Bull. Math. Soc. Sci. Math. Roumanie
Tome 65 (113), No. 1, 2022, 13-34

Upper bounds for extremal Betti numbers of t-spread strongly stable ideals
by
Luca AMATAM) | MARILENA CRUPI®?), ANTONINO FICARRA(®)

Abstract
We study the extremal Betti numbers of the class of t—spread strongly stable ide-

als. More precisely, we determine the maximal number of admissible extremal Betti
numbers for such ideals, and thereby we generalize the known results for ¢ € {1, 2}.
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1 Introduction

Let S = K|z1,...,x,] be the standard polynomial ring in n variables with coefficients in a
field K. A squarefree monomial ideal I of S is an ideal generated by squarefree monomials.
This class of ideals plays an important role in Commutative Algebra, not only for its intrinsic
value but overall for its strong connections to Combinatorics and Topology. Recently, Ene,
Herzog, and Qureshi [14] have generalized the notion of (squarefree) monomial ideal by
introducing the class of t—spread monomial ideals.

Let t > 0 be an integer, a monomial x;, 2, - - - 2;,, with 1 <43 < iy < -2 < ig < m,
is called t-—spread if 4,41 —4; > t for all j = 1,...,d — 1. A t-spread monomial ideal is
an ideal generated by t—spread monomials. In the last years, many authors have focused
their attention on such a class of monomial ideals in order to analyze the main algebraic
invariants that may be associated to a graded ideal in S and thereby they have generalized
some classical results [3, 5, 6, 14, 12]. Indeed, a O-spread monomial ideal is a monomial
ideal, whereas a 1-spread ideal is a squarefree monomial ideal.

Hence, one can guess that many results on classes of ordinary (squarefree) monomial
ideals may continue to be true for classes of t—spread monomial ideals.

Among all the algebraic invariants of a graded ideal I of S, the role of the graded
Betti numbers is unquestionable. An important subset of the graded Betti numbers of I
consists of the extremal Betti numbers (Definition 3) introduced in [8] as a refinement of
the Castelnuovo-Mumford regularity and the projective dimension of the ideal I. Many
characterizations of these graded Betti numbers for classes of monomial ideals can be found
in [17, 9, 10, 11, 1, 2, 3] and in the references therein.

Our aim is to solve the following problem.

Problem 1. Given two positive integers ¢ and n, let S; ,, be the set of all t—spread strongly
stable ideals in S = K{z1,...,z,]. What is the maximal number of extremal Betti numbers
allowed for an ideal in S ,,7
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In [2], the authors determined the maximal number of such graded Betti numbers for
a 1-spread strongly stable ideal, whereas in [3], the same authors computed the maximal
number of extremal Betti numbers of a 2-spread strongly stable ideal of initial degree
2, where for the initial degree of a graded ideal I of S, denoted by indegl, we mean the
minimum j such that I; # 0 (I; is the K-vector space spanned by the homogeneous elements
of I of degree j). The problem of determining such number for ¢ > 2 is still open. In this
paper, we are able to generalize the results in [2, 3] giving a positive answer to Problem 1.
We determine the maximal number of extremal Betti numbers of a t—spread strongly stable
ideal of initial degree > 2, for all integers ¢ > 2.

The plan of the paper is the following. Section 2 contains some preliminary material
that will be used through the paper. In Section 3, we construct a suitable set of t—spread
monomials of S (Subsections 3.1.1, 3.1.2) which allows us to solve Problem 1. We provide
some examples illustrating our techniques. In Section 4, we prove our main result (Theorem
1). It establishes what is the maximum number of extremal Betti numbers of a t-spread
strongly stable ideal I of S of initial degree 2. As a consequence of this theorem we obtain
the results stated in [2] and [3] for ¢ = 1,2, respectively. In Section 5, an analogous result
of Theorem 1 is stated (Theorem 3). Such result is true when the initial degree of ¢t—spread
strongly stable ideal I of S is greater than 2. Finally, Section 6 contains our conclusions
and perspectives. Almost all the examples in the paper have been verified with specific
packages of Macaulay2 [15] some of which developed by the authors of the paper.

2 Preliminaries

Let S = K|xy,...,x,] be the standard polynomial ring in n variables with coefficients in
K. S is an N—graded ring where degz; = 1, for alli = 1,...,n. A monomial ideal I of S is
an ideal generated by monomials. By G(I) we denote the unique minimal set of monomial
generators of I. For a monomial u € S, u # 1, we set

supp(u) = {i : z; divides u},
and write
max(u) = max {i : i € supp(u)}, min(u) = min {i : i € supp(u)}.
Moreover, we set max(1) = min(1) = 0.

Definition 1. Let ¢ > 0 be an integer. A monomial x;,x;, - - - x;, with 1 <43 <ip <-.- <
iq < n is called t-spread, if 441 —4; > ¢, forall j =1,...,d — 1. A monomial ideal I of §
is called a t—spread monomial ideal, if it is generated by t—spread monomials.

For instance, ziz3xs € K[z1, 22,3, 24,26] is a 2-spread monomial, but not a 3-spread
monomial. Every monomial is 0—spread and every monomial ideal is a O—spread monomial
ideal. A squarefree monomial is a 1-spread monomial and a squarefree monomial ideal is a
1-spread monomial ideal. If ¢ > 1, then every t—spread monomial is a squarefree monomial.

Definition 2. A t-spread monomial ideal I of S is called t—spread stable, if for all ¢—spread
monomials u € I and for all i < max(u) such that x;(u/Tmax(u)) is a t-spread monomial,
it follows that ;(u/Tmax(u)) € I. The ideal I is called t-spread strongly stable, if for all
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t-spread monomials u € I, all j € supp(u) and all 4+ < j such that z;(u/z;) is t-spread, it
follows that x;(u/xz;) € I.

Let uq,...,u, be t—spread monomials of S. The unique ¢t—spread strongly stable ideal
containing uy, . .., u, will be denoted by By(u1,...,u,) [14]. The monomials uy,...,u, are
called t—spread Borel generators, and By(uq, ..., u,) is called the finitely generated t—spread
Borel ideal.

Let us denote by M, 4+ the set of all t-spread monomials of degree d in S = K[z, ..., z,].
From [14, Theorem 2.3], the cardinality of M, 4, is given by

My 0] = (n —(d —dl)(t - 1)>.

Let t > 1. We endow the set M, 4. with the squarefree lexicographic order, >gex [7].
More precisely, let v = z;,x;, - 25, and v = x;,xj,---x;,, be t-spread monomials of
degree d, with 1 < i1 < ig < -+ <ig<n, 1 <j; <jo < < jqg<n, then u >gex v if
11 = J1,---,0s—1 = js—1 and i5 < jg, for some 1 < s < d.

It’s easy to verify that if u is a t—spread monomial of S, then for all v € B;(u) we have
v Zslex Uu.

Note that the existence of a t—spread monomial of degree d in S implies that n > (d —
1)t + 1. Indeed, the monomial z1x114T142¢ - - “T(4—1)t+1 is the greatest {—spread monomial
of My, q,+, with respect to >gjex.

Let T be a not empty subset of M, 4. We denote by maxT (min T, respectively) the
maximal (minimum, respectively) monomial w € T, with respect to >gjex.

From now on, we assume that M, q, (¢ > 1) is endowed by the squarefree lexicographic
order.

Furthermore, we define the t—shadow of T’

Shad:(T) = {xlw rweT,i=1,.. .,n} N My a1,
= {xiw : w € Tand z;w is t—spread monomial, 1 =1, ... ,n}.
The set Shad,(T) could be empty. We define Shad; (T) = Shad,(T") and Shad}(T) =
Shad, (Shad}~!(T)) for all n > 2, by induction.

If I is a t-spread strongly stable ideal, then the graded Betti numbers of I can be
computed by [14, Corollary 1.12]

Brek+e(1) = Z (maX(u) B Z(E —U- 1). (2.1)

weG(I),

Such a formula returns the Eliahou-Kervaire formula [13] for (strongly) stable ideals when-
ever t = 0 and the Aramova—Herzog—Hibi formula [7, 16] for squarefree (strongly) stable
ideals whenever ¢t = 1.

Definition 3. ([8]) A graded Betti number S8y y1¢(I) # 0 is called extremal if 3; ;4;(I) =0
for all i > k, j > £, (i, 5) # (k. £).
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The pair (k, ) is called a corner of I.
If (k1,01), .y (kb)) (n—=12>ky > ko> - >k >1,1</{; <ly<--- <) are the
corners of a graded ideal I of S, the set

Corn(l) = {(kl,zl), (ko 0s), ... (kr,fr)}

is called the corner sequence of I [9]; whereas the r—uple

a(I) = (Bry kit (1) Brakarta (D)5 -5 By kv, (1))

is called the corner values sequence of I [9].
We conclude this section by quoting two results from [3].

Characterization 1. ([3, Theorem 1]) Let I be a t—spread strongly stable ideal of S. The
following conditions are equivalent:

(a) Brk+e(I) is extremal;

(b) k+t(f—1)+1=max{max(u) : v € G(I)g} and max(u) < k+t(j — 1)+ 1, for all
Jj > and for all u € G(I);.

Corollary 1. ([3, Corollary 2]) Let I be a t—spread strongly stable ideal of S and let
B k+e(I) be an extremal Betti number of I. Then

B kye(I) = Hu € Gy :max(u) =k+t(l—1)+ 1}‘

3 Corners of t—Spread Strongly Stable Ideals of initial
degree 2

In this Section, if S = Klx1,...,2,], we manage some suitable ¢—spread monomials of S
in order to examine the behavior of the corners of a t—spread strongly stable ideal of S of
initial degree 2.

Let us denote by S, the set of all t-spread strongly stable ideals in S and by S; 5, 1 the
set of all I € S, for which the value of every extremal Betti number equals 1, i.e., all the
entries of the corner values sequence a(I) are equal to 1:

St = {1 €Siniall)=1= (1,1,...,1)}.

Our goal is to determine the greatest admissible number of corners for an ideal of initial
degree 2 in S p1.

The starting point of our work has been the analysis of several examples (¢t = 2, 3, 4,
5) using the computer algebra system Macaulay2. In each of these cases, we have fixed
two positive integers n and ¢;, and using techniques similar to those in [2] and [3], we have
determined the maximum number of admissible corners of a t—spread strongly stable ideal
I of a polynomial ring in n variables and such that indeg/ = ¢;. Then, all the data obtained
have been collected in some tables to analyze how the maximum number of corners varied
with respect to the parameters (see for instance, Table 1 and Table 2).
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n
t=2 5(6|7|8(9|10(11|12 |13 |14 |15 |16 |17 18|19 |20
2 (1122|233 |4 |45 |5]6]|6/|7]|7]|8]8
3 |—|—-|1 122|333 |4 |4 ]|>5|>5|6|6/|7|T7]|S8
4 |—|—-|—-|—-|1]1}|2 2|3 |3 |44 |5|5|6]|6]|7
5 |[— | — | — - =] 1 1 2123|344 |5]5 1|6
b6 | —|—|—|—-|—|—-|—|—-1|1 1 2121313 |4]4]5
7T -1-1-/-1-/-1-|-1—-1]1-11 1 212 13]3 |4
8 | —|—|—|—|—-|—-|—-1|- - -] 1 1 2123
9 |\ —-1—-|—-|—-|—-'—-'—-|—-|—-|—-1-1- - |1 1 2
10|—-|—|—|—=|=-|=-]|—=|-=-|/=—1-=-1-1- - =1 -1

Table 1: Maximum number of corners of 2—spread strongly stable ideals

n
t=3 456789101112 |13 |14 15|16 |17 |18 |19 |20
21 (1|11} 2|2}2|2 3|3 3|44 45|55
3| —|—-|—-|—-]1|1]1 21212131313 |4]14]|4)|5
A 4| - |—-|—=-|-|-1-]1-11 1 1 21212133134
S| —|—|—1|— e e e e e ! 1 1 2121213
6 1 1 1 2
7 1

Table 2: Maximum number of corners of 3-spread strongly stable ideals

Given ¢, (the initial degree), the output of each table shows that the maximum number
of admissible corners remains eventually unchanged for ¢ consecutive values of n and then
increases by 1. For this reason, we have estimated that it may be convenient to decompose
n with respect to t by writing n = d + kt for suitable positive integers d and k.

For later use, recall that the floor function of a real number z is defined as follows:
|z] = max{n € Z :n < z}.

In particular, if -1 <z <0, |[z]=—1landif0<z <1, [z] =0.

3.1 Methodology and preliminary results

Let I € S; 1 such that indegl = 2. We will verify that if one wants I to have the maximal
number of extremal Betti numbers, then

- G(I)3 = Bi(x12,), and
-n=d+ktwithk>3and1<d<t.

Claim. Set wy = z12, and let G(I)s = Bi(x1x,). There exist t-spread monomials
Wi, ... ’warL@J*l such that

j—1
wj := max {u eEMyjioi:ud U Shad! *(B¢(w;)) and max(u) = n},
i=0
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for j=1,....k+ |42 -1

One can observe that in order to determine wyj, it is sufficient to find the minimum v
of Shad(B;(wj—1)). Then w; will be the largest t—spread monomial of degree j + 2 with
max(w;) = n following v in the squarefree lexicographic order (see also [2]).

In order to prove the Claim, we need the next crucial lemma.

Lemma 1. Let n,t be two positive integers. Let w = i, @, -2, 1 < i <ig < -+ <ig <
n be a t-spread monomial of S = K(x1,...,z,] such that max(u) =n. Ifij41 —i; =1, for
allj=1,...,d—1 then Bi(u) is the t—spread Veronese ideal of degree d.

Otherwise, if p = max{j : ij41 —i; > t}, then the largest t-spread monomial v of degree
d of S with max(v) = n following u, with respect to >glex, S

UV="=Ti  Liy 1 Lipy+1Tip414¢ " Liy+14t(d—p—1)Tn-

Proof. It ij1 —i; =t, forall j =1,...,d—1, then u = z,,_(4—1) " Tn—tTn. Hence, u is
the smallest t—spread monomial of degree d with max(u) = n and By(u) is generated by all
t—spread monomials of degree d of S, i.e., B;(u) is the t—spread Veronese ideal of degree d
[14].

Now, suppose ij41 — i; > t for some j and let p = max{j : i;41 —4; > t}. If w =
Ts, Ty -+ Ts, 18 a t—spread monomial of degree d with max(w) = n and u >gex w, then
i1 =581,...,%j—1 = S;—1 and ¢; < s; for some index j.

It is 7 < p. Indeed, if j > p, then ip4 9 — ipy1 = -+ = iqg — tq—1 = t. Hence, iq —i; =
t(d—j), iad=84=mn, s¢—s; > t(d—j), and i; < s;. Thus,

t(d—j)fsd—SjZid—Sj<id—ij=t(d—j)7

and so t(d — j) < t(d — j). This is absurd. Hence, j < p.
Therefore, setting

V= Ty iy Tiy 4 18iy 414t Tip 1 t(d—p—1) Ty (3.1)
one has
U >glex V-
Moreover, it is easy to verify that v is the monomial we are looking for. 0

Lemma 1 will play a key role in getting the w;’s in the claim.
In order to simplify the notation, we set

j—1
Q= {u € My jio4:ué U Shad] " (B¢(w;)) and max(u) = n}
i=0
and so wj := max (), for all j.
Next remark will be pivotal for the rest.

Remark 1. Let t > 2, n=d+kt, 1 <d <tandk € {0,1,2}.
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(i) If £ = 0, then there is no t—spread monomial of degree two. Indeed, in such a case
n=d<t+1.

(ii) If k=1, then n = d + ¢. Hence, wp = x1244+ and Shad(B:(wp)) = @.

(iii) Let k = 2, then wg = z12, = 212T449¢. If d = 1, then Shady(Bi(wo)) = {z1214421 42t} =
My 34, 50 Q1 = @. If 2 < d < ¢, then Shad,(Bi(wo)) = Bi(z12441%4+2:). Hence,
min Shad; (B (wo)) = #1Zg4tTdsot, and by Lemma 1, wy = maxQq = ToZoytTyyos 18
the largest t—spread monomial u with max(u) = n following 1 & 44+ 4+2¢, with respect
t0 >glex-

Remark 1 points out that the decomposition
n=d+kt, 1<d<t

does not work well in the sense of the Claim, whenever k € {0, 1, 2}.

3.1.1 Basic monomials of the first type

In this Subsection, if S = K[z1,...,z,]), n =d+ kt (k> 3,1 <d <t), setting, wy = 12,
we construct a set of monomials wy,...,wqg of S, ¢ < k+ L%J — 1, of the type described
in the Claim. Such monomials will be called basic monomials of the first type.

Let k > 3. For the sake of clarity, we distinguish two cases.

Case 1. Let k=3, n=d+ 3t.

Set wy = x12,,. The minimum of Shad:(Bi(wp)) is u = T1Tp—tTn = T1Td42tTdr3t- BY
Lemma 1, the largest t—spread monomial v of degree 3 with max(v) = n that follows u in
the squarefree lexicographic order is v = xoxo 413 It is clear that v = w; = max ().

Let us discuss the “distance” between the last two variables of w; = xoxa 2443, We
need two consider some cases.

Ifd =1, then 143t — (2—|-t) =2t—1, Shadt(Bt(wl)) = {x1$1+t$1+2tx1+3t} =Mii31.4
and wy does not exist. Hence, we have k — 1 = 2 monomials, i.e., wg, ws.

If d = 2, then 2 + 3t — (2 + t) = 2t, Shadt(Bt(wl)) = Bt(I2I2+t$2+2t$2+3t) = Mn,4,t
and we cannot construct ws. Hence, also in such a case, we have kK — 1 = 2 monomials.

Finally, let 3 < d < t. In such a case Shad;(Bi(w1)) = Bi(zaxoitZgi2:Tarst). Since
min Shad (B (w1)) = TaXai+Tat2tTdr3t, then, by Lemma 1, one has that wo = To®3 1231 2:Td+3¢
On the other hand, since d + 4 — t < 4, we have

d+3t—4t+ 4 d+4—t
= |Mayais| = ( 5 ) = ( 5 ) =0.

Thus, M, 5+ = & and w3 does not exist. Hence, in such a case, we have constructed
k = 3 monomials.
Case 2. Let k > 4. Firstly, we consider an example.

|Mn,5,t

Example 1. Let n = 9 and ¢t = 2, we can write n = d + kt, with d = 1,k = 4. Then,
wo = 179 and wi = xaxsx9. Observe that in such a case

Qy = {u € My 45 : u ¢ Shad(Ba(wp)) U Shady(Ba(w;)) and max(u) = 9} + .

Indeed, |Mg 42| = (2) = 15 and the monomials v € Mg 4o with max(u) = 9 are the
following ones
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T1T3T5L9, L1L3TeLY9, L1LILTLY, L1T4L6L9, L1L4LTLY, L1L5LT7LY,
L2TgTeLg, L2X4T7L9, L2L5LTLY-

Hence, Qo = {52729} and we = zaws2729.
Note that
W2 = X2T24-4t4+1L242t4+1Tn = L2L34+tL34+2tTn,s
as in the case k =3 for 3 < d < t.

Assume k > 4. For j > 1, let us define the following monomials of S of degree j 4 2

j—1
wj = ( H $2+z‘+z‘t) T(j41)+jtTd+kt
P (3.2)

= P24t lagot LG+ (-1t (1) +jtLd+kt -
For j = 1,2, one has:
W1 = T2X24tTd+kt,
W2 = T2X34tT342tLd+kt-

It is clear that w; = max 2, and wy = max )s.
The monomials w; are t—spread if j satisfies the inequality (j + 1) + jt <n —t.
Let us determine the greatest such an integer, i.e.,

Jmax =max {j: (j + 1) +jt <n—t}.
For every j € {j : (j—i—l)—l—jtgn—t} one has j(1+1t) <n—t— 1. Therefore,
n—(1+1t) n

e T
and
. n
2]
Now, we want to verify that w; = maxQ;, for j =1,..., jmax.
Assume max ;1 = w;_1. Since,
=)
min Shad; (By(wj—1)) = wj_1Tp—y = <H $2+i+it>$j+(j1)t$d+(k1)t$d+kta
i=0
by Lemma 1, one has
j—2
max {2; = <H $2+i+z‘t>x<j+1)+(j—1)t9~"(j+1>+jt=’17n = wj.
i=0

Note that (3.2) describes also the w;’s of the case k = 3.

In the sequel, the monomials w; (j = 1,..., jmax) Will be called basic monomials of
the first type, or also basic forward monomials, because each monomial w; is obtained by
changing the penultimate variable of the preceding monomial (w;_1) of the list, as next
example illustrates.
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Example 2. Let n =46 and t = 3, we can write n = 1 4+ 15¢t. We determine jax.-

n 46
-m'x: —1=|—|-1=10.
Jma L—i—tJ {4J

Firstly, we set wy = z1x, = r1746. Then, we have the following jyax “further monomials”:

J—1
Wi = (H x2+i+it> T(j41)+jtTd+kt = T2L3+¢ " L(GH1)+(j—1)tL(j+1)+jt Td+kt s
i=0

for all j =1,...,10. More in details,

W1 = T2x5T46, We = T2T6L10T14L18L22L25L 46,

W2 = T2TeL9T 46, W7 = T2X6L10L14L18L22L26L29L 46,

W3 = T2T6L10L13L46, Wg = T2TeT10L14L18L22L26L30L33L 46,

Wyq = T2T6X10L14L17T46, W9 = T2TeX10L14L18L22L26L30L34L37L46,

W5 = T2TeXL10L14L18L21T46, W10 = X2T6L10L14L18L22L26L30L34L38L41L46-

Note that every monomial w; of the list can be obtained by changing the second to last
variable of the previous monomial w;_1 = x4, - - - x4, of the list by adding 1 to the index of
such a variable and inserting a new variable indexed by ¢._1 + 1 + t.

For example, wy = T276T9T46 and w3 = TaT6T10T13T46-

Observe, that in this case we can construct another monomial of the kind described in
the Claim. Indeed €217 is not empty and it is easy to verify that

Wjnax+1 = W11 = mMax Q11 = T2T6210T14%18T22T26 L3134 L37L 40T 43T 46 -

3.1.2 Basic monomials of the second type

Example 2 suggests us the construction of further t—spread monomials of S which will be
fundamental for our aim. Such monomials will be called basic monomials of the second

type.
Let us consider the t—spread monomial of degree jax + 2

Jmax—1
Wimax = LirTiz """ Tiga gy = ( x2+i+it)m(jl‘lax+1)+jlrxaxtxd+kt'
i=0

We observe that i1 — 4 =t +1forallm = 1,..., jmax — 1, and 45, ., — 3. =t

Moreover,
d + kt — [(jmax + 1) + jmaxt] =n—- [(jmax + 1) + jmaxt] S 2t.

Indeed, if 1 — [(jmax + 1) + Jmaxt] > 2t, then n — ¢ > (Jmax + 1) + Jmaxt +t. Hence, n —¢ >
(Jmax +2) + (Jmax + 1)t and jmax + 1 would be an integer greater than jy.x which belongs
to the set {j (J+ D)+t <n-— t}. It is an absurd. Finally, n — [(jmax + 1) + Jmaxt] < 2t.
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Now, let us examine the integer
s =2t — [n ~ [Gmax + 1) +jmaxt]} =2 — 0+ Jmax(l+ 1) + 1.
We need to distinguish two cases: jmax — 1 — 8> 1, jmax — 1 — s < 1.

Let jmax — 1 — s > 1. In such a case,

k
v = min Shad (B (W), ) = iy Tiy - Tig, ( H xdﬂ»t).
i=k—3—s

By Lemma 1, w;__ 41 does exist and it is the largest ¢t-spread monomial u of degree jmax+3,
with max(u) = n following v in the squarefree lexicographic order:

Wimax+1 = Tigg 1641 (v/miumax—l—s))'

Now we focus on the variable we are going to “change” in v in order to obtain the
monomial wj_ . 11:

i(jmaxflfs)+1:2+jmax_2_3+(jmax_2_3)t+1
:2+jmax_2_2t+n_jmax(1+t)_1+(jmax_2_s)t+1
=d+ (k—4—9)t.

Therefore, from Lemma 1 (see (3.1)), the greatest monomial in Q11 = QLLJ is
1+t

k
wjmax""l = Inax ij]]ax+1 = xilxiQ U xi(]‘max72is) ( H xd"’_lt) .
i=k—4—s

We call such monomial the critic monomial, since from now on the next monomials we are
going to construct are no longer obtained by changing the penultimate variable.

Example 3. Let us consider again Example 2. In such a case, it is
s =2t — [n— [(Gmax 4+ 1) + jmact]] = 6 — [46 — 41] = 1.
Since jmax — 1 — s > 1, then wj, . 41 exists. Setting w;, .. = wig = i, Ti, -+ Tiy,, then

U(jmax—1—s) T 1 =1d10-1-1 + 1 = ig + 1 = 31 and the critic monomial wj_ . +1 = w11 is the
following one

k
Wimax+1 = LiyLig =" Ligg oy ( H md+it>

i=k—4—s
= ToTEL10T14T18T22T26] T31 [U34T37T40T 43T 46-

Observe that w;, . 42 exists and

Winax+2 = L2L6L10L14L19L22X25L28L31L34L37L40L43L46-
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Now, our question is: How may admissible t—spread monomials can we construct starting
from wjlnax+1 ?
Consider the critic monomial

k
Wimax+1 = LigLig =" Ligg 5y ( H derit)'

i=k—4—s
Since i1 —im =t+ 1 forallm=1,..., jmax — 3 — s, from Lemma 1 (see (3.1)), we have
k
max Qjmax-i-Q = Wimax+2 = LigLig = Ty 0 oy < H xd+it> .

i=k—4—s—t—1
Proceeding in such a way, we can get the further w;_ . 414, monomials,
k
Wiimax+14+v = LinLig = " Tigj o o e ( H xdm),
i=k—4—s—v(1+t)

as long as 4(;, . _1_s—pt) = U1, %€ Jmax — 1 —s—vt > 1.
Now, let us determine

Vmax = maX{V : jmax —1—s—vt > 1}
If v is such that jpax — 1 — s — vt > 1, then vt < jmax — 2 — s. Hence

Vtgjmax_2_8:jmax_2_2t+n_jmax(].+t)—].
:jmax*2*2t+d+kt7jmax7jmaxt*]-
:d_3+(k_2_jmax)t-

Thus, we have

Vmax - t

d—3+(k—2— jmax)? d—
= ( J )J:\‘ t3J+k_2_]max

So we can construct other vyax t—spread monomials wj, . +2,. .., W) 4y 41
Finally, we have constructed the following t—spread monomials of S:

- wo = 12, (one monomial);

- W1, .., Wi, (Jmax basic monomials of the first type);

- wjmax+1’ wjmax+2’ Tt 7wjmax+1+Vmax (Vmax + 1 monomials)
which satisfy the Claim. Their total number is

. , d—3 . d—3
1+.7max+]-+ymax:1+]max+1+ \‘tJ +kiQ*]max:k“i’ \‘tJ .
The monomials wj, . 41, Wj.it2s - -+ s Winax+1+vmax Will be called basic monomials of sec-
ond type, or also basic backward monomials, because each of these monomials is obtained,
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for all v = 0,. .., Vmax, by changing the (jmax — 2 — s — vt 4+ 1)—th variable of the preceding
monomial of the list.
Recall that we are considering ¢ > 2. We observe that

d—3 k-1 ifd=1,2,
k| —=2 | = ,
t ko if3<d<t

Let us show that wj . +u,...+1 iS the last monomial which satisfies the Claim, i.e.
Qjna a2 = D-

We need to examine some cases.

If d =1 or d = 2, then if one may construct another monomial of the type described in
the Claim, its degree would be jnax + Vmax +4 = k + L@J +2=%k+1and

n(k+11)(t1)) _ <d+ktkt+k) _ <d+k>.

M, =
Ml ( k41 k41 k+1

Hence, if d = 1, one has |M, p+1.:] = 1 and M, k41, = {®1@14¢ - - T14ke}- Since,
T1T14 s T1ppe € Shadf ! (By(wo)) = Shadl ! (By(z12144¢)), then we have 1, 1o =
@; whereas, if d = 2, then |M,, x4+1,] = k + 1. Moreover, in such a case, max M, y+1, =
T1%14¢ - Topke and min My, gy1¢ = ToZoys - Togke. Let 2 € My 41, with max(z) =
2+kt. If min(z) =1, then z € Shadffl(Bt(wo)); if min(z) = 2, then z € Shad¥~? (Bi(wr)).
Therefore, ;. 10 . 420 = 0.

Now, let 3 < d < t. If one could construct another monomial of the type described in
the Claim, then its degree would be equal to jmax + Vmax +4 = k + L%J +2=k+2and

n—(k+2—1)<t—1>) _ (“Hd‘t) — 0

M, —
| My kot2,1 ( hto b2

In fact k+14+d—t < k+2. Hence My j,\tvipartat = Mnpi2e = @ and Q. tvpnt2 = 9.
Hence, in every admissible case, €2 . 4., 42 = @ and consequently wj, . 4, - 11 is
the last t—spread monomial of the type described in the Claim that one may construct.

Example 4. We consider again Example 2. In such case, vy = L%J +k—2— jmax =
—1+15—2—10 = 2. There are vy,x = 2 monomials of the second type to determine. We
set

k

Wimax+1 = Tiy Tig = Tig oo < H zd+z‘t>

i1=k—4—s
= CE21’6$10$143518I22I26-I34I3751740m43$46-
We determine w,; o by shifting backward by ¢ = 3, i.e.
Jmax+ )

AR 2ARA
w11 = 332$61?1017141722172613345537%033439346,

wi2 = 3529062510£U14-CU2233251U28$3190349637$40$43$46~
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It remains to determine wj, . 4, +1 = W . +3 = wiz. Shifting backward by ¢ = 3 again,
we have

AN 2ANA
w1z = Tg T6 T10T14] T19 [T22T25T28T31T34837T40T43T 46,

w13 = To T7 [L10T13T16L19T22T25T28T31 T34 T37T40T43T 46

Hence, we have obtained all the monomials we need.

It may happen that w;_ . 11 does not exist, as next example shows.

Example 5. Let n = 32 and ¢t = 5, we can write n = 2 + 6t. Then jp.x = LILHJ —-1=
32

L?J — 1 =4. In particular,

Wiiax = W4 = T2T8L14L20L25L32-

Observe that s = 2¢— [n— [(jmax+1)+jmaxt]} —10—[32-25 = 3, and jax—1—s =0 < 1,
therefore w; . 41 does not exist. Since

d—3
Vmax = \\tJ +k_2_jmax:_1v

then the total number of monomials constructed is jmax + 1 = 5. On the other hand, we

can note that 43
jmax+Vmax+2:k+ \‘;J =6-—1=05.

It is important to underline that in Example 5, even though w; . 1 does not exist, the
formula k + {#J works well. Such a situation has forced us to analyze the case above.

Let jmax — 1 —s < 1.

In such a case, wj, .. is the last monomial of the type described in the Claim that we

can construct, and consequently we get jmax +1 = L J monomials.

We show that in this case k + L%J = Jmax + 1.
In fact, jmax < 248 = 3+2t—n+Jmax +Jmaxt and S0 jmaxt > n—3—2t = (d—3)+(k—2)t.
Hence jpax > L?J +k—2,50 jmax > L%J + k — 1. Moreover,

_n_
1+t

Vmax — \‘d;?’J +k_2_jmax§ {CT))J +k—2—<{6i;i))J +k—1) :—]_

If we show that vy, = —1, then we will have

d—3 n
k —— | = Jmax max 2 = Jmax 1=|— )
% t J e+ Vi 2 = o LHJ
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as desired. Indeed, if v < —2, then L J 4+ k — Jmax <0, d.c.

k< Jmax — {dth = LLJ —1- Vth . (3.3)

Now, we need to consider two possible cases.

Ifd=1ord=2 then |<2]| = —1 and k < {#Jqﬂﬂj = | %] < % Hence,

kE(1+1t) <n=d+ kt and consequently k < d; this is absurd since k > 3 and d < 2.
3 <d<t then [42] =0and b < [2] ~1- [52) = |25 —1< 2 -1 It
follows that
El+t)<n—-1—-t=d+kt—1—t.

Hence k <d—1—t. But d <t,sok<t—1—t=—1. This is an absurd. Indeed, k > 3.
Thus, in each case we have vy, = —1, as desired.
4 The main result

By the materials in Section 3.1, we are able to state the main result in the paper.

Theorem 1. Let n,t, k be three positive integers such that n,t > 2 and k > 3. Assume
n=d+kt, 1<d<t.

Then, an ideal I € S;,, 1 of initial degree two and with a corner in degree two can have at

most
s s,
coTners.
Proof. Let us consider the k+ L%J monomials of S = KJz1,...,z,] defined in the Claim

and consider the ¢—strongly stable ideal

I'=B ((“}07("}17 s Wiy Wimax+1s Wi +2y + - - 7wjmax+1+l/max)'

The construction of the monomials w;, together with Characterization 1, guarantees that
I is an ideal of S; 1 with a corner in degree two and such that

|Corn(I)| = k + {

d—3 k—1 ifd=1,2,
t Eoif3<d<t

More in details,

COI‘D(I)Z{(/{JZ‘,&) : kizn—t(&—l)—l, &224—(2'—1), i=1,...,k—|—L;3J

:{(n—t—1,2),(n—2t—1,3),...,( (k+ 92 )t -1, k+L3J+1)}.
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It is clear that |Corn(I)| is the maximum number of corners for a ¢t—spread strongly stable
ideal of S. Furthermore, since d = n — kt, we have

|Corn()] = k + V;?’J — kit {MJ —k+ {”_3J k= {”_3]

t t

The results obtained in [3] are now consequences of Theorem 1.

Corollary 2. ([3, Theorem 2]). Let n > 11 be odd. A 2-spread strongly stable ideal I of S
of initial degree two and with a corner in degree two can have at most "773 corners.

Proof. 1t is sufficient to write n =d + kt =1+ 2k, with d=1,t =2 and k > 5. 0

Corollary 3. ([3, Theorem 4]). Let n > 14 be even. A 2—spread strongly stable ideal I of
S of initial degree two and with a corner in degree two can have at most "7_4 corners.

Proof. 1t is sufficient to write n = d + kt = 2 + 2k, with d = 2,t =2 and k > 6. 0

From Characterization 1 and Theorem 1, next result follows.

Theorem 2. Let n = d + kt be a positive integer, witht > 2, 1 < d <t and k > 3. Set
ly =2. Givenr=Fk+ L%J pairs of positive integers

(k1,01), (k2,l2), ..., (kr,tr), (4.1)

with1 <ky <kp_1 <--<ki<n—t—land2=10 <l <--- <l <k+|%3]+1,
then there exists a t—spread strongly stable ideal of S = Klx1,...,x,] of initial degree
0y = 2 and with the pairs in (4.1) as corners if and only if k; +t({; — 1)+ 1 = n, for all
j=1,...k+ |42

We finish this Section with an example which illustrates our methods.

Example 6. Let n = 14 and t = 3, we can write n = 2+ 4t. We determine jax and vpax.
n 14
.max: — | —1=|— _1:2,
J L +tJ {4J
d—3
Vmax = {tJ +k—-2 *jmax = -1

Since vpax = —1, then the critic monomial does not exist. Setting, wy = x1x, = 1214,
then, we have two forward monomials
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W1 = T2T57T14,

Wy = I2E$9I14.
Hence
I =Bs (%1214, T2T4214, ToT587214)
=(®124, T125, T1T6, T1T7, T1Ts, T1T9, L1210, T1T11, T1T12, L1213, T1T14,

L2X5X8, L2XL5L9, L2L5L10, L2L5L1]1, L2L5L12, L2X5L13, L2L5L14,

T2T6T9T12, T2T6LIT13, wzwewgwm)

is the 3—spread strongly stable ideal we are looking for. The highlithed monomials are the
3—spread Borel generators of I. The Betti diagram of 1 is

0 1 2 3 4 ) 6 7 8§ 9 10

2 : 11 55 165 330 462 462 330 165 55 11 1
3 + 7 28 5 70 56 28 8 1 - - -
4 3 9 10 5 1 - - - - - -

5 The general initial degree case

Theorem 1 gives the maximal number of corners allowed for a t—spread strongly stable ideal
whenever the initial degree of the ideal is two.

Nevertheless, it is worthy to see how this number changes with respect to the initial
degree of the given t—spread strongly stable ideal I.

In this Section, if I is t—spread strongly stable ideal, we focus on indegl = ¢; > 3
pointing out the differences with the case £; = 2 (Theorem 1).

Theorem 3. Let n,t, k be three positive integers such that n,t > 2 and k > 3. Assume
n=d+kt, 1<d<t.
Then, an ideal I € S;,1 of initial degree {1, 3 <0y <k + Ldt;ﬂ + 1, and with a corner in

degree {1 can have at most
d—2
k+ {tJ G

corners.

Proof. The proof is very similar to that of Theorem 1. We prove the existence of a t—spread
strongly stable ideal I € S; 1 of initial degree ¢; generated in degrees ¢1,¢; +1,...,k +
|92 — (6 —2)+ 41 — 1=k + |“2] + 1 and such that

|Corn(I)| = k + LdtQJ — (b1 —2).

Firstly, we set wo = 1214¢ - T14(¢, —2):Tn and G(I)2 = Bi(wo).
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We claim that for all j = 1,2,...,k + Ldt;ﬂ + 1, there exist t—spread monomials
w1, w9, .-, wk_,’_l-ﬁJ_(zl_Q)_l such that

j—1
w; = max {u € My jiro1:ué U Shad] *(B(w;)) and max(u) = n}

slex i—0
Set

j—1
Q= {u EMy jte 1 ud U Shad? ™*(B(w;)) and max(u) = n}
i=0

Let us consider the case k = 3.

Ifd =1, then n =143t and ¢; = 3. Then, we set wy = 1T14+T143¢. Since Myy3t4 =
{12114 1420143} and z1@144@14200143¢ € Shady(B(wp)), we cannot construct wq and,
in such a case, a t—spread strongly stable ideal with ¢; = 3 can have at most one corner.

If d > 2, then n = d + 3t.

In particular, if d = 2, then 3 < /1 < k + L%J + 1 = 3. Since {1 = 3, we set
Wo = T1T14+tTq+3¢ and Wy = T1TaitToyotTqrs:. Hence, we get two corners.

If d >3, then k+ |42 ]| + 1 =4 and ¢, € {3,4}. If {1 = 3, we set wy = T12144Tdt3¢,
and w1 = T1To41ToyorTarse. Since | My, 5] = (d+§7t) = 0, we cannot construct wy and we
can have at most two corners. If ¢; = 4, setting wy = Z1T14+T142tTa43¢, since My 5+ = 3,
we can have at most one corner.

Let k > 4. For j > 1, we consider the monomials

J—1

Wj 1= T1T1+4¢ " " L14-(£,-3)t < H $2+i+(z12+i)t> T(j41)4 (€1 —2+7)tTd+kt (5 1)
i=0 :

= T1T1+4t " L1 (0 —3)t L2401 —2)t * " L(j+1)+ (01 —2+5)tLd+kt-

The monomials w; are t—spread as long as j is such that (j +1)+ (61 —2+j)t <n—t.
We determine the greatest such an integer. We have

Jmax =max {j: (j+ 1)+ ({1 — 2+ j)t < n—t}.
Proceeding as in the initial degree two case, we have that

Jmax = {"_(&_MJ —1,

14+t
and w; = max§)y, for all j =1,..., jmax. Now, let
Jmax — LirLiz * " Tig ey
Jmax—1
=T1T14¢ 5E1+(zl—3)t< H x2+i+(€1—2+i)t> T (jmax+1)+ (01 —24jmax )t Ld+kt -
i=0

We have

d+kt — [(jmax + 1) + ({1 = 2+ Jmax)t] = 17 — [(Jmax + 1) + (f1 — 2+ Jmax)t] < 2t
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and
5 =2t — |n — [(Jmax + 1) + (&1 — 2+ jmax)t]]
=2t =+ Jmax(1 +t) + 14 (¢4 — 2)t.
Hence, it follows that
et tr—3—5) T 1 =2+ jmax =2 =5+ ({1 =2+ fmax — 2 — s}t + 1 =d + (k — 4 — s)t.

Now, we distinguish two cases: jmax + 41 —3— 8> 401 — 2, jmax + {1 —3 — s < {1 — 2.
Let jmax + 41 —3 — s > 41 — 2. As in Theorem 1,

k
Max ), 41 = Wil = Ty T = T oy ( 11 $d+it>~ (5.2)
i=k—4—s

Observe that g, o = 14 ({1 — 3)t and i¢,—1 = 2+ ({1 — 2)t.

Since
. .t form=1,...,¢; —3,
fmAl T m = {t—i—l, form=101—2,...,jmax + 1 — 5 — s,
then
k
max ;.. 42 = Wjnat2 = TisTig * Tig o 4oy ( H xd+it>-

i=k—4—s—t—1
Finally, we can construct the monomials
k
Wimax+1+v = Lig Lig ** xi(j[rlax+[1,4,5,ut) < H xd+it>a
i=k—4—s—v(1+4t)

as long as (o +01—3—s—vt) = 10, —2, i-€. Jmax+l1—3—s—vt > l1—2,i.€. jmax—1—s—vt > 0.
Now, let us determine

Vmax = max{u Y Jmax — 1 —s—vt > O}.
If v is such that jnax — 1 —s — vt > 0, then vt < jax — 1 — s. Hence

Ut < jmax — 1 — 8 = Jmax — 1 — 2t + 1 — jrnax(1 +1) — 1 — (£ — 2)t
= jmax — 1 — 2t + d 4+ kt — jinax — Jmaxt — 1 — (£, — 2)t
=d—2+4 (k—2— jmax — (1 — 2))L.

We have

d—2
_{ : J+k2jmax(€12),

Vmax =
t

d—2+(k—2—jmax—(£1—2))tJ

and we can construct further vyax t-spread monomials w;_ . 12,. .., Wi +vmaetl-
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Finally, we have constructed the 1 + jnax + 1 + Vmax monomials

W0, W15 -+ v s Winaxs Yimax+1r Wimax+25 + + + s Pjmax+1+Vmax

which satisfy our claim. Note that

d—2
1+jmax+1+ymax:1+jmax+1+ {tJ +k_2_]max_(£1_2)

RNTEL

As in the initial degree two case, wj . +v,...+1 iS the last monomial of the type required in
the claim, that we can construct.

Now, suppose jmax +41 —3—s < {1 — 2.
Again, using the same arguments as in in the initial degree two case, one can show that
Jmax = |52 + k=1 — jmax — (€1 — 2) and Viax < —1 and that vpax = —1.

Hence, in such a case, we get jmax + 1 monomials (wo, w1, .. .,w;,.. ). Moreover,

d—2
jmax+1:jmax+1+1+’/max:k+ \‘tJ *(61*2)

It is important to underline that in both cases we determine k+ Ldt;ﬂ — (¢4 —2) monomials,
also when the critic monomial wj, +1 does not exist.
Setting

1= Bt (w()? Wiy oo oy Wiy Wimax+1s Winax+2y - - - 7wjnlax+1+1/nlax)7

the existence of the monomials w;, together with Characterization 1, guarantees that the
ideal I is an ideal of &; 5,1 with a corner in degree ¢; in S and such that

d—2

|Com(D)| = & + {tJ -2 = Ln—2

J — (61 - 2).

The next result (analogous to Theorem 2) covers the case t = 1 in [2] and the cases
t > 2 in this paper.

Theorem 4. Let n = d + kt be a positive integer, with t > 1,1 < d <t and k > 4. Let
1<r<k+ {#J be an integer. Given r pairs of positive integers

(k1,01), (k2,02), ..., (K 0p), (5.3)
with1 <k, <kp_1 < <ki<n—t—land2 <l <l < <l <k+|%3]+1, then
there exists a t—spread strongly stable ideal of S = Klx1,...,xy] of initial degree {1 and

with the pairs in (5.8) as corners if and only if k; +t({; —1)+1=mn, forallj=1,...,7.
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Example 7. Let n = 138 and t = 11, we can write n = 6 4+ 12¢. Let ¢; = 5. We have:

. n—(€1—2)t 105
max — | 5 . —1=—|-=-1= ,
J { 1+t J {uJ 7

-2
Vmax = \‘dtJ +k_2_jmax_(€1_2)zo'

Firstly, we set wo = T1Z14¢ "+ T14(0,—2)tTn = T1T127237347133- Then we determine the
Jmax = 7 monomials given by (5.1). More precisely,

W1 = T1X122023L35C467L138,
W2 = T1X12223L35L47L58L138; W5 = T1712723L35L47T59L71L83LY94L138,
W3 = T1T12223L35L47L59L70L138, We = T1T12223T35L47T59L71L83L95L106L138)

Wyq = T1712X23L35T47T59L71L82T138, W7 = T1X12X23T35L47L59L71L83L95L107L118L138-

Following Theorem 3, we consider the integer
s =2t [n — (G + 1) 4 (1 = 2+ Juna)t]| = 22 — [138 — 118] = 2.

Since jmax + 61 —3—s > €1 —2, then wj,, 41 exists. Let wj, . =wr =24 Tip -+ Tiy |, =
Ly Tiy Ly, then iy, o 3-5) +1 =irys 32+ 1 =47 +1 =72 and wj,,+1 = ws Is

given by (5.2), i.e.

k

i=k—4—s
= SU15512$23$35$47$59-$83$94$105$1162812715138~

This is the last monomial that we can determine, since V. = 0. Finally, I = By (wo, - . ., ws)
is the desired t—spread strongly stable ideal.

6 Conclusions and Perspectives

In this paper, following the approach used in [2] and [3], we have discussed the extremal Betti
numbers of t—spread strongly stable ideals and we have determined the maximal number
of admissible corners of a t—spread strongly stable ideal given its initial degree. As in [3],
it is important to “decompose” the integer n with respect to t. In a certain way, we have
divided n by ¢ forcing the rest of the division to lie in the set {1,...,¢}. In [2], a numerical
characterization of the possible extremal Betti numbers (values as well as positions) of the
class of squarefree strongly stable ideals was given. Theorem 4 characterizes the positions
of the extremal Betti numbers of the class of t—spread strongly stable ideals in the Betti
diagram. Nothing is known about the possible values of the extremal Betti numbers of such
a class of ideals. This question is currently under investigation by the authors of this paper
[4].
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