > 1/((n-1)+ A)Y", (2.74)
>1 ,(by(273)), (2.75)

and secondly
1<a"{6(1 - (1/a) ™ + (AL - 6)(1/a)™ 2,

which, by (2.74), implies
a > 1/(6{1— (N=1)5 + A)Y" ™ + (Ar = 6) {(n = 1)5 + A}D/m/n, (2.76)
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On combining (2.74) and (2.76) we get

a > p,(by(131)), (2.77)
> 1, (by (275)). (2.78)
Further if
AL <6

then by (2.77) and (2.78), we have

p < {(A/8)+ (1/8)(L - (1/p)) + (1 = (Ar/5))p}'", (2.79)
< {(A/6) + (1/6)(L - (L/@)) + (1= (As/8))a}t/,
= a,(by (259)). (2.80)

Finally on combining (2.58) along with ((2.64), (2.68),&2), (2.70), (2.71), (2.72)),
((2.77), (2.79), (2.80)) and (2.53), Theorem 3 follows.

Proof of Corollary 3. For each zero
z=re" (2.81)

of p(2), we have
n .
1< Z Bjr! cos (e + j6), (by (132), (2.81) and (133)),
j=1

which, by (1.34) and (1.35), implies
1< AO)r +5(@) rP+r2+ .+ (2.82)

Now if
6(6) >0

then Corollary 3 follows, by following the line of proof of Borem 3, and if
6(0)=0

then
r > 1/A.(0), (by (282)),

thereby completing the proof of Corollary 3.
References

[1] Boesg, F. G. AND LUuTHER, W. J., A note on a classical bound for the moduli
of all zeros of a polynomiallEEE Trans. Automat. Contg4 (1989), 998-1001.



352 V.K. Jain

[2] Caucny, A. L., Oeuvres Completesf2€ serie),vol. 4,pp. 573-609, 1882.

[3] MARDEN, M., Geometry of polynomialdMath. Surveys No. 3, Amer. Math. Soc.,
(Providence, R. 1.J1966).

Received: 6.04.2010,
Accepted: 11.04.2011.

Mathematics Department, I.I.T.,
Kharagpur - 721302, INDIA

E-mail: vkj@maths.iitkgp.ernet.in



