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Sequentially Cohen-Macaulay path ideals of cycles
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Abstract

Let R = k[z1,...,2xn], where k is a field. The path ideal (of length
t > 2) of a directed graph G is the monomial ideal, denoted by I;(G),
whose generators correspond to the directed paths of length ¢ in G. Let C),
be an n-cycle. We determine when I;(C) is unmixed. Moreover, We show
that R/I:(Cy) is sequentially Cohen-Macaulay if and only if n =t or t + 1
or 2t + 1.
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1 Introduction

The path ideal of a graph was first introduced by Conca and De Negri in [3]. Fix

an integer n >t > 2 and let G be a directed graph. A sequence z;,,...,x;, of
distinct vertices, is called a path of length ¢ if there are t — 1 distinct directed
edges e1,...,e,—1 where ¢; is a directed edge from x;i; to z;;.,. Then the path

ideal of G of length ¢ is the monomial ideal

I(G) = (x4, -+ -y, t x4y, ..., @, is a path of length t in G)

t

in the polynomial ring R = k[x1,...,x,] over a field k. In [3], it is shown that
the Rees algebra R(I;(G)) is normal and Cohen-Macaulay, when G is a directed
tree. In [7], R/(I;(G)) is shown to be sequentially Cohen-Macaulay when G is
a directed tree. Moreover, in [1], it is shown that the path ideals of cycles have
linear type and in [8], the path ideals of complete bipartite graphs are shown to
be normal.

In this paper, we study some properties of the path ideals of cycles. Through-
out the paper, we mean by C,,, the n-cycle with directed edges e, ..., e,, where
e; is from z; to x;41 for i = 1,...,n — 1 and e, is from z,, to ;. In addition,

we have I;(C,) = (uy,...,u,), where u; = HZ_:}) Ziry for all i = 1,...,n. Note
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that here the indices are considered in Z,. In [4, Proposition 4.1], the authors
focused on the case t = 2 and determined when R/I5(C),) is sequentially Cohen-
Macaulay. Here we consider all ¢ > 2 and study sequential Cohen-Macaulayness
of R/I;(Cy,) in general.

This paper is organized as follows. In the next section, we recall several
definitions and terminology which we need later. In section 3, we prove that
I,(Cy,) is unmixed if and only if t <n < [3t/2] +1 or n = 2t + 1. In section 4,
we show that R/I;(C),) is sequentially Cohen-Macaulay if and only if n = ¢ or
t+ 1 or 2t + 1. To prove this, we use Alexander duality. Actually, we prove that
just in these three cases, the Alexander dual of the path ideal is componentwise
linear. Finally, in section 5, we deal with a conjecture of Bruns and Hibi. We
present an example to show that the conjecture is not true.

2 Preliminaries

A simplicial complex A on the vertex set V = {z1,...,2,} is a collection of
subsets of V' such that if F' € A and G C F, then G € A.

An element in A is called a face of A, and F' € A is said to be a facet if F is
maximal with respect to inclusion. Let F},..., F, be all the facets of simplicial
complex A. We sometimes write A = (Fy,..., F,).

For a subset W of V' the restriction of A on W is the subcomplex

The dimension of a face F is |F| — 1. Let d = max{|F| : F € A}. Then the
dimension of A, denoted by dim(A), is d — 1.

We say that A is pure if all its facets have the same dimension.

The facet ideal of A is

I(A):(Hx:Fisafacet of A).

zel

Now we define the simplicial complex A;(G) to be
A(G) = {xiyy ooy, o @y, ..., x4, 18 a path of length t in G),

where G is a directed graph. So we have I(G) = I(A(G)).
The Stanley-Reisner ideal of A is the monomial ideal

In=(]]z:F¢n).
TEF
The Stanley-Reisner ring of A is k[A] = R/I.
The Alexander dual of A is the simplicial complex

AV = {F°: F ¢ A}.
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Let I be a squarefree monomial ideal. The squarefree Alexander dual of
I = (xl,l o Tysyy e L1 zt,st) is the ideal

IV = (1‘171, e ,331751) n---N (SEtJ, e 7xt7st).

Let A = (F4,...,F,). A vertex cover of A is a subset A of V, with the property
that for every facet Fj there is a vertex z; € A such that z; € F;. A minimal
vertex cover of A is a subset A of V such that A is a vertex cover and no proper
subset of A is a vertex cover of A.

A simplicial complex A is unmixed if all of its minimal vertex covers have the
same cardinality.

A graded R-module M is called sequentially Cohen-Macaulay (over k) if there
exists a finite filtration of graded R-modules 0 = My C M; C --- C M, = M
such that each M;/M;_q is Cohen-Macaulay, and the Krull dimensions of the
quotients are increasing, i.e.

dlm(Ml/Mo) < dlm(Mg/Ml) <0< dim(Mr/MT_l).

Let I be a homogeneous ideal in R. Associated to R/I is a minimal free graded
resolution of the form

0— @R(_j)ﬁp.j(R/U — e @R(_j)ﬁl,j(ml) —R—R/I—0
J J

where p < n and R(—j) is the R-module obtained by shifting the degrees of R
by j. The number §; ;, the ¢j-th graded Betti number of M, is an invariant of
R/I that equals the number of minimal generators of degree j in the i-th syzygy
module. The projective dimension of R/I, denoted pd(R/I), is equal to p, the
minimal length of all free resolutions of R/I. Suppose I is a homogeneous ideal
of R whose generators all have degree d. Then R/I has a d-pure resolution if
its minimal graded free resolution can be written in the form

O — R(*dp)BP(R/I) — e —> R(—dl)ﬁl(R/I) — R — R/I — O,

where d = dy. In addition, we say that R/I has a d-linear resolution if for
all i > 1, §; ;(R/I) =0 for all j # i+ d — 1. The resolution degree of R/I is
defined to be d, —dp—1,...,ds —dyi,d =d;.

Theorem 2.1. [/, Lemma 3.6] Let I be a squarefree monomial ideal in R =
klx1,...,2n]. Then R/I is Cohen-Macaulay if and only if R/I is sequentially
Cohen-Macaulay and I is unmized.

If I'is a graded ideal of R, then we write I(;y for the ideal generated by all
homogeneous polynomials of degree j belonging to I. We say that a graded ideal
I C R is componentwise linear if I(;, has a linear resolution for all j. Also,
we write I[; for the ideal generated by the squarefree monomials of degree j
belonging to I. We say that I is squarefree componentwise linear if Ij; has a
linear resolution for all j. Herzog and Hibi showed:
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Proposition 2.2. [5, Proposition 1.5] Suppose that I C R is an ideal generated
by squarefree monomials. Then I is componentwise linear if and only if I is
squarefree componentwise linear.

Theorem 2.3. [5, Theorem 2.1] Let I be a squarefree monomial ideal of R. Then
R/I is sequentially Cohen-Macaulay if and only if IV is componentwise linear.

3 Unmixedness of the path ideal of C,

In this section, we determine when I;(C),) is unmixed.

Theorem 3.1. Let t > 3. Then I,(C),) is unmized if and only if t < n <
[3t/2] +1 orn =2t +1.

We need the following lemmas to prove the above theorem.

First, note that the path ideal of length ¢ of an n-cycle can be viewed as a
Stanley-Reisner ideal of a simplicial complex.
Suppose that A, ; is a simplicial complex such that I;(Cy,) = Ia,,. Let A :=
Ay, di :=min{|F|: F is a facet of A} and ds := max{|F|: F is a facet of A}
Note that A has no face containing ¢ consecutive vertices.
Then we have:

Lemma 3.2. Lett > 3. Then
() Ifn=q(t+1)+ry, where 0 <ry <t, then

ql(t—1)+r1 Zf r<t—2
dy <
at—1)+r -1 if r=t—1ort.
(i) If n = qot + 1o, where 0 < ro <t —1, then do = q2(t — 1) + max(ry — 1,0).

Proof: (i) Let

C]l(t—l)—‘rTl if rm<t-—2
d/ —
1=
at—1)+r -1 if rp=t—1ort,
and W := {x1, 24, 2142, Tas 41, . - - ax(qlfl)(t+1)+17x(q171)(t+1)+t}' So, it is easy to
see that
VAW if rm<t-—2
F =

V\ (W @] {l'ql(t+1)+1}) if ro=t— lort

is a facet of A with |F| = d}, since we set F' such that it does not contain any ¢
consecutive vertices and also we can not add any other vertex to it. Thus d; < dj.
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(ii) Let df := go(t — 1) + max(ro — 1,0) and W := {x, xo, ..., Tgoe ;- Thus

V\W if TQZO
F =
VN(WU{z,}) if r#0

is a facet of A with |F| = df, similar to part (i). Therefore do > d,. Now
suppose that there exists a face in A, say H, such that |H| = d5 + 1. So n —
dy — 1 other vertices do not appear in H. Thus there exists a face in A which

djy+1 djy+1 —
P n—d’Q—l-‘ > t, which is a

contradiction, by definition of A. Then we deduce that there does not exist such
face, H, in A and hence dy = d, as desired.
We have

contains [ | consecutive vertices. We show that [

q271 if 7"2:0
n—dy,—1=
q2 if 7"221.

Now consider the following cases:

Casel. Let ro = 0. If g = 1, then n =t and so d, = dy. Now suppose that
g2 # 1. Then

dy+1 _ .
[n_2dz_1] = fqz(;_li+11 =({t-1)+ fq;—_ﬂ > t, since [qz%} > 1.

Case2. Let r9 # 0. Then

dy+1 t—1)+r r . ”
[ = (LU ] — (1 — 1) 4 [22] > ¢, since 22 > 0. 0

Note that throughout this section we use the above notations.

Remark 3.3. In Lemma 3.2, the assumption ¢ > 3 is necessary, since the result
is not true for the case t = 2. Consider the 4-cycle, then A = A, 5 and we have
dy =1, but obviously d; = 2, so d; > dj.

Lemma 3.4. Lett > 3. If I(Cy,) is unmized, thent <n < 2t—1 orn = 2t+ 1.

Proof: Suppose that I;(C,,) is unmixed. Then A is a pure simplicial complex,
since I (C),) = In. So, di = dy. Moreover, we have d; < d} < da, thus

d = dy. (3.1)
By the notations in Lemma 3.2,

n=q(t+1)+r =qt+r. (3.2)
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From (3.1), (3.2) and easy computation, we can see that ¢; < go2. Thus there
exists a nonnegative integer « such that ¢ = ¢; + a. By Lemma 3.2 and (3.1),
we have a = 0 or 1. So, consider the following cases:

Casel. If g = ¢, then by (3.2), we have ¢; + 71 = ry. Because ¢1 = ¢2 > 1,
so rg > 11 > 0. Also (3.1) yields

1 if 1 <t— 2
max(ry — 1,0) = (3.3)
ri—1 if r=t—1 or t,

but ro > 0, so max(ro—1,0) =ro—1 > r; —1. Then by (3.3), max(ro —1,0) = 71,
hence o = r1+1. So, by (3.2), we have g1 = ¢o = 1. Thust+1<n=t+1+r; <
t+14(t—2)=2t—1.

Therefore
t+1<n<2t—1.

Case2. If go = ¢1 +1, then n = ¢ (t+1)+71 = (¢1 + 1)t + 72, by (3.2). Hence

qt+ri=t+rs. (3.4)

Also from (3.1), we get

1 if 7’1§t—2
(t—1) 4+ max(ry — 1,0) =
rm—1 if rq=t—1 or t

But only the case r; = ¢ occurs. So max(ry — 1,0) = 0. Thus 7 = 0 or 1. If
ro = 0, then ¢; = 0 and g2 = 1, by (3.4). Hence n =¢t. If ro = 1, then ¢ = 1 and
g2 =2, by (3.4). Thus n = 2t + 1.

0

Lemma 3.5. Let n = 2t + 1. Then R/I;(C,) is Cohen-Macaulay, and hence
I;(Cy) is unmized.

Proof: If n = 2t 4+ 1, then ¢ = 2 and ro = 1, hence dim(R/I,(C,)) = ds =

2t — 2 =n — 3. So it suffices to show that depth(R/I;(C,)) =n — 3.
By [1, Proposition 3.3], the minimal free resolution of I(C},) is of the form

0— R(—n) — R(—-t—1)" = R(—t)" — L(C,) — 0,
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for t+2 <n <2t+1. So pd(L4(C,)) = 2, hence pd(R/I;(C,,)) = pd(L;(C,)) +
1 = 3. Therefore depth(R/I;(C,)) = n — 3, by Auslander-Buchsbaum formula.
O

Now, we are ready to prove Theorem 3.1:

Proof of Theorem 3.1. “If” If n = t, then clearly I;(C,) is unmixed. If
n = 2t+1, then by Lemma 3.5, I;(C},) is unmixed. If t+1 < n < |3¢/2] +1, then
dim(R/I;(C,)) = n—2. Suppose that there exists a facet F of cardinality n—o« in
A such that 3 < o <n—1. Let {x;,,...,x;, } be the set of vertices do not appear
in ', where i; < iy < -+ <i4. Let y; be the number of consecutive vertices in F'
strictly between z;; and x;, , (in the direction of C,,) for j = 1,...,a—1 and y, be
the number of consecutive vertices in F' between x; and x;,. Thus y;1 +y2+1 > ¢
s Yo +ys+1 >, o s yYa—1+Ya+1>tand yo+y1+1 > ¢, since F is a facet of A
and adding a vertex to it implies that it should contain at least ¢ consecutive ver-
tices. Then 2(y1+ya+...4ya)+a > ta,son—a =y1+ya+...+ya > ta/2—a/2,
therefore we have n > ta/2 + /2 > 3t/2 + 3/2 > [3t/2] + 1. But it is a contra-
diction and there does not exist such a facet. Hence A is pure and so I,(C,,) is
unmixed.

“Only if” Suppose that I;(C,) is unmixed. Then by Lemma 3.4, we get
t<n<2t—lorn=2t+1. If |[3t/2] +2 <n <2t—1, then do =n—2. On
the other hand, A is pure, so A does not contain any facets of cardinality n — 3.
Now consider the following cases:

Case 1. If ¢ is even, then we have n = 3t/2 4+ «, where 2 < a < ¢/2 — 1. Set
Fi= {1, s 5,242} We can see that V'\ F' is a facet of A with cardinality
n — 3, a contradiction.

Case 2. Ift is odd, then we have n = 3(t—1) /24, where 3 < a < (t—1)/2+1.
Set F:={x1,2¢_1 ,, 242} Thus V'\ F'is a facet of A with cardinality n — 3,
2

a contradiction.
Therefore t <n < |3t/2] +1orn=2t+1. O

Corollary 3.6. Let t > 3. Then R/I;(C,) is Cohen-Macaulay if and only if
n=tort+1or2t+1.

Proof: By Lemma 3.5, now it is enough to note that by [1, Proposition 3.3] and
Lemma 3.2, we have depth(R/I;(C),)) = n — 3 but dim(R/I;(C,)) = n — 2, for
t<n<|[3t/2] +1. 0
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4 Sequentially Cohen-Macaulayness of the path ideal of C),

In this section we focus on sequentially Cohen-Macaulay property of the path
ideals of cycles. Actually, we show that Cohen-Macaulay and sequentially Cohen-
Macaulay properties of R/I;(C,,) coincide.

Theorem 4.1. Lett > 3. Then R/I;(C,,) is sequentially Cohen-Macaulay if and
onlyifn=tort+1 or2t+1.

Proof: “If’ If n =1t or t+1 or 2t + 1, then by Theorem 3.6, R/I;(C,,) is Cohen-
Macaulay, and hence sequentially Cohen-Macaulay.

“Only if” If t +2 < n < |3t/2] + 1, then R/I;(C),) is not sequentially
Cohen-Macaulay, by Theorem 3.6, Theorem 3.1 and Theorem 2.1. So suppose
that [3t/2] +2 < mn < 2t or n > 2t + 2. By Theorem 2.3, it is enough to show
that It(Cn)v is not componentwise linear. So by Theorem 2.2, it suffices to show
that (It(Cn)v)[j] does not have any linear resolutions, for some j. To simplify
the notation, we write simply It(Cn)E;-] to denote the latter ideal. Suppose that
V ={x1,...,2,} and also n = gt +r, where 0 < r < ¢t—1. We have the following
cases:

Case 1. Suppose that » = 0. Then g > 2. We show that /6’172q(lt(Cn)E;]) #*
0. Let X := {&1, ¢, T441, T2, -, T(g—1)t+1, Tqt = Tn} and A be the simplicial
complex such that In = It(Cn)E;]. Also let Cy4 be the 2g-cycle on the vertex set
X (see Figure 1) and A’ be the simplicial complex such that I,/ = Ig(ng)[vq].

For every F C X with |F| = ¢, F is a vertex cover of Cy, if and only if F
is a vertex cover of Ay(C,). Now we show that Ax = A’. If F € A’ then
[Lcpz ¢ I (ng)E;]. So F' does not contain any vertex covers of Cy, of cardinality

g and hence it does not contain any vertex covers of A;(C,) of cardinality q.
Thus [[,cp® ¢ It(Cn)E;], so F € Ax and hence A’ C Ax. Similarly, we have
Ax C A’. By Hochster’s formula (see [5, Theorem 8.1.1]), we have

ﬂ1,2q(It(Cn)Eg]) = Z dimkﬁQq—fi(AYa k)
YCV,|Y|=2¢
> dimgHay 3(Ax, k)

= dimkﬁgq,;g(A/, k‘)

= Z dimkﬁgq_g(Aly, k)

YCX,|Y|=2g

= /81724(12(0%1);;})-
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Figure 1:

By Remark 4.2, 81,24 (Io(Czq) ) # 0. Thus 1,04(1:(Cn) ) # 0-

Case 2. Suppose that r = 1. So g > 3. We show that ﬁg,qu(It(Cn)E;H]) #*

0. Let X := {&1, 2, %11, %26, -+, T(q—2)t4+1> L(q—1)t> T(q—1)t41s Lqt> Tqt+1 = Tn}
and A be the simplicial complex such that In = It(C’n)[qu]. Also let Cyqq1 be
the (2¢+ 1)-cycle on the vertex set X and A’ be the simplicial complex such that
In = IQ(OQ‘IH)E;H]‘ For every F C X with |F| = ¢+ 1, F is a vertex cover of
Coq+1 if and only if F is a vertex cover of A,(C,,). So, similar to the previous

case, we have AX = A/ and hence BQOQ+1(It(C")EZI+1]) Z /6’212[1+1(I2(C2q+1)fg+1]).

But ﬁg,qu(Ig(ngH)[qu]) # 0, as was shown in the proof of [4, Proposition 4.1].
Hence ﬂ2’2q+1(It(Cn>E;+1]) #0.

Case 3. Suppose that 2 < r < t—1. Then we divide this case to the following
cases:

(1) If ¢ = 1, then n = t + r. We show that 61,4(1,5(Cn)[v2]) #0. Let X :=
{x1, 2y, Tt41, Tn} and A be the simplicial complex such that Ia = It(Cn)E/Q]. Also
let Cy4 be the 4-cycle on the vertex set X and A’ be the simplicial complex such
that In = IQ(C4)[V2]. For every F C X with |F| = 2, F is a vertex cover of
C, if and only if F is a vertex cover of A.(C},), since by assumption we have
|3t/2] 42 < n and hence t/2+1 < r. Therefore, similar to the previous cases, we
have Ay = A’ and hence f1,4(1;(Cn)y) > B1,a(I2(Ca)y)- But, Bia(Ia(Ca)py) #
0 (see Remark 4.2 below) so ﬁ174(It(Cn)E;]) # 0.

(2) If ¢ > 2, then we show that ﬂ172q+2(It(Cn)Ef1+1]) #0. Let X := {a1, x4, 2441
T2ty s T(qo2)t4+1> T(q—1)t> T(q—1)t4+1> T(q—1)t+r> Tqt+1, Tgt4r = Tpnf and A be the
simplicial complex such that In = It(Cn)E;H]. Also let Caqqo be the (2g + 2)-
cycle on the vertex set X and A’ be the simplicial complex such that In/ =
IQ(CQQ+2)E(/Z+1]. For every ' C X with |[F| = ¢+ 1, F' is a vertex cover of
Caq+2 if and only if F is a vertex cover of Ay(C,,). Therefore, like before, we

have AX = A, and hence 61,2q+2(It(Cn)E;+1]) Z ﬂ172q+2(]—2(02q+2)f/q+1]). But
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B124+2(I2(Caq2) [y ) # 0, by Remark 4.2. Then S1,2412(1:(Cp)jy ) # 0-

So, by these cases, we get the desired result.

Remark 4.2. Note that for m = 2s, where s > 2, as was mentioned in the proof
of [4, Proposition 4.1], we have Ig(Cm)Eg] = (X123 XTos—1,Tolyg -+ Tas). 1t is
not difficult to see that 0 — R(—2s) — R(—s)? — I2(Cm)E;] — 0 is the graded
minimal free resolution of I (Cm)v}. Thus (1 25 (Ig(C’m)E;]) # 0.

[s

5 A counter example

In [2], the authors conjectured that there exists no 2-dimensional simplicial com-

plex A on the vertex set V with |V| > 9 and 2 J|V| such that k[A] has a 3-pure,

but not 3-linear resolution. (See [2, Theorem 3.1] and also [2, Remark 3.4 (d)]).
Now we have an example which shows that this conjecture is not true.

Example 5.1. Let A be the simplicial complex whose facets are {x1,z2, 23},
{z1, 23,25}, {21,224, 27}, {21, 25,29}, {21, 26,210} and all their orbits by Z1; ac-
tion. For example, considering {1, 22, x3}, we have the 10 other facets {x2, 23, 24},
{xs, 24,25}, {x4, 25,26}, ... , {x11,21,22}. Then I is generated by the monomi-
als T1T2TL4, L1X2X5, T1X2TE, L1T2X8, 1L 2T9, L1L2XL10, L1XL3T6, L1L3LT7, L1XL3Tg,
r1T3T9 and their orbits with Zq; action. It means that by considering x;xox4, we
then get the following generators: xoxsxs, T3x42, T4T527, ... , T11T1x3. Hence
the number of generators is 110. Moreover, by Macaulay 2, the minimal free
resolution of R/I is

0 — R(_ll)lo N R(_10)44 N R(_8)385 N R(_7)1100 N R(_6)1540

N R(_5)1232 N R(_4)550 N R(_S)llo — R — R/IA N 07

where R = Q[x1,...,211]. So, Q[A] has a pure resolution, but not a linear, since
Br.10(R/Ia) # 0. Also its resolution degree is 1,2,1,...,1,3. Thus, all of the
conditions of [2, Theorem 3.1] are satisfied. So, it makes the conjecture invalid.

Note that the path ideal of a cycle, which was discussed in this paper, is the
simplest kind of the ideals with cyclic action (like the one mentioned in the above
example).
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