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Abstract

We study the extremal Betti numbers of the class of t–spread strongly stable ide-
als. More precisely, we determine the maximal number of admissible extremal Betti
numbers for such ideals, and thereby we generalize the known results for t ∈ {1, 2}.
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1 Introduction

Let S = K[x1, . . . , xn] be the standard polynomial ring in n variables with coefficients in a
field K. A squarefree monomial ideal I of S is an ideal generated by squarefree monomials.
This class of ideals plays an important role in Commutative Algebra, not only for its intrinsic
value but overall for its strong connections to Combinatorics and Topology. Recently, Ene,
Herzog, and Qureshi [14] have generalized the notion of (squarefree) monomial ideal by
introducing the class of t–spread monomial ideals.

Let t ≥ 0 be an integer, a monomial xi1xi2 · · ·xid , with 1 ≤ i1 ≤ i2 ≤ · · · ≤ id ≤ n,
is called t–spread if ij+1 − ij ≥ t for all j = 1, . . . , d − 1. A t–spread monomial ideal is
an ideal generated by t–spread monomials. In the last years, many authors have focused
their attention on such a class of monomial ideals in order to analyze the main algebraic
invariants that may be associated to a graded ideal in S and thereby they have generalized
some classical results [3, 5, 6, 14, 12]. Indeed, a 0–spread monomial ideal is a monomial
ideal, whereas a 1–spread ideal is a squarefree monomial ideal.

Hence, one can guess that many results on classes of ordinary (squarefree) monomial
ideals may continue to be true for classes of t–spread monomial ideals.

Among all the algebraic invariants of a graded ideal I of S, the role of the graded
Betti numbers is unquestionable. An important subset of the graded Betti numbers of I
consists of the extremal Betti numbers (Definition 3) introduced in [8] as a refinement of
the Castelnuovo-Mumford regularity and the projective dimension of the ideal I. Many
characterizations of these graded Betti numbers for classes of monomial ideals can be found
in [17, 9, 10, 11, 1, 2, 3] and in the references therein.

Our aim is to solve the following problem.

Problem 1. Given two positive integers t and n, let St,n be the set of all t–spread strongly
stable ideals in S = K[x1, . . . , xn]. What is the maximal number of extremal Betti numbers
allowed for an ideal in St,n?
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In [2], the authors determined the maximal number of such graded Betti numbers for
a 1–spread strongly stable ideal, whereas in [3], the same authors computed the maximal
number of extremal Betti numbers of a 2–spread strongly stable ideal of initial degree
2, where for the initial degree of a graded ideal I of S, denoted by indegI, we mean the
minimum j such that Ij 6= 0 (Ij is the K-vector space spanned by the homogeneous elements
of I of degree j). The problem of determining such number for t > 2 is still open. In this
paper, we are able to generalize the results in [2, 3] giving a positive answer to Problem 1.
We determine the maximal number of extremal Betti numbers of a t–spread strongly stable
ideal of initial degree ≥ 2, for all integers t ≥ 2.

The plan of the paper is the following. Section 2 contains some preliminary material
that will be used through the paper. In Section 3, we construct a suitable set of t–spread
monomials of S (Subsections 3.1.1, 3.1.2) which allows us to solve Problem 1. We provide
some examples illustrating our techniques. In Section 4, we prove our main result (Theorem
1). It establishes what is the maximum number of extremal Betti numbers of a t–spread
strongly stable ideal I of S of initial degree 2. As a consequence of this theorem we obtain
the results stated in [2] and [3] for t = 1, 2, respectively. In Section 5, an analogous result
of Theorem 1 is stated (Theorem 3). Such result is true when the initial degree of t–spread
strongly stable ideal I of S is greater than 2. Finally, Section 6 contains our conclusions
and perspectives. Almost all the examples in the paper have been verified with specific
packages of Macaulay2 [15] some of which developed by the authors of the paper.

2 Preliminaries

Let S = K[x1, . . . , xn] be the standard polynomial ring in n variables with coefficients in
K. S is an N–graded ring where deg xi = 1, for all i = 1, . . . , n. A monomial ideal I of S is
an ideal generated by monomials. By G(I) we denote the unique minimal set of monomial
generators of I. For a monomial u ∈ S, u 6= 1, we set

supp(u) =
{
i : xi divides u

}
,

and write

max(u) = max
{
i : i ∈ supp(u)

}
, min(u) = min

{
i : i ∈ supp(u)

}
.

Moreover, we set max(1) = min(1) = 0.

Definition 1. Let t ≥ 0 be an integer. A monomial xi1xi2 · · ·xid with 1 ≤ i1 ≤ i2 ≤ · · · ≤
id ≤ n is called t–spread, if ij+1 − ij ≥ t, for all j = 1, . . . , d− 1. A monomial ideal I of S
is called a t–spread monomial ideal, if it is generated by t–spread monomials.

For instance, x1x3x6 ∈ K[x1, x2, x3, x4, x6] is a 2–spread monomial, but not a 3–spread
monomial. Every monomial is 0–spread and every monomial ideal is a 0–spread monomial
ideal. A squarefree monomial is a 1–spread monomial and a squarefree monomial ideal is a
1–spread monomial ideal. If t ≥ 1, then every t–spread monomial is a squarefree monomial.

Definition 2. A t–spread monomial ideal I of S is called t–spread stable, if for all t–spread
monomials u ∈ I and for all i < max(u) such that xi(u/xmax(u)) is a t–spread monomial,
it follows that xi(u/xmax(u)) ∈ I. The ideal I is called t–spread strongly stable, if for all
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t–spread monomials u ∈ I, all j ∈ supp(u) and all i < j such that xi(u/xj) is t–spread, it
follows that xi(u/xj) ∈ I.

Let u1, . . . , ur be t–spread monomials of S. The unique t–spread strongly stable ideal
containing u1, . . . , ur will be denoted by Bt(u1, . . . , ur) [14]. The monomials u1, . . . , ur are
called t–spread Borel generators, and Bt(u1, . . . , ur) is called the finitely generated t–spread
Borel ideal.

Let us denote byMn,d,t the set of all t–spread monomials of degree d in S = K[x1, . . . , xn].
From [14, Theorem 2.3], the cardinality of Mn,d,t is given by

|Mn,d,t| =
(
n− (d− 1)(t− 1)

d

)
.

Let t ≥ 1. We endow the set Mn,d,t with the squarefree lexicographic order, ≥slex [7].
More precisely, let u = xi1xi2 · · ·xid and v = xj1xj2 · · ·xjd , be t–spread monomials of
degree d, with 1 ≤ i1 < i2 < · · · < id ≤ n, 1 ≤ j1 < j2 < · · · < jd ≤ n, then u >slex v if
i1 = j1, . . . , is−1 = js−1 and is < js, for some 1 ≤ s ≤ d.

It’s easy to verify that if u is a t–spread monomial of S, then for all v ∈ Bt(u) we have
v ≥slex u.

Note that the existence of a t–spread monomial of degree d in S implies that n ≥ (d−
1)t+ 1. Indeed, the monomial x1x1+tx1+2t · · ·x(d−1)t+1 is the greatest t–spread monomial
of Mn,d,t, with respect to >slex.

Let T be a not empty subset of Mn,d,t. We denote by maxT (minT , respectively) the
maximal (minimum, respectively) monomial w ∈ T , with respect to >slex.

From now on, we assume that Mn,d,t (t ≥ 1) is endowed by the squarefree lexicographic
order.

Furthermore, we define the t–shadow of T

Shadt(T ) =
{
xiw : w ∈ T, i = 1, . . . , n

}
∩Mn,d+1,t

=
{
xiw : w ∈ T and xiw is t–spread monomial, i = 1, . . . , n

}
.

The set Shadt(T ) could be empty. We define Shad1
t (T ) = Shadt(T ) and Shadnt (T ) =

Shadt(Shadn−1t (T )) for all n ≥ 2, by induction.

If I is a t–spread strongly stable ideal, then the graded Betti numbers of I can be
computed by [14, Corollary 1.12]

βk,k+`(I) =
∑

u∈G(I)`

(
max(u)− t(`− 1)− 1

k

)
. (2.1)

Such a formula returns the Eliahou–Kervaire formula [13] for (strongly) stable ideals when-
ever t = 0 and the Aramova–Herzog–Hibi formula [7, 16] for squarefree (strongly) stable
ideals whenever t = 1.

Definition 3. ([8]) A graded Betti number βk,k+`(I) 6= 0 is called extremal if βi,i+j(I) = 0
for all i ≥ k, j ≥ `, (i, j) 6= (k, `).
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The pair (k, `) is called a corner of I.
If (k1, `1), . . . , (kr, `r) (n− 1 ≥ k1 > k2 > · · · > kr ≥ 1, 1 ≤ `1 < `2 < · · · < `r) are the

corners of a graded ideal I of S, the set

Corn(I) =
{

(k1, `1), (k2, `2), . . . , (kr, `r)
}

is called the corner sequence of I [9]; whereas the r–uple

a(I) =
(
βk1,k1+`1(I), βk2,k2+`2(I), . . . , βkr,kr+`r (I)

)
is called the corner values sequence of I [9].

We conclude this section by quoting two results from [3].

Characterization 1. ([3, Theorem 1]) Let I be a t–spread strongly stable ideal of S. The
following conditions are equivalent:

(a) βk,k+`(I) is extremal;

(b) k + t(` − 1) + 1 = max{max(u) : u ∈ G(I)`} and max(u) < k + t(j − 1) + 1, for all
j > ` and for all u ∈ G(I)j.

Corollary 1. ([3, Corollary 2]) Let I be a t–spread strongly stable ideal of S and let
βk,k+`(I) be an extremal Betti number of I. Then

βk,k+`(I) =
∣∣∣{u ∈ G(I)` : max(u) = k + t(`− 1) + 1

}∣∣∣.
3 Corners of t–Spread Strongly Stable Ideals of initial

degree 2

In this Section, if S = K[x1, . . . , xn], we manage some suitable t–spread monomials of S
in order to examine the behavior of the corners of a t–spread strongly stable ideal of S of
initial degree 2.

Let us denote by St,n the set of all t–spread strongly stable ideals in S and by St,n,1 the
set of all I ∈ St,n for which the value of every extremal Betti number equals 1, i.e., all the
entries of the corner values sequence a(I) are equal to 1:

St,n,1 =
{
I ∈ St,n : a(I) = 1 = (1, 1, . . . , 1)

}
.

Our goal is to determine the greatest admissible number of corners for an ideal of initial
degree 2 in St,n,1.

The starting point of our work has been the analysis of several examples (t = 2, 3, 4,
5) using the computer algebra system Macaulay2. In each of these cases, we have fixed
two positive integers n and `1, and using techniques similar to those in [2] and [3], we have
determined the maximum number of admissible corners of a t–spread strongly stable ideal
I of a polynomial ring in n variables and such that indegI = `1. Then, all the data obtained
have been collected in some tables to analyze how the maximum number of corners varied
with respect to the parameters (see for instance, Table 1 and Table 2).



L. Amata, M. Crupi, A. Ficarra 17

t = 2
n

4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

`1

2 1 1 2 2 2 3 3 4 4 5 5 6 6 7 7 8 8
3 − − 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8
4 − − − − 1 1 2 2 3 3 4 4 5 5 6 6 7
5 − − − − − − 1 1 2 2 3 3 4 4 5 5 6
6 − − − − − − − − 1 1 2 2 3 3 4 4 5
7 − − − − − − − − − − 1 1 2 2 3 3 4
8 − − − − − − − − − − − − 1 1 2 2 3
9 − − − − − − − − − − − − − − 1 1 2
10 − − − − − − − − − − − − − − − − 1

Table 1: Maximum number of corners of 2–spread strongly stable ideals

t = 3
n

4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

`1

2 1 1 1 1 2 2 2 2 3 3 3 4 4 4 5 5 5
3 − − − − 1 1 1 2 2 2 3 3 3 4 4 4 5
4 − − − − − − − 1 1 1 2 2 2 3 3 3 4
5 − − − − − − − − − − 1 1 1 2 2 2 3
6 − − − − − − − − − − − − − 1 1 1 2
7 − − − − − − − − − − − − − − − − 1

Table 2: Maximum number of corners of 3-spread strongly stable ideals

Given `1 (the initial degree), the output of each table shows that the maximum number
of admissible corners remains eventually unchanged for t consecutive values of n and then
increases by 1. For this reason, we have estimated that it may be convenient to decompose
n with respect to t by writing n = d+ kt for suitable positive integers d and k.

For later use, recall that the floor function of a real number x is defined as follows:

bxc = max{n ∈ Z : n ≤ x}.

In particular, if −1 ≤ x < 0, bxc = −1 and if 0 ≤ x < 1, bxc = 0.

3.1 Methodology and preliminary results

Let I ∈ St,n,1 such that indegI = 2. We will verify that if one wants I to have the maximal
number of extremal Betti numbers, then

- G(I)2 = Bt(x1xn), and

- n = d+ kt with k ≥ 3 and 1 ≤ d ≤ t.
Claim. Set ω0 = x1xn and let G(I)2 = Bt(x1xn). There exist t–spread monomials
ω1, . . . , ωk+b d−3

t c−1 such that

ωj := max
{
u ∈Mn,j+2,t : u /∈

j−1⋃
i=0

Shadj−it (Bt(ωi)) and max(u) = n
}
,
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for j = 1, . . . , k +
⌊
d−3
t

⌋
− 1.

One can observe that in order to determine ωj , it is sufficient to find the minimum v
of Shadt(Bt(ωj−1)). Then ωj will be the largest t–spread monomial of degree j + 2 with
max(ωj) = n following v in the squarefree lexicographic order (see also [2]).

In order to prove the Claim, we need the next crucial lemma.

Lemma 1. Let n, t be two positive integers. Let u = xi1xi2 · · ·xid , 1 ≤ i1 < i2 < · · · < id ≤
n be a t–spread monomial of S = K[x1, . . . , xn] such that max(u) = n. If ij+1 − ij = t, for
all j = 1, . . . , d− 1 then Bt(u) is the t–spread Veronese ideal of degree d.

Otherwise, if p = max{j : ij+1− ij > t}, then the largest t–spread monomial v of degree
d of S with max(v) = n following u, with respect to >slex, is

v = xi1 · · ·xip−1
xip+1xip+1+t · · ·xip+1+t(d−p−1)xn.

Proof. If ij+1 − ij = t, for all j = 1, . . . , d − 1, then u = xn−t(d−1) · · ·xn−txn. Hence, u is
the smallest t–spread monomial of degree d with max(u) = n and Bt(u) is generated by all
t–spread monomials of degree d of S, i.e., Bt(u) is the t–spread Veronese ideal of degree d
[14].

Now, suppose ij+1 − ij > t for some j and let p = max{j : ij+1 − ij > t}. If w =
xs1xs2 · · ·xsd is a t–spread monomial of degree d with max(w) = n and u >slex w, then
i1 = s1, . . . , ij−1 = sj−1 and ij < sj for some index j.

It is j ≤ p. Indeed, if j > p, then ip+2 − ip+1 = · · · = id − id−1 = t. Hence, id − ij =
t(d− j), id = sd = n, sd − sj ≥ t(d− j), and ij < sj . Thus,

t(d− j) ≤ sd − sj = id − sj < id − ij = t(d− j),

and so t(d− j) < t(d− j). This is absurd. Hence, j ≤ p.
Therefore, setting

v = xi1 · · ·xip−1
xip+1xip+1+t · · ·xip+1+t(d−p−1)xn, (3.1)

one has
u >slex v.

Moreover, it is easy to verify that v is the monomial we are looking for.

Lemma 1 will play a key role in getting the ωi’s in the claim.
In order to simplify the notation, we set

Ωj :=
{
u ∈Mn,j+2,t : u /∈

j−1⋃
i=0

Shadj−it (Bt(ωi)) and max(u) = n
}

and so ωj := max Ωj , for all j.

Next remark will be pivotal for the rest.

Remark 1. Let t ≥ 2, n = d+ kt, 1 ≤ d ≤ t and k ∈ {0, 1, 2}.
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(i) If k = 0, then there is no t–spread monomial of degree two. Indeed, in such a case
n = d < t+ 1.

(ii) If k = 1, then n = d+ t. Hence, ω0 = x1xd+t and Shadt(Bt(ω0)) = ∅.

(iii) Let k = 2, then ω0 = x1xn = x1xd+2t. If d = 1, then Shadt(Bt(ω0)) = {x1x1+tx1+2t} =
Mn,3,t, so Ω1 = ∅. If 2 ≤ d ≤ t, then Shadt(Bt(ω0)) = Bt(x1xd+txd+2t). Hence,
min Shadt(Bt(ω0)) = x1xd+txd+2t, and by Lemma 1, ω1 = max Ω1 = x2x2+txd+2t is
the largest t–spread monomial u with max(u) = n following x1xd+txd+2t, with respect
to >slex.

Remark 1 points out that the decomposition

n = d+ kt, 1 ≤ d ≤ t

does not work well in the sense of the Claim, whenever k ∈ {0, 1, 2}.

3.1.1 Basic monomials of the first type

In this Subsection, if S = K[x1, . . . , xn], n = d+ kt (k ≥ 3, 1 ≤ d ≤ t), setting, ω0 = x1xn,
we construct a set of monomials ω1, . . . , ωq of S, q ≤ k +

⌊
d−3
t

⌋
− 1, of the type described

in the Claim. Such monomials will be called basic monomials of the first type.
Let k ≥ 3. For the sake of clarity, we distinguish two cases.
Case 1. Let k = 3, n = d+ 3t.
Set ω0 = x1xn. The minimum of Shadt(Bt(ω0)) is u = x1xn−txn = x1xd+2txd+3t. By

Lemma 1, the largest t–spread monomial v of degree 3 with max(v) = n that follows u in
the squarefree lexicographic order is v = x2x2+txd+3t. It is clear that v = ω1 = max Ω1.

Let us discuss the “distance” between the last two variables of ω1 = x2x2+txd+3t. We
need two consider some cases.

If d = 1, then 1+3t− (2+ t) = 2t−1, Shadt(Bt(ω1)) = {x1x1+tx1+2tx1+3t} = M1+3t,4,t

and ω2 does not exist. Hence, we have k − 1 = 2 monomials, i.e., ω0, ω1.
If d = 2, then 2 + 3t − (2 + t) = 2t, Shadt(Bt(ω1)) = Bt(x2x2+tx2+2tx2+3t) = Mn,4,t

and we cannot construct ω2. Hence, also in such a case, we have k − 1 = 2 monomials.
Finally, let 3 ≤ d ≤ t. In such a case Shadt(Bt(ω1)) = Bt(x2x2+txd+2txd+3t). Since

min Shadt(Bt(ω1)) = x2x2+txd+2txd+3t, then, by Lemma 1, one has that ω2 = x2x3+tx3+2txd+3t.
On the other hand, since d+ 4− t ≤ 4, we have

|Mn,5,t| = |Md+3t,5,t| =
(
d+ 3t− 4t+ 4

5

)
=

(
d+ 4− t

5

)
= 0.

Thus, Mn,5,t = ∅ and ω3 does not exist. Hence, in such a case, we have constructed
k = 3 monomials.
Case 2. Let k ≥ 4. Firstly, we consider an example.

Example 1. Let n = 9 and t = 2, we can write n = d + kt, with d = 1, k = 4. Then,
ω0 = x1x9 and ω1 = x2x4x9. Observe that in such a case

Ω2 :=
{
u ∈M9,4,2 : u /∈ Shad2

2(B2(ω0)) ∪ Shad2(B2(ω1)) and max(u) = 9
}
6= ∅.

Indeed, |M9,4,2| =
(
6
4

)
= 15 and the monomials u ∈ M9,4,2 with max(u) = 9 are the

following ones
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x1x3x5x9, x1x3x6x9, x1x3x7x9, x1x4x6x9, x1x4x7x9, x1x5x7x9,
x2x4x6x9, x2x4x7x9, x2x5x7x9.

Hence, Ω2 = {x2x5x7x9} and ω2 = x2x5x7x9.
Note that

ω2 = x2x2+t+1x2+2t+1xn = x2x3+tx3+2txn,

as in the case k = 3 for 3 ≤ d ≤ t.

Assume k ≥ 4. For j ≥ 1, let us define the following monomials of S of degree j + 2

ωj :=

( j−1∏
i=0

x2+i+it

)
x(j+1)+jtxd+kt

= x2x3+tx4+2t · · ·x(j+1)+(j−1)tx(j+1)+jtxd+kt.

(3.2)

For j = 1, 2, one has:

ω1 = x2x2+txd+kt,

ω2 = x2x3+tx3+2txd+kt.

It is clear that ω1 = max Ω1 and ω2 = max Ω2.
The monomials ωj are t–spread if j satisfies the inequality (j + 1) + jt ≤ n− t.
Let us determine the greatest such an integer, i.e.,

jmax = max
{
j : (j + 1) + jt ≤ n− t

}
.

For every j ∈
{
j : (j + 1) + jt ≤ n− t

}
one has j(1 + t) ≤ n− t− 1. Therefore,

j ≤ n− (1 + t)

1 + t
=

n

1 + t
− 1,

and

jmax =

⌊
n

1 + t

⌋
− 1.

Now, we want to verify that ωj = max Ωi, for j = 1, . . . , jmax.
Assume max Ωj−1 = ωj−1. Since,

min Shadt
(
Bt(ωj−1)

)
= ωj−1xn−t =

( j−2∏
i=0

x2+i+it

)
xj+(j−1)txd+(k−1)txd+kt,

by Lemma 1, one has

max Ωj =

( j−2∏
i=0

x2+i+it

)
x(j+1)+(j−1)tx(j+1)+jtxn = ωj .

Note that (3.2) describes also the ωj ’s of the case k = 3.

In the sequel, the monomials ωj (j = 1, . . . , jmax) will be called basic monomials of
the first type, or also basic forward monomials, because each monomial ωj is obtained by
changing the penultimate variable of the preceding monomial (ωj−1) of the list, as next
example illustrates.
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Example 2. Let n = 46 and t = 3, we can write n = 1 + 15t. We determine jmax.

jmax =

⌊
n

1 + t

⌋
− 1 =

⌊
46

4

⌋
− 1 = 10.

Firstly, we set ω0 = x1xn = x1x46. Then, we have the following jmax “further monomials”:

ωj :=

( j−1∏
i=0

x2+i+it

)
x(j+1)+jtxd+kt = x2x3+t · · ·x(j+1)+(j−1)tx(j+1)+jtxd+kt,

for all j = 1, . . . , 10. More in details,

ω1 = x2x5x46, ω6 = x2x6x10x14x18x22x25x46,

ω2 = x2x6x9x46, ω7 = x2x6x10x14x18x22x26x29x46,

ω3 = x2x6x10x13x46, ω8 = x2x6x10x14x18x22x26x30x33x46,

ω4 = x2x6x10x14x17x46, ω9 = x2x6x10x14x18x22x26x30x34x37x46,

ω5 = x2x6x10x14x18x21x46, ω10 = x2x6x10x14x18x22x26x30x34x38x41x46.

Note that every monomial ωi of the list can be obtained by changing the second to last
variable of the previous monomial ωi−1 = xq1 · · ·xqr of the list by adding 1 to the index of
such a variable and inserting a new variable indexed by qr−1 + 1 + t.

For example, ω2 = x2x6x9x46 and ω3 = x2x6x10x13x46.

Observe, that in this case we can construct another monomial of the kind described in
the Claim. Indeed Ω11 is not empty and it is easy to verify that

ωjmax+1 = ω11 = max Ω11 = x2x6x10x14x18x22x26x31x34x37x40x43x46.

3.1.2 Basic monomials of the second type

Example 2 suggests us the construction of further t–spread monomials of S which will be
fundamental for our aim. Such monomials will be called basic monomials of the second
type.

Let us consider the t–spread monomial of degree jmax + 2

ωjmax
= xi1xi2 · · ·xi(jmax+2)

=

( jmax−1∏
i=0

x2+i+it

)
x(jmax+1)+jmaxtxd+kt.

We observe that im+1 − im = t + 1 for all m = 1, . . . , jmax − 1, and ijmax+1 − ijmax = t.
Moreover,

d+ kt− [(jmax + 1) + jmaxt] = n− [(jmax + 1) + jmaxt] ≤ 2t.

Indeed, if n− [(jmax + 1) + jmaxt] > 2t, then n− t > (jmax + 1) + jmaxt+ t. Hence, n− t ≥
(jmax + 2) + (jmax + 1)t and jmax + 1 would be an integer greater than jmax which belongs
to the set

{
j : (j + 1) + jt ≤ n− t

}
. It is an absurd. Finally, n− [(jmax + 1) + jmaxt] ≤ 2t.
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Now, let us examine the integer

s = 2t−
[
n− [(jmax + 1) + jmaxt]

]
= 2t− n+ jmax(1 + t) + 1.

We need to distinguish two cases: jmax − 1− s ≥ 1, jmax − 1− s < 1.

Let jmax − 1− s ≥ 1. In such a case,

v = min Shadt(Bt(ωjmax
)) = xi1xi2 · · ·xi(jmax−1−s)

( k∏
i=k−3−s

xd+it

)
.

By Lemma 1, ωjmax+1 does exist and it is the largest t–spread monomial u of degree jmax+3,
with max(u) = n following v in the squarefree lexicographic order:

ωjmax+1 = xi(jmax−1−s)+1
(v/xi(jmax−1−s)).

Now we focus on the variable we are going to “change” in v in order to obtain the
monomial ωjmax+1:

i(jmax−1−s) + 1 = 2 + jmax − 2− s+ (jmax − 2− s)t+ 1

= 2 + jmax − 2− 2t+ n− jmax(1 + t)− 1 + (jmax − 2− s)t+ 1

= d+ (k − 4− s)t.

Therefore, from Lemma 1 (see (3.1)), the greatest monomial in Ωjmax+1 = Ωb n
1+tc is

ωjmax+1 = max Ωjmax+1 = xi1xi2 · · ·xi(jmax−2−s)

( k∏
i=k−4−s

xd+it

)
.

We call such monomial the critic monomial, since from now on the next monomials we are
going to construct are no longer obtained by changing the penultimate variable.

Example 3. Let us consider again Example 2. In such a case, it is

s = 2t−
[
n− [(jmax + 1) + jmaxt]

]
= 6− [46− 41] = 1.

Since jmax − 1 − s ≥ 1, then ωjmax+1 exists. Setting ωjmax
= ω10 = xi1xi2 · · ·xi12 , then

i(jmax−1−s) + 1 = i10−1−1 + 1 = i8 + 1 = 31 and the critic monomial ωjmax+1 = ω11 is the
following one

ωjmax+1 = xi1xi2 · · ·xi(jmax−2−s)

( k∏
i=k−4−s

xd+it

)
= x2x6x10x14x18x22x26 x31 x34x37x40x43x46.

Observe that ωjmax+2 exists and

ωjmax+2 = x2x6x10x14x19x22x25x28x31x34x37x40x43x46.
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Now, our question is: How may admissible t–spread monomials can we construct starting
from ωjmax+1?

Consider the critic monomial

ωjmax+1 = xi1xi2 · · ·xi(jmax−2−s)

( k∏
i=k−4−s

xd+it

)
.

Since im+1 − im = t+ 1 for all m = 1, . . . , jmax − 3− s, from Lemma 1 (see (3.1)), we have

max Ωjmax+2 = ωjmax+2 = xi1xi2 · · ·xi(jmax−2−s−t−1)

( k∏
i=k−4−s−t−1

xd+it

)
.

Proceeding in such a way, we can get the further ωjmax+1+ν monomials,

ωjmax+1+ν = xi1xi2 · · ·xi(jmax−2−s−νt)

( k∏
i=k−4−s−ν(1+t)

xd+it

)
,

as long as i(jmax−1−s−νt) ≥ i1, i.e. jmax − 1− s− νt ≥ 1.
Now, let us determine

νmax = max
{
ν : jmax − 1− s− νt ≥ 1

}
.

If ν is such that jmax − 1− s− νt ≥ 1, then νt ≤ jmax − 2− s. Hence

νt ≤ jmax − 2− s = jmax − 2− 2t+ n− jmax(1 + t)− 1

= jmax − 2− 2t+ d+ kt− jmax − jmaxt− 1

= d− 3 + (k − 2− jmax)t.

Thus, we have

νmax =

⌊
d− 3 + (k − 2− jmax) t

t

⌋
=

⌊
d− 3

t

⌋
+ k − 2− jmax.

So we can construct other νmax t–spread monomials ωjmax+2, . . . , ωjmax+νmax+1.
Finally, we have constructed the following t–spread monomials of S:

- ω0 = x1xn (one monomial);

- ω1, . . . , ωjmax (jmax basic monomials of the first type);

- ωjmax+1, ωjmax+2, . . . , ωjmax+1+νmax
(νmax + 1 monomials)

which satisfy the Claim. Their total number is

1 + jmax + 1 + νmax = 1 + jmax + 1 +

⌊
d− 3

t

⌋
+ k − 2− jmax = k +

⌊
d− 3

t

⌋
.

The monomials ωjmax+1, ωjmax+2, . . . , ωjmax+1+νmax
will be called basic monomials of sec-

ond type, or also basic backward monomials, because each of these monomials is obtained,



24 Upper bounds for extremal Betti numbers

for all ν = 0, . . . , νmax, by changing the (jmax − 2− s− νt+ 1)–th variable of the preceding
monomial of the list.

Recall that we are considering t ≥ 2. We observe that

k +

⌊
d− 3

t

⌋
=

{
k − 1 if d = 1, 2,

k if 3 ≤ d ≤ t.

Let us show that ωjmax+νmax+1 is the last monomial which satisfies the Claim, i.e.
Ωjmax+νmax+2 = ∅.

We need to examine some cases.
If d = 1 or d = 2, then if one may construct another monomial of the type described in

the Claim, its degree would be jmax + νmax + 4 = k + bd−3t c+ 2 = k + 1 and

|Mn,k+1,t| =
(
n− (k + 1− 1)(t− 1)

k + 1

)
=

(
d+ kt− kt+ k

k + 1

)
=

(
d+ k

k + 1

)
.

Hence, if d = 1, one has |Mn,k+1,t| = 1 and Mn,k+1,t = {x1x1+t · · ·x1+kt}. Since,

x1x1+t · · ·x1+kt ∈ Shadk−1t (Bt(ω0)) = Shadk−1t (Bt(x1x1+kt)), then we have Ωjmax+νmax+2 =
∅; whereas, if d = 2, then |Mn,k+1,t| = k + 1. Moreover, in such a case, maxMn,k+1,t =
x1x1+t · · ·x2+kt and minMn,k+1,t = x2x2+t · · ·x2+kt. Let z ∈ Mn,k+1,t with max(z) =

2+kt. If min(z) = 1, then z ∈ Shadk−1t

(
Bt(ω0)

)
; if min(z) = 2, then z ∈ Shadk−2t

(
Bt(ω1)

)
.

Therefore, Ωjmax+νmax+2 = ∅.
Now, let 3 ≤ d ≤ t. If one could construct another monomial of the type described in

the Claim, then its degree would be equal to jmax + νmax + 4 = k+ bd−3t c+ 2 = k+ 2 and

|Mn,k+2,t| =
(
n− (k + 2− 1)(t− 1)

k + 2

)
=

(
k + 1 + d− t

k + 2

)
= 0.

In fact k+1+d−t < k+2. Hence Mn,jmax+νmax+4,t = Mn,k+2,t = ∅ and Ωjmax+νmax+2 = ∅.
Hence, in every admissible case, Ωjmax+νmax+2 = ∅ and consequently ωjmax+νmax+1 is

the last t–spread monomial of the type described in the Claim that one may construct.

Example 4. We consider again Example 2. In such case, νmax =
⌊
d−3
t

⌋
+ k − 2− jmax =

−1 + 15− 2− 10 = 2. There are νmax = 2 monomials of the second type to determine. We
set

ωjmax+1 = xi1xi2 · · ·xi(jmax−2−s)

( k∏
i=k−4−s

xd+it

)
= x2x6x10x14x18x22x26 x31 x34x37x40x43x46.

We determine ωjmax+2 by shifting backward by t = 3, i.e.

ω11 = x2x6x10x14 x18 x22x26 x31
x x x

x34x37x40x43x46,y
ω12 = x2x6x10x14 x19 x22x25x28x31x34x37x40x43x46.
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It remains to determine ωjmax+νmax+1 = ωjmax+3 = ω13. Shifting backward by t = 3 again,
we have

ω12 = x2 x6 x10x14 x19
x x x

x22x25x28x31x34x37x40x43x46,y
ω13 = x2 x7 x10x13x16x19x22x25x28x31x34x37x40x43x46.

Hence, we have obtained all the monomials we need.

It may happen that ωjmax+1 does not exist, as next example shows.

Example 5. Let n = 32 and t = 5, we can write n = 2 + 6t. Then jmax =
⌊
n

1+t

⌋
− 1 =⌊

32
6

⌋
− 1 = 4. In particular,

ωjmax
= ω4 = x2x8x14x20x25x32.

Observe that s = 2t−
[
n−[(jmax+1)+jmaxt]

]
= 10−[32−25] = 3, and jmax−1−s = 0 < 1,

therefore ωjmax+1 does not exist. Since

νmax =

⌊
d− 3

t

⌋
+ k − 2− jmax = −1,

then the total number of monomials constructed is jmax + 1 = 5. On the other hand, we
can note that

jmax + νmax + 2 = k +

⌊
d− 3

t

⌋
= 6− 1 = 5.

It is important to underline that in Example 5, even though ωjmax+1 does not exist, the
formula k +

⌊
d−3
t

⌋
works well. Such a situation has forced us to analyze the case above.

Let jmax − 1− s < 1.
In such a case, ωjmax

is the last monomial of the type described in the Claim that we

can construct, and consequently we get jmax + 1 =
⌊
n

1+t

⌋
monomials.

We show that in this case k +
⌊
d−3
t

⌋
= jmax + 1.

In fact, jmax < 2+s = 3+2t−n+jmax+jmaxt and so jmaxt > n−3−2t = (d−3)+(k−2)t.
Hence jmax >

⌊
d−3
t

⌋
+ k − 2, so jmax ≥

⌊
d−3
t

⌋
+ k − 1. Moreover,

νmax =

⌊
d− 3

t

⌋
+ k − 2− jmax ≤

⌊
d− 3

t

⌋
+ k − 2−

(⌊
d− 3

t

⌋
+ k − 1

)
= −1.

If we show that νmax = −1, then we will have

k +

⌊
d− 3

t

⌋
= jmax + νmax + 2 = jmax + 1 =

⌊
n

1 + t

⌋
,
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as desired. Indeed, if νmax ≤ −2, then
⌊
d−3
t

⌋
+ k − jmax ≤ 0, i.e.

k ≤ jmax −
⌊
d− 3

t

⌋
=

⌊
n

1 + t

⌋
− 1−

⌊
d− 3

t

⌋
. (3.3)

Now, we need to consider two possible cases.

If d = 1 or d = 2, then
⌊
d−3
t

⌋
= −1, and k ≤

⌊
n

1+t

⌋
− 1−

⌊
d−3
t

⌋
=
⌊
n

1+t

⌋
≤ n

1+t . Hence,

k(1 + t) ≤ n = d+ kt and consequently k ≤ d; this is absurd since k ≥ 3 and d ≤ 2.

If 3 ≤ d ≤ t, then
⌊
d−3
t

⌋
= 0 and k ≤

⌊
n

1+t

⌋
− 1 −

⌊
d−3
t

⌋
=
⌊
n

1+t

⌋
− 1 ≤ n

1+t − 1. It

follows that
k(1 + t) ≤ n− 1− t = d+ kt− 1− t.

Hence k ≤ d− 1− t. But d ≤ t, so k ≤ t− 1− t = −1. This is an absurd. Indeed, k ≥ 3.
Thus, in each case we have νmax = −1, as desired.

4 The main result

By the materials in Section 3.1, we are able to state the main result in the paper.

Theorem 1. Let n, t, k be three positive integers such that n, t ≥ 2 and k ≥ 3. Assume

n = d+ kt, 1 ≤ d ≤ t.

Then, an ideal I ∈ St,n,1 of initial degree two and with a corner in degree two can have at
most

k +

⌊
d− 3

t

⌋
=

{
k − 1 if d = 1, 2,

k if 3 ≤ d ≤ t,
corners.

Proof. Let us consider the k+
⌊
d−3
t

⌋
monomials of S = K[x1, . . . , xn] defined in the Claim

and consider the t–strongly stable ideal

I = Bt
(
ω0, ω1, . . . , ωjmax , ωjmax+1, ωjmax+2, . . . , ωjmax+1+νmax

)
.

The construction of the monomials ωj , together with Characterization 1, guarantees that
I is an ideal of St,n,1 with a corner in degree two and such that

|Corn(I)| = k +

⌊
d− 3

t

⌋
=

{
k − 1 if d = 1, 2,

k if 3 ≤ d ≤ t.

More in details,

Corn(I) =

{
(ki, `i) : ki = n− t(`i − 1)− 1, `i = 2 + (i− 1), i = 1, . . . , k +

⌊
d−3
t

⌋}
=

{
(n− t− 1, 2), (n− 2t− 1, 3), . . . ,

(
n−

(
k +

⌊
d−3
t

⌋ )
t− 1, k +

⌊
d−3
t

⌋
+ 1
)}

.
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It is clear that |Corn(I)| is the maximum number of corners for a t–spread strongly stable
ideal of S. Furthermore, since d = n− kt, we have

|Corn(I)| = k +

⌊
d− 3

t

⌋
= k +

⌊
n− 3− kt

t

⌋
= k +

⌊
n− 3

t

⌋
− k =

⌊
n− 3

t

⌋
.

The results obtained in [3] are now consequences of Theorem 1.

Corollary 2. ([3, Theorem 2]). Let n ≥ 11 be odd. A 2–spread strongly stable ideal I of S
of initial degree two and with a corner in degree two can have at most n−3

2 corners.

Proof. It is sufficient to write n = d+ kt = 1 + 2k, with d = 1, t = 2 and k ≥ 5.

Corollary 3. ([3, Theorem 4]). Let n ≥ 14 be even. A 2–spread strongly stable ideal I of
S of initial degree two and with a corner in degree two can have at most n−4

2 corners.

Proof. It is sufficient to write n = d+ kt = 2 + 2k, with d = 2, t = 2 and k ≥ 6.

From Characterization 1 and Theorem 1, next result follows.

Theorem 2. Let n = d + kt be a positive integer, with t ≥ 2, 1 ≤ d ≤ t and k ≥ 3. Set
`1 = 2. Given r = k +

⌊
d−3
t

⌋
pairs of positive integers

(k1, `1), (k2, `2), . . . , (kr, `r), (4.1)

with 1 ≤ kr < kr−1 < · · · < k1 ≤ n − t − 1 and 2 = `1 < `2 < · · · < `r ≤ k +
⌊
d−3
t

⌋
+ 1,

then there exists a t–spread strongly stable ideal of S = K[x1, . . . , xn] of initial degree
`1 = 2 and with the pairs in (4.1) as corners if and only if kj + t(`j − 1) + 1 = n, for all
j = 1, . . . , k +

⌊
d−3
t

⌋
.

We finish this Section with an example which illustrates our methods.

Example 6. Let n = 14 and t = 3, we can write n = 2 + 4t. We determine jmax and νmax.

jmax =

⌊
n

1 + t

⌋
− 1 =

⌊
14

4

⌋
− 1 = 2,

νmax =

⌊
d− 3

t

⌋
+ k − 2− jmax = −1.

Since νmax = −1, then the critic monomial does not exist. Setting, ω0 = x1xn = x1x14,
then, we have two forward monomials
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ω1 = x2x5x14,

ω2 = x2x6x9x14.

Hence

I =B3

(
x1x14, x2x4x14, x2x5x7x14

)
=
(
x1x4, x1x5, x1x6, x1x7, x1x8, x1x9, x1x10, x1x11, x1x12, x1x13,x1x14,

x2x5x8, x2x5x9, x2x5x10, x2x5x11, x2x5x12, x2x5x13,x2x5x14,

x2x6x9x12, x2x6x9x13,x2x6x9x14

)
is the 3–spread strongly stable ideal we are looking for. The highlithed monomials are the
3–spread Borel generators of I. The Betti diagram of I is

0 1 2 3 4 5 6 7 8 9 10
2 : 11 55 165 330 462 462 330 165 55 11 1
3 : 7 28 56 70 56 28 8 1 - - -
4 : 3 9 10 5 1 - - - - - -

5 The general initial degree case

Theorem 1 gives the maximal number of corners allowed for a t–spread strongly stable ideal
whenever the initial degree of the ideal is two.

Nevertheless, it is worthy to see how this number changes with respect to the initial
degree of the given t–spread strongly stable ideal I.

In this Section, if I is t–spread strongly stable ideal, we focus on indegI = `1 ≥ 3
pointing out the differences with the case `1 = 2 (Theorem 1).

Theorem 3. Let n, t, k be three positive integers such that n, t ≥ 2 and k ≥ 3. Assume

n = d+ kt, 1 ≤ d ≤ t.

Then, an ideal I ∈ St,n,1 of initial degree `1, 3 ≤ `1 ≤ k +
⌊
d−2
t

⌋
+ 1, and with a corner in

degree `1 can have at most

k +

⌊
d− 2

t

⌋
− (`1 − 2)

corners.

Proof. The proof is very similar to that of Theorem 1. We prove the existence of a t–spread
strongly stable ideal I ∈ St,n,1 of initial degree `1 generated in degrees `1, `1 + 1, . . . , k +⌊
d−2
t

⌋
− (`1 − 2) + `1 − 1 = k +

⌊
d−2
t

⌋
+ 1 and such that

|Corn(I)| = k +

⌊
d− 2

t

⌋
− (`1 − 2).

Firstly, we set ω0 = x1x1+t · · ·x1+(`1−2)txn and G(I)2 = Bt(ω0).
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We claim that for all j = 1, 2, . . . , k +
⌊
d−2
t

⌋
+ 1, there exist t–spread monomials

ω1, ω2, . . . , ωk+b d−2
t c−(`1−2)−1 such that

ωj = max
>slex

{
u ∈Mn,j+`1,t : u /∈

j−1⋃
i=0

Shadj−it (Bt(ωi)) and max(u) = n
}
.

Set

Ωj :=
{
u ∈Mn,j+`1,t : u /∈

j−1⋃
i=0

Shadj−it (Bt(ωi)) and max(u) = n
}
.

Let us consider the case k = 3.
If d = 1, then n = 1 + 3t and `1 = 3. Then, we set ω0 = x1x1+tx1+3t. Since M1+3t,4,t =

{x1x1+tx1+2tx1+3t} and x1x1+tx1+2tx1+3t ∈ Shadt(Bt(ω0)), we cannot construct ω1 and,
in such a case, a t–spread strongly stable ideal with `1 = 3 can have at most one corner.

If d ≥ 2, then n = d+ 3t.
In particular, if d = 2, then 3 ≤ `1 ≤ k +

⌊
d−3
t

⌋
+ 1 = 3. Since `1 = 3, we set

ω0 = x1x1+txd+3t and ω1 = x1x2+tx2+2txd+3t. Hence, we get two corners.
If d ≥ 3, then k +

⌊
d−3
t

⌋
+ 1 = 4 and `1 ∈ {3, 4}. If `1 = 3, we set ω0 = x1x1+txd+3t,

and ω1 = x1x2+tx2+2txd+3t. Since |Mn,5,t| =
(
d+4−t

5

)
= 0, we cannot construct ω2 and we

can have at most two corners. If `1 = 4, setting ω0 = x1x1+tx1+2txd+3t, since Mn,5,t = ∅,
we can have at most one corner.

Let k ≥ 4. For j ≥ 1, we consider the monomials

ωj := x1x1+t · · ·x1+(`1−3)t

( j−1∏
i=0

x2+i+(`1−2+i)t

)
x(j+1)+(`1−2+j)txd+kt

= x1x1+t · · ·x1+(`1−3)tx2+(`1−2)t · · ·x(j+1)+(`1−2+j)txd+kt.

(5.1)

The monomials ωj are t–spread as long as j is such that (j + 1) + (`1 − 2 + j)t ≤ n− t.
We determine the greatest such an integer. We have

jmax = max
{
j : (j + 1) + (`1 − 2 + j)t ≤ n− t

}
.

Proceeding as in the initial degree two case, we have that

jmax =

⌊
n− (`1 − 2)t

1 + t

⌋
− 1,

and ωj = max Ωj , for all j = 1, . . . , jmax. Now, let

ωjmax
= xi1xi2 · · ·xi(jmax+`1)

= x1x1+t · · ·x1+(`1−3)t

( jmax−1∏
i=0

x2+i+(`1−2+i)t

)
x(jmax+1)+(`1−2+jmax)txd+kt.

We have

d+ kt− [(jmax + 1) + (`1 − 2 + jmax)t] = n− [(jmax + 1) + (`1 − 2 + jmax)t] ≤ 2t
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and

s = 2t−
[
n− [(jmax + 1) + (`1 − 2 + jmax)t]

]
= 2t− n+ jmax(1 + t) + 1 + (`1 − 2)t.

Hence, it follows that

i(jmax+`1−3−s) + 1 = 2 + jmax − 2− s+ (`1 − 2 + jmax − 2− s)t+ 1 = d+ (k − 4− s)t.

Now, we distinguish two cases: jmax + `1 − 3− s ≥ `1 − 2, jmax + `1 − 3− s < `1 − 2.
Let jmax + `1 − 3− s ≥ `1 − 2. As in Theorem 1,

max Ωjmax+1 = ωjmax+1 = xi1xi2 · · ·xi(jmax+`1−4−s)

( k∏
i=k−4−s

xd+it

)
. (5.2)

Observe that i`1−2 = 1 + (`1 − 3)t and i`1−1 = 2 + (`1 − 2)t.
Since

im+1 − im =

{
t, for m = 1, . . . , `1 − 3,

t+ 1, for m = `1 − 2, . . . , jmax + `1 − 5− s,

then

max Ωjmax+2 = ωjmax+2 = xi1xi2 · · ·xi(jmax+`1−4−s−t)

( k∏
i=k−4−s−t−1

xd+it

)
.

Finally, we can construct the monomials

ωjmax+1+ν = xi1xi2 · · ·xi(jmax+`1−4−s−νt)

( k∏
i=k−4−s−ν(1+t)

xd+it

)
,

as long as i(jmax+`1−3−s−νt) ≥ i`1−2, i.e. jmax+`1−3−s−νt ≥ `1−2, i.e. jmax−1−s−νt ≥ 0.
Now, let us determine

νmax = max
{
ν : jmax − 1− s− νt ≥ 0

}
.

If ν is such that jmax − 1− s− νt ≥ 0, then νt ≤ jmax − 1− s. Hence

νt ≤ jmax − 1− s = jmax − 1− 2t+ n− jmax(1 + t)− 1− (`1 − 2)t

= jmax − 1− 2t+ d+ kt− jmax − jmaxt− 1− (`1 − 2)t

= d− 2 +
(
k − 2− jmax − (`1 − 2)

)
t.

We have

νmax =

⌊
d− 2 +

(
k − 2− jmax − (`1 − 2)

)
t

t

⌋
=

⌊
d− 2

t

⌋
+ k − 2− jmax − (`1 − 2),

and we can construct further νmax t–spread monomials ωjmax+2, . . . , ωjmax+νmax+1.
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Finally, we have constructed the 1 + jmax + 1 + νmax monomials

ω0, ω1, . . . , ωjmax , ωjmax+1, ωjmax+2, . . . , ωjmax+1+νmax

which satisfy our claim. Note that

1 + jmax + 1 + νmax = 1 + jmax + 1 +

⌊
d− 2

t

⌋
+ k − 2− jmax − (`1 − 2)

= k +

⌊
d− 2

t

⌋
− (`1 − 2).

As in the initial degree two case, ωjmax+νmax+1 is the last monomial of the type required in
the claim, that we can construct.

Now, suppose jmax + `1 − 3− s < `1 − 2.
Again, using the same arguments as in in the initial degree two case, one can show that
jmax ≥

⌊
d−2
t

⌋
+ k − 1− jmax − (`1 − 2) and νmax ≤ −1 and that νmax = −1.

Hence, in such a case, we get jmax + 1 monomials (ω0, ω1, . . . , ωjmax
). Moreover,

jmax + 1 = jmax + 1 + 1 + νmax = k +

⌊
d− 2

t

⌋
− (`1 − 2).

It is important to underline that in both cases we determine k+
⌊
d−2
t

⌋
−(`1−2) monomials,

also when the critic monomial ωjmax+1 does not exist.
Setting

I = Bt
(
ω0, ω1, . . . , ωjmax

, ωjmax+1, ωjmax+2, . . . , ωjmax+1+νmax

)
,

the existence of the monomials ωj , together with Characterization 1, guarantees that the
ideal I is an ideal of St,n,1 with a corner in degree `1 in S and such that

|Corn(I)| = k +

⌊
d− 2

t

⌋
− (`1 − 2) =

⌊
n− 2

t

⌋
− (`1 − 2).

The next result (analogous to Theorem 2) covers the case t = 1 in [2] and the cases
t ≥ 2 in this paper.

Theorem 4. Let n = d + kt be a positive integer, with t ≥ 1, 1 ≤ d ≤ t and k ≥ 4. Let
1 ≤ r ≤ k +

⌊
d−3
t

⌋
be an integer. Given r pairs of positive integers

(k1, `1), (k2, `2), . . . , (kr, `r), (5.3)

with 1 ≤ kr < kr−1 < · · · < k1 ≤ n− t− 1 and 2 ≤ `1 < `2 < · · · < `r ≤ k+
⌊
d−3
t

⌋
+ 1, then

there exists a t–spread strongly stable ideal of S = K[x1, . . . , xn] of initial degree `1 and
with the pairs in (5.3) as corners if and only if kj + t(`j − 1) + 1 = n, for all j = 1, . . . , r.
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Example 7. Let n = 138 and t = 11, we can write n = 6 + 12t. Let `1 = 5. We have:

jmax =

⌊
n− (`1 − 2)t

1 + t

⌋
− 1 =

⌊
105

12

⌋
− 1 = 7,

νmax =

⌊
d− 2

t

⌋
+ k − 2− jmax − (`1 − 2) = 0.

Firstly, we set ω0 = x1x1+t · · ·x1+(`1−2)txn = x1x12x23x34x138. Then we determine the
jmax = 7 monomials given by (5.1). More precisely,

ω1 = x1x12x23x35x46x138,

ω2 = x1x12x23x35x47x58x138, ω5 = x1x12x23x35x47x59x71x83x94x138,

ω3 = x1x12x23x35x47x59x70x138, ω6 = x1x12x23x35x47x59x71x83x95x106x138,

ω4 = x1x12x23x35x47x59x71x82x138, ω7 = x1x12x23x35x47x59x71x83x95x107x118x138.

Following Theorem 3, we consider the integer

s = 2t−
[
n− [(jmax + 1) + (`1 − 2 + jmax)t]

]
= 22− [138− 118] = 2.

Since jmax + `1−3− s ≥ `1−2, then ωjmax+1 exists. Let ωjmax = ω7 = xi1xi2 · · ·xijmax+`1
=

xi1xi2 · · ·xi12 , then i(jmax+`1−3−s) + 1 = i7+5−3−2 + 1 = i7 + 1 = 72 and ωjmax+1 = ω8 is
given by (5.2), i.e.

ω8 = xi1xi2 · · ·xi(jmax+`1−4−s)

( k∏
i=k−4−s

xd+it

)
= x1x12x23x35x47x59 x72 x83x94x105x116x127x138.

This is the last monomial that we can determine, since νmax = 0. Finally, I = B11(ω0, . . . , ω8)
is the desired t–spread strongly stable ideal.

6 Conclusions and Perspectives

In this paper, following the approach used in [2] and [3], we have discussed the extremal Betti
numbers of t–spread strongly stable ideals and we have determined the maximal number
of admissible corners of a t–spread strongly stable ideal given its initial degree. As in [3],
it is important to “decompose” the integer n with respect to t. In a certain way, we have
divided n by t forcing the rest of the division to lie in the set {1, . . . , t}. In [2], a numerical
characterization of the possible extremal Betti numbers (values as well as positions) of the
class of squarefree strongly stable ideals was given. Theorem 4 characterizes the positions
of the extremal Betti numbers of the class of t–spread strongly stable ideals in the Betti
diagram. Nothing is known about the possible values of the extremal Betti numbers of such
a class of ideals. This question is currently under investigation by the authors of this paper
[4].



L. Amata, M. Crupi, A. Ficarra 33

References

[1] L. Amata, M. Crupi, Computation of graded ideals with given extremal Betti num-
bers in a polynomial ring, J. Symbolic Computation, 93, 120–132 (2019).

[2] L. Amata, M. Crupi, On the extremal Betti numbers of squarefree monomial ideals,
Int. Electron. J. Algebra, 30, 168–202 (2021).

[3] L. Amata, M. Crupi, Extremal Betti numbers of t-spread strongly stable ideals,
Mathematics, 7, 695 (2019).

[4] L. Amata, A. Ficarra, M. Crupi, A numerical characterization of ex-
tremal Betti numbers of t-spread strongly stable ideals, J. Algebr. Comb.,
https://doi.org/10.1007/s10801-021-01076-0 (2021).

[5] C. Andrei, V. Ene, B. Lajmiri, Powers of t-spread principal Borel ideals, Archiv
der Mathematik, 112, 587–597 (2019).

[6] C. Andrei-Ciobanu, Kruskal–Katona Theorem for t–spread strongly stable ideals,
Bull. Math. Soc. Sci. Math. Roumanie, 62 (110), 107–122 (2019).

[7] A. Aramova, J. Herzog, T. Hibi, Squarefree lexsegment ideals, Math. Z., 228,
353–378 (1998).

[8] D. Bayer, H. Charalambous, S. Popescu, Extremal Betti numbers and applica-
tions to monomial ideals, J. Algebra, 221, 497–512 (1999).

[9] M. Crupi, Extremal Betti numbers of graded modules, J. Pure Appl. Algebra, 220,
2277–2288 (2016).

[10] M. Crupi, Computing general strongly stable modules with given extremal Betti
numbers, J. Com. Alg., 12, 53–70 (2020).

[11] M. Crupi, C. Ferrò, Squarefree monomial modules and extremal Betti numbers,
Algebra Colloq., 23, 519-530 (2016).

[12] R. Dinu, Gorenstein T -spread Veronese algebras, Osaka J. Math., 57, 935–947
(2020).

[13] S. Eliahou, M. Kervaire, Minimal resolutions of some monomial ideals, J. Algebra,
129, 1–25 (2020).

[14] V. Ene, J. Herzog, A. A. Qureshi, t-Spread strongly stable monomial ideals*,
Comm. Algebra, 47, 5303–5316 (2019).

[15] D. R. Grayson, M. E. Stillman, Macaulay2, a software system for research in
algebraic geometry, available at http://www.math.uiuc.edu/Macaulay2.

[16] J. Herzog, T. Hibi, Monomial ideals, Graduate Texts in Mathematics, 260,
Springer–Verlag (2011).



34 Upper bounds for extremal Betti numbers

[17] J. Herzog, L. Sharifan, M. Varbaro, The possible extremal Betti numbers of a
homogeneous ideal, Proc. Amer. Math. Soc. 142, 1875–1891 (2014).

Received: 05.03.2021
Accepted: 26.05.2021

(1) Department of Mathematics and Computer Sciences, Physics and Earth Sciences,
University of Messina, Viale Ferdinando Stagno d’Alcontres 31, 98166 Messina, Italy

E-mail: lamata@unime.it

(2) Department of Mathematics and Computer Sciences, Physics and Earth Sciences,
University of Messina, Viale Ferdinando Stagno d’Alcontres 31, 98166 Messina, Italy

E-mail: mcrupi@unime.it

(3) Department of Mathematics and Computer Sciences, Physics and Earth Sciences,
University of Messina, Viale Ferdinando Stagno d’Alcontres 31, 98166 Messina, Italy

E-mail: antficarra@unime.it


