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Abstract
Z. W. Sun, V. J. W. Guo and C. Krattenthaler proposed several conjectures about
arithmetic properties of binomial coefficients. In this paper, we aim to give new results

for these conjectures or their extensions. In particular, we partially solve a conjecture
of Z. W. Sun.
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1 Introduction

Let n and k be nonnegative integers. The binomial coefficient (Z) is defined by ﬁlk)'
if £ < n, and is 0 otherwise. Binomial coefficients is an important class of integers in
mathematics. Accordingly, it has many properties and appears in all kinds of mathematical
fields.

For any prime p, we use v,(n) to denote the largest nonnegative integer e such that p°
divides n, that is, p® | n and p°™' { n. Here v,(n) is called the p-adic valuation of n. For
the calculation of the p-adic valuation of the binomial coefficient, we have the following
remarkable result of Kummer.

Theorem ([6], cf. [3]) For any integers 0 < k < n and any prime p:

k

Arithmetic properties of binomial coefficients are studied extensively in literature and
we refer the interested reader to consult articles [3], [2], [7]. Closely related to our object
in this article, in 2014, Guo and Krattenthaler [4] proved that Conjecture 1.2 of Sun [8] is
correct. Their result states that if a,b, n are positive integers and (bn + 1) | (*":"") for all
sufficiently large positive integers n, then each prime factor of a divides b. In other words,

if @ has a prime factor not dividing b, then there are infinitely many positive integers n such
that (bn+1) ¢ (a”+b").

Guo and Krattenthaler [4] proposed the following conjecture:

Vp <<n)> = t{carries when adding k to n — k in base p}.

Conjecture 1.1. ([4, Conjecture 7.2]) For any odd prime p, there are no positive integers
a > b such that

() =0 Guod 1)

for allm > 1.
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Yaqubi and Mirzavaziri [10] proved Conjecture 1.1 under the additional hypothesis ab #
0 (mod p) and they also provided a partial proof if p divides a. In this article we prove the
following general result.

Theorem 1.2. Let p be a prime, and let a,b,y > 0,8 > 0 be integers. Suppose a > b
and ay # p* — p for any positive integer uw > 2. Then there exist infinitely many positive
integers n for which
an
0 (mod pn —7).
<bn n B) #0  (mod pn —7)

When v = 1, we obtain the following consequence that improves a theorem of Yaqubi
and Mirzavaziri [10, Theorem 2.1].

Corollary 1.3. Let p be a prime, and let a,b,f > 0 be integers. Suppose a > b and
a # p* —p for any positive integer uw > 2. Then there exist infinitely many positive integers
n for which

(bna—t 5) #0 (mod pn —1).

Using some properties of the p-adic valuation, Yaqubi and Mirzavaziri [10] confirmed
another conjecture of Guo and Krattenthaler[4]: For any positive integer m, there are
positive integers a and b such that am > b and

amn
( - ) =0 (modan—1)

for all n > 1 ([4, Conjecture 7.3]). Regarding this conjecture, we will prove in Section 4 the
following result.

Theorem 1.4. For any positive integer m, there exist positive integers a such that

(427:71) =0 (mod (4an —1)(2an — 1))

for all n > 1. Furthermore, there exist positive integers a such that

12amn
an

) =0 (mod (12an — 1)(6an — 1)(4an — 1)(3an — 1)(2an — 1))

for allm > 1.
Guo and Krattenthaler [4] also proposed the following conjecture.

Conjecture 1.5. ([4, Conjecture 7.1]) Let o, 3, a,b be integers and let p be a prime number.
Suppose 0 < b < a and p does not divide a. Then, for each v = 0,1,...,p — 1, there are
infinitely many positive integers n such that

<ZZ i ;) =7 (mod p).
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For Conjecture 1.5, Vsemirnov [9] showed that (;Zig) = 0,1,4 (mod 5) if (a,B) €

{(0,0),(1,0),(1,1)} and (3212) =0,2,3 (mod 5) when («, 5) € {(2,1),(3,1),(3,2)}, which
can be used as counterexamples.

Much to our surprise, even knowing Conjecture 1.5 is false, proving the fact that there
exists a positive integer n such that (ZZI;) # 0 (mod p) is not easy, and that is still open

now. We will give a partial result below.

Theorem 1.6. Let o, 3,a,b be integers, and let p be a prime. Suppose p > a > b > 0.
Then there exists a positive integer n such that

an + «
(bn—i—ﬂ) #£0 (mod p).

In 2012, Sun [8] proposed the following conjecture.

Conjecture 1.7. ([8, Conjecture 1.10]) Let k and l be integers greater than one. If (k:) \
("™ (F'") for alln €N, then k=1 orl =2 or {k, 1} = {3,5}. If (*") | (,"*,) (5!") for all

n/\in—1 n—1/\in

n €N, then k=2 and l + 1 is a power of 2.
In this paper, we confirm Conjecture 1.7 partially by proving the following two theorems.

Theorem 1.8. Let k and | be integers greater than one. If (k:) | (l:;) (lfllfl) for alln € N,
then k=1 orl=2 or{k, 1} = {3,5}.

Theorem 1.9. Let k and [ be integers greater than one with k # 1. If (k:) | (nlfl) (kll:) for
alln € N, then k =2 and l + 1 is a power of 2.

Remark: To completely solve Conjecture 1.7, we need to show that for any positive
integer k > 3, there exists a positive integer n such that

((k—1)n+1) )((]f:)

However, we cannot do this now.

This paper is structured as follows. In Section 2, we state and prove several preliminary
results. Following that, in Section 3, we focus on introducing a special set that consists of
residue classes of binomial coefficients modulo a prime number p. In Section 4, we present
the proofs of Theorems 1.2 and 1.4, along with additional results related to Theorem 1.2.
Finally, in the last section, we provide the proofs for Theorems 1.8 and 1.9. Throughout
this paper, for a real number z, we let |z] denote the largest integer which is less than or
equal to z, and let {z} = x — | x| denote the fractional part of x.

2 Preliminary works

In 1878, Lucas [5] established an important result about the congruence of binomial coeffi-
cients that we recall below.
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Lemma 2.1. (Lucas [5]) Let n,m be nonnegative integers and p be any prime. Then

() = (o) (o) () o

where n = ng +n1p + - + ngp® and m = mo + map + - + mep®, 0 < my,n; < p for
1=0,1,...,k are the p-adic expansions of n and m, respectively.

As an immediately consequence of Lucas’ result, we have the following lemma.

Lemma 2.2. Let n and m be nonnegative integers, k and t; be positive integers, where
1 <i < k. Rewriten = no+nip"+- - -+npp* T and m = mo+mipt+- - myptrtote
where 0 < my,ng and 0 < my,n; < ptitt for 0 <i <k —1. Then we have

() = () o) = (o) ot

For a rational number & = m/n, where m € Z and n € N, we set v,(x) = vp(m) — vp(n)
for any prime p. The following lemma follows from the definitions of v,(z) and |z], and we
will use it in this paper.

Lemma 2.3. (1) A rational number x is an integer if and only if v,(xz) > 0 for all prime
numbers p.
(2) Let n be a positive integer. Then, for any integer m > 1, we have

I i R

We also need the following two results of Bober [1] and a result of Sun [8].

Lemma 2.4. (Bober [1, Lemma 3.2]) Let ay,...,ak, bi,...,br be nonnegative integers and

let
w (a1n)!... (agn)!

Then u, is an integer for all n if and only if the function

f@)=>"lagz] = |biz]

— 1=1
s monnegative for all © between 0 and 1.

Lemma 2.5. (Bober [1, Table 2]) Let n be a positive integer. Then

(15n)!(2n)! (15n)!(4n)!
Aon) a3 = 2 " {2n)iten)i(zn);

Lemma 2.6. (Sun [8, Theorem 1.6]) Let n be a positive integer. Then (10n + 1) (37?) \
15n) (5n—1
( 5n ) ( n—1 ) .

The following result is a direct consequence of Bober’s result in [1, Theorem 1.4].
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Lemma 2.7. Let k,l be positive integers greater than one. Then

(o) _ (n)((k—1)n)!
(k»y (k)N = Dn)!((k — 1)in)!

n

eN

if and only if k=1 ork=2 orl=2 or {k,1} = {3,5}.

To prove our main results, we also need the following technical lemmas on the floor
function.

Lemma 2.8. Let n > 0 and m > 1 be integers. Suppose m # 7,11 and m|(4n + 1). Then

2 (2 2] 2 0
Ifm=Tor 11, then [122| 4 |20] = |10 4 |dn| 4 30|,

Proof. For m # 7,11, it is sufficient to prove that

15n 2n 10n 4dn 3n
— S —r=q— ¢+ —p+s— 1L (2)
m m m m m
Since m | (4n + 1), there is a positive integer ¢ such that 4n + 1 = mt, where t = 1,3
(mod 4). We have

N = B

10771} {QOH}_{5mt_5}:m_5(ifm>3),

(o

{ m 2m 2m
{ﬁ

{

}{127”33}{3”“—3}_{ Sm=3 ift=1 (mod 4),

dm dm %, ift=3 (mod 4),

15n} {60n+15—15} {15mt—15}:{ 3m=15 " jf{ =1 (mod 4) and m > 3,

4m,
4dm dm mods 0 ift=3 (mod4), m > 11.

Therefore, we get
15n 2n 10n 4dn 3n
— Sy —¢=9— ¢ty — ¢ t+tq— ¢ L
m m m m m
For m = 3, then n =2 (mod 3) since 3|(4n + 1). Hence {152} + {2} =0+ 1 = 1 and
10n an 3n 2 2 1
— — —r—1l=-+- —1=-.
U b 5) e {5 ) medeoss

Hence the identity (2) holds for m = 3.
If m =7, then n =5 (mod 7) since 7|(4n + 1). Hence {122} + {22} =3 + 2 = £ and

7
W) f4n) [32) 1 6 1 8
7 7 T 7 7 T
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Consequently, we get {122} 4 {22} = {102} 4 fdn} 4 [3n1
If m =11, then n = 8 (mod 11) since 11|(4n+1). Hence {11} 4 {224 =04 5 =18

and
n) , f4n)  f3n) _3 10 2 15
11 11 mf 1 111
Therefore, we obtain {15”} + { } {10"} + { } { } This proves the lemma. 0O

Proposition 2.9. Let n be a positive integer. Then

(15n)!(2n)!

(n+ D711 g ) 3t ®)
Proof. Let

. 7-11-(15n)!(2n)!

" (4n + 1)(10n)!(4n)!(3n)!
Then, for any prime p, we have
15n 2n 10n dn +1 3n
= e o 55 (2 2] - 2222 - 2
By Lemmas 2.4 and 2.5, for any z € [0, 1], we have
|15x] 4+ |2z] — [10z] — |4x] — |3z] > 0. (4)

For a prime p and a positive integer 4, if p’ /(4n + 1), then by Lemma 2.3 (2) and by
applying (4) to z = n/pt, we have

e ) - 523 5o - - 3

If p|(4n + 1) and p® # 7,11, then by Lemma 2.8, we have

S LB L B e

If p|(4n + 1) and p* = 7 or 11, then by Lemma 2.8 again, we have

S =

Therefore v, (A,,) > 0 for any prime p. This completes the proof. 0

Lemma 2.10. Let n > 0 and m > 1 be integers. Suppose that m # 7,9,11,13 and

m | (2n+1). Then
O i ‘
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Proof. For m £ 7,9,11,13, it suffices to prove that

15n 4in 12n 5%03 2n
— oty —p=¢—,+q—¢p+y— L (6)
m m m m m

Since m | (2n + 1), 2n 4+ 1 = mt, where t = 1 (mod 2). Suppose that m = 3,5,7,9,11,13,

since m|(2n + 1), we get n = 1 (mod 3),2 (mod 5),3 (mod 7),4 (mod 9),5 (mod 11),6
(mod 13), respectively. Hence

0’%’0’%’57 it m =3,

07%7%70’%’ if m =5,

({1511} {4n} {1271} {Bn} {271})_ %’%’%’%’g’ fm=1,
w8 U G P G ) T (3agg) e
R T

%)%’%)%’%7 if m = 13.

If m > 15, then we have

(- (o) ot (- ()t
(B o ooty mos iy gl iy o
(- Pty ms

Therefore, for m # 7,9,11, 13, we have

el = el

If m=7or9or 11 or 13, then L%J + {@J = {@J + rmJ + L%”J This completes the

m m m

proof. 0

Lemma 2.11. Let n and m be positive integers with m > 1 such that m | (12n+1). Then

5 ] - 2 )+ »

Proof. 1t is sufficient to prove that

b e
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Now m | (12n 4+ 1) implies that there exists a positive integer ¢ such that 12n + 1 = mt,
where t =1,5,7,11 (mod 12). By calculation, we obtain

}_ 5mt—5}_ m=5 ift=1,5 (mod 12),
_{ T LSS ift=7,11 (mod 12),

=" ift=1,7 (mod 12),
-l ift=5,11 (mod 12),

melift=1,7 (mod 12),
ift=5,11 (mod 12).

=5 ift=1 (mod 12),

{5n}_{5mt—5}_ E”%;f, ift=5 (mod 12),
mt 12m J = 1’2”"%5, ift=7 (mod 12),
Tm—

5, ift=11 (mod 12).

Therefore, the equality (8) holds for all integers n > 0 and m > 1 with m | (12n 4 1).
Hence the lemma is proved. 0

Proposition 2.12. Let n be a positive integer. Then

(15n)!(4n)!

(2n+1)\7~9-11-13-m. (9)

Proof. Let
7-9-11-13- (15n)!(4n)!
(2n + 1)(12n)!(5n)!(2n)!

For any prime p, the p-adic valuation of B,, is given by

B, =

vp (Bn) = vp(7)+vp(9) +1p (11) + 15 (13)
(2 - - 2]

Using Lemma 2.10, by similar arguments to the proof of Proposition 2.9, we get v, (B,,) > 0
for any odd prime p. This completes the proof. 0

Similarly, by Lemma 2.11, we also have the following result.

Proposition 2.13. Let n be a positive integer. Then

(15n)!(4n)!

e D Gainieat
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3 A special subset of the residue class group 7,

In this section, we will consider a special subset of the residue class ring Z,. Throughout
this section, we let a > b be positive integers, «, 8 be any integers and p be prime satisfying
ged(p,a) = 1. Let

an + «

A(a,b;a, B5p) = {(bn+ﬁ

> (mod p), neN},

and write A(a,b;«, 8) for short when the prime p does not need to be mentioned, and
A(a,b) for short when (o, ) = (0,0) in addition.
Let’s begin with the following useful lemma.

Lemma 3.1. (i) For any z,y € A(a,b), we have zy € A(a,b).
(i) For any © € A(a,b),y € A(a,b;a, ), we have xy € A(a,b; o, ).

Proof. Since z,y € A(a,b), there are positive integers ni,ns € N such that
<ZZ§) =z (mod p) and (ZZE) =y (mod p).

Let m be a positive integer with p™ > ans. By Lemma 2.2, we have

(a(nlpm + ng)) B <cm1pm + an2> _ (am) (anQ) — oy (mod p)
b(nip™ + nso) bnip™ +bny )~ \bni /) \bna/) — y p-
This proves (i).

As for (ii), by the same argument as in (i), we choose m such that p™ > max{ang +
a,bny + B}. Then

(a(nlpm +ng) + a) _ (anlpm + (ang + a)) _ <an1) (an2 +a

= d p).
b(nip™ + no) + B bnip™ + (bns + B) by ) \bms H?) zy (mod p)

This completes the proof of (ii). 0
Here is an example of using this useful lemma to prove that there exist infinitely many

positive integers n such that
4 21
( n2—:—1 ) =r (mod 5)

for each r = 0,1,2,3,4. By the result of Vsemirnov [9], we have that (;Zi) =0,1,-1
(mod 5) holds for any positive integer n;. Note that when ny = 2,n3 = 68, Lemma 2.1

gives

(557 = () E) = rimaois (7372) = () () () =5

respectively. Hence, {0,1,2,3,4} C A(4,2;21,0;5) by Lemma 3.1. That is, the conclusion
is established.
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Remark 3.2. For any positive integers a,b,m and any prime p, by Lemma 2.2, we note

that
anp™ _ (an
(bnpm) = (bn) (mod p).

This implies that, for any integer r, if there exists a positive integer n such that (ZZ) =r

(mod p), then there are infinitely many positive integers n satisfying (‘gﬁ) =r (mod p).

For a positive integer m, let ¢(m) denote the Euler function, that is, ¢(m) is the
number of elements in the sequence 1,2, ..., m which are relatively prime to m. We have
the following proposition.

Proposition 3.3. Let o, 5, a,b be integers, and let p be a prime. Suppose 0 < b < a and p
does not divide a. Then 0 € A(a, b; «, ).

Proof. Since ged(p,a) = 1 and (ZZ) = ((afrg)n), we may assume that ged(ab,p) = 1, then
b | p?(® — 1. Let m € N and let n,, be the positive integer such that

by, = p™e® — 1.

As by, = (p—=1)+p(p—1)+---+ (p—1)p™?® =1, we have (§) # 0 (mod p) if and only

if angy, = bny, = p™® —1 (mod p™#®)). Hence a = b (mod p™#(*)), which is impossible
for sufficiently large m. Therefore, there are infinitely many positive integers n such that
(4"} =0 (mod p). Hence the result follows from Lemma 3.1. O

The following corollary follows immediately from Lemma 3.1 and Theorem 3.3.

Corollary 3.4. Let p be a prime and g be a primitive root modulo p. If there exists a

positive integer n such that
an
= mod
<bn) g (mod p),

then r € A(a,b) for each r=0,1,...,p— 1.
Moreover, Lemma 3.1 and Theorem 3.3 lead to the following two problems:

Problem 3.5. Is it true that there exists an n € N such that (ZZIE) #0 (mod p)?

Problem 3.6. What are the elements of the set A(a,b)?

We present partial results about these two problems. Let p be a prime, by Wilson’s

Theorem one always has
p—1
( . > =(-1)" (mod p),

hence (—1)* € A(p — 1,b). Theorem 1.6 is a special solution to Problem 3.5 under the
condition p > a > b > 0.

Proof of Theorem 1.6: Without loss of generality, we may assume that o > 0. We
can also suppose that 8 > 0 because (ZZIE) ((G_Z;’nfraa_ﬂ). Since ged(p, a) = 1, we can

find 0 < m; < p—1 such that am; + « = p— 1 (mod p), so am; + « = ayp+p—1
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and bmq + 8 = B1p + w1, where a1,81 > 0 and 0 < wy; < p— 1. Assume that « = up + v
and 8 = sp+t, where u, v,5,t >0 and 0 < wv,t < p— 1. Since b < a < p, we have

o = {amﬁ—aJ _ Lam1J+{gJ <utp—2
p p p

and

= [ P

where ¢, € {0, 1}.
Let n = nyp+ my. Then

(an+a> B (an1p+am1+a> _ (an1p+a1p+p— 1> :i<an1 + o
bn+ B bup+bmi+6)  \ bap+ fip+ wn bni + f1

) (mod p).

Repeating the above procedure, we finally have a nonnegative integer j such that a; < p,
Bj < p, and it holds
an + o an; + o
=4 J J mod p),
(bn+ﬁ) (b”j+/5’j) (mod 7)

bm; + B;—
me j 1J.

where
am; + o1
a; = { j j

» J and szt

If a; < B < p, then

am; bm;
Qj1 = {TJHJ and  fj41 = { ;HJ + €541,

where €;41 € {0,1}. Hence
P> Qi+ 1> ﬂj.:,.l. (11)

If Q41 < 5j+1 <p, then, by (11),

ajp1+1=F41 <p.

Since b < a < p, it holds

am;io + a; am;io+ Bir1 — 1 bm;
3+2 J+1J:{ J+2 T Pj+1 J>{ J+2+Bj+1J=ﬁj+2-

Oé‘+2={ =
! p p

Consequently, we can find a non-negative integer u such that p > o, > B, > 0. Let
Ny = p*, where k > 1. Therefore, by Lemma 2.1,

an + o ANy, + Oy, a\ (oy
=4+ =+ 0 d
(5= 50) = () (o) o oo
as desired. This completes the proof of Theorem 1.6.

Remark 3.7. Theorem 1.6 gives a partial result for Problem 3.5. The general problem is
difficult, we even do not know the answer of Problem 3.5 for p = 2.
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For Problem 3.6, we give in Theorem 3.8 the answer when a = b (mod p™*?) and
b<p™—2pmL,

Theorem 3.8. Let p be an odd prime, m € N, and let a and b be positive integers such
that a > b, a = b (mod p™*?) and b < p™ — 2p™~L. Then, for each r = 0,1,...,p — 1,
there exist infinitely many positive integers n for which

(‘;Z) =7 (mod p).

Proof. Let u be the least nonnegative integer such that p™ = bn; — u,n; € N. Then
we have u < b < p™ — 2p™~ 1 and bn; = p™ + u. Since b = a (mod p™*+2), we have
any = tp™ s +p™ 4+ u,ptt,s > 2. Let ng = p*+¢,0 < g < p—1. Now we consider the

residue class N
t m-rSs T
(( P+ p +u)n2) (mod ).
(p™ + u)nz

Then we have (p™ + u)(p® +g) = p™** + gp™ + u(p® +g), (tp™ ™ +p" +u)(p° +g) =
tp™ 25 4 (tg+1)p" TS+ gp™ +u(p®+9), and gp" +u(p®+g) < p™ TS sinceu < b < pm—2p™m 1
and s > 2. Hence by Lemma 2.2

<(tpm+s +p™ + u)ng) _ <tg + 1> <gpm +u(p® +9)

=tg+1 (mod p).
(p™ 4+ u)na 1 gp™ + u(p® + g)> g ( P)

Since g ranges from 0 to p — 1 and ged(¢,p) = 1, we get the desired result by Remark 3.2.
0

Next, we introduce several related examples.

Proposition 3.9. Let p be a prime, a,t be positive integers with p 1 t. Then, for each

r=20,1,...,p— 1, there are infinitely many positive integers n for which
tp* + 1
<( pet )n> =r (mod p).
n

Proof. Let n = p® + g, where 0 < g < p—1. Then
(P + 9)(tp® +1) = tp** + (tg + 1)p™ +g.

Now we choose the positive integer g such that tg + 1 is a primitive root modulo p (since
we have ¢(p — 1) ways to choose g), then we have

(72 ) Tt e

In conclusion, Proposition 3.2 follows from Corollary 3.4 and Remark 3.2. 0

Proposition 3.10. Let p be a prime. Then, for eachr =0,1,...,p—1, we haver € A(2,1).
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() () ()

be the multiplicative subgroup of Q generated by (%), (g), ceey (27?) Then we have ¢ € M,
for any prime g < 2n. We prove this by induction on n.

We have 2 = (i) e My, 3= (3)/(%) € M,. Assume that the statement holds for n, that
is, ¢ € M,, for any prime ¢ < 2n. If 2n 4 1 is not a prime, then the statement is obviously
true. If 2n + 1 is a prime, then

Proof. Let

(n+1(LY)
2n
2(3)
Therefore, any prime p < 2n belongs to M,,. Let g be a primitive root modulo p and ¢ be a

positive integer with 2¢t > p. Then g € M;. From Corollary 3.4, the proof of the proposition
is completed. 0

2n+1= € M.

4 Proofs of Theorems 1.2, 1.4, and some results related
to Theorem 1.2

In this section, we will prove Theorems 1.2 and 1.4, and additionally obtain some results
related to Theorem 1.2.
Proof of Theorem 1.1: Since a7y # p* — p for any positive integer u > 2, p + a-y has
a prime divisor ¢ # p, and hence ¢t ay. Let
q'rmp(a) -1

My =+~ meN.
a

For a positive integer m with (a — b)n,, > § and bn,,, + 8 > 0, we have
ATy qmw(a) —_ 1
= 0 dq).
On the other hand, we have

gree —1 ay+p
a a

L e =0 (mod g).

Therefore

(an:::: B) #0 (mod pny, —7)

for large enough positive integers m. This completes the proof of Theorem 1.2.
The following is a result similar to Theorem 1.2.

Theorem 4.1. Let a > b be positive integers, B > 0 and v > 0 be integers and p be prime
such that a > p and ay — p # p* for any nonnegative integer u. Then there exist infinitely
many positive integers n for which

(bnaz 5) #Z0 (mod pn + 7).
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Proof. Since ay — p # p* for any nonnegative integer u, ay — p has a prime divisor ¢ # p,

and hence ¢ 1 ay. Let
gmele)
Ny = ————, meN.
a

For the positive integer m with (a — b)n,,, > § and bn,,, + 8 > 0, we have

ANy, - qm‘”(“) —1
<bnm+ﬁ) = < by, + B ) #0 (mod q).

On the other hand, we have

gmele) 1 ay—p
Pim +7y =p- T = & =0 (mod g).
a a
Therefore
) #0 (mod pry +7)
bn, + 3
for sufficient large positive integers m. This proves Theorem 4.1. 0

Now we introduce the interesting example when a = (p+1),b = 1,8 =0, and v = 1.

Here we have
((p + 1)n> _pn+1 <(p +1)n

" " n—l)_o (mod pn + 1)

since ged(pn + 1,n) = 1. Hence

((p+ )n

)_O (mod pn + 1)
n

for all n > 1.
Proof of Theorem 1.4: Let p1 =2 <py; =3 < p3 =5 < --- be the sequence of prime
numbers. Choose s such that p, > 8m — 1 and put

s
a = le
i=1

By the choice of a, we have that ¢ > ps > 8m—1 for any prime divisor ¢ of (2an—1)(4dan—1).
We have, for a certain positive integer A,

R e ey

an an —2m —1
For any positive integer ¢ with 1 < ¢ < 2m, we have
ged(dan — 1,an —t) = ged(dt — l,an —t) <4t —1<8m—-1<gq
and ged(2an—1,an—t) < 2t—1 < 4m—1 < q. Hence gcd((4an—1)(2an—1),Hf:l(an—i)) =
1, which implies that

(422”1) =0 (mod (4an — 1)(2an — 1))
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for all n > 1.
Similarly, choose s so that ps > 72m — 1 and put

s
a = le
i=1

Now we have that ¢ > ¢s > 72m — 1 for any prime divisor ¢ of (12an — 1)(6an — 1)(4an —
1)(3an — 1)(2an — 1). We have, for a certain positive integer B,

(12amn) _ 12m®B(12an — 1)(6an — 1)(4an — 1)(3an — 1)(2an — 1) (12amn —6m — 1)
an (an—1)---(an —m)---(an —2m) - - (an — 6m)

an —6m — 1
For any positive integer ¢ with 1 < ¢ < 6m, we have
ged(12an — 1,an —t) = ged(12t — 1l,an —t) < 12t —1 < 72m — 1 < g,
and similarly,
ged(6an — 1,an —t) < q, ged(dan — 1,an —t) < q, ged(3an — 1,an —t) < q,
and ged(2an — 1,an — t) < gq. Hence
6m
ged((12an — 1)(6an — 1)(4dan — 1)(3an — 1)(2an — 1), H(an —1)) =1,
i=1
which implies

12amn
an

) =0 (mod (12an — 1)(6an — 1)(4an — 1)(3an — 1)(2an — 1))

for alln > 1. This proves Theorem 1.4.

5 Proofs of Theorems 1.8 and 1.9

In this section, we will prove Theorems 1.8 and 1.9. Let k,l > 1 be fixed integers. Denote
In\ (kin
Un = ("()k(nl)") (12)
Our strategy for proving these two theorems is as follows: We rewrite the formula in
Theorems 1.8 and 1.9 in the form of

; “Up, s,teN, ged(s,t) =1.

If U,, is not an integer, we use a similar argument to the proof of Bober’s Lemma [1, Lemma
3.3]. If U, is an integer, then k = or k = 2 or {k,l} = {3,5} by Lemma 2.7. Finally, we
prove the results case by case.
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Proof of Theorem 1.8: Let k,l > 1 be fixed integers. Denote
() ()
()

C, =

Then
In

Cp=——"7—U,.
kln—In+1
We first consider the case when U, ¢ N. Our argument here is similar to the proof of

Bober’s Lemma [1, Lemma 3.3], and we state it as follows.
Let

f(z) = |klz| + |(k = Vx| — |kz] — [( — Vx| — [(k — 1)lz].

Then, by Lemma 2.3, we know that there is at least one prime p, such that

vy (Uy) = if (:ﬂ) <.

Since f is a step function, there is some interval, say [, 8 + €], such that f(x) < 0 for all
x € [B,B + €] . Besides, there exists § > 0, such that f(z) = 0 for all z € [0,d]. Note that
if we could find some m and p such that € [3,8+¢| and 73 € [0,4], then we would

have f (%) <0 and f <p%) = 0 for all @ > 2. That is, if m and p simultaneously satisfy
pB<m<p(B+e) and 0 < m < p?6 for fixed € and 6, then

vy (Unm) :ailf (;) <.

For prime p large enough, say p > Pi, we get p>§ > p(B+¢) and for p large enough,
say p > P,, we have pe > 2. Therefore, there are at least two consecutive integers in the
interval (pg, pf + pe). We choose the integer in the interval which is relatively prime to p,
say mg. Therefore, for any p > P = max{P), P, I}, there exists an integer mq such that
ged(mo,p) =1 and vy, (Up,,) < 0.

Let Uy = where A, B € N and ged (A, B) = 1. Then p|B and ged(Img,p) = 1.
Since

A
B
l A

Crny = $7’

klmo — lmo +1 B

it follows that C,,, is not an integer. In other words, we can find mg such that (’ZZ;‘)) 1

(l:n"(?) (lifomfl) in this case.
Next we deal with the case when U,, € N. By Lemma 2.7, we have k = [ or k = 2 or
l=2or {k,I} = {3,5}. We divide the remaining proof into five cases.

Case 1: k =1. Then, by the definitions of U,, and C,,, we find that

oo kn U — kn k%n B k%n
" 2n—kn+1 " En—kn+1 kn) \kn—-1)

B kn
Ck2n—kn+1

Hence

Cn U, € N.
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Case 2: k=3,l=5. Then

ony (1on 15n)!(2n)!
U, = ("()3&‘;’") = (10(71)1(317(1)!(;71)!’ fin =t = Aon

Lemma 2.6 implies that

(10n+ 1) | (5:) (155:)

3n
5()
for all n € N, so
on
" 1On+1Un €.
Case 3: k=5,l =3. Then
(o) Cow) _ _ (15n)!(4n)!
U, = \n)lsn) _ Y kin—In+1=12n+1.
G @@aGaienr T n
Note that Proposition 2.13 implies that (12n + 1)|U,,. It follows that
3n
TS LU

Case 4: kK =2. Then

(ln) (2ln)
U, = %, kin—In+1=In+1.
In view of the case k = I, we may suppose that [ > 3. We take a prime number p that

satisfies p = Ir — 1, where [, € N and r > 4. Now consider the situation when n = 2p — r.
Thus

IR b R Y R E St e e S
p p 'Lp p lp p lp p p p

At this point, notice that
S8 £ b B G B R
p D p p D
which means that ol l ) (1)
n n n n —1)n
{7%@:@*5%{ P J

In+1=I12p—r)+1=2lp—p=(20—-1)p

Take notice of

and
2n+2= (4l —2)p = (41 = 2)(Ir — 1) < I>r? = 2lr +1 = p?,

which means that 2In < p?, so v, (Uy,) = 0 and v, (lflﬂ_ ) < 0. That is to say, In+ 11 U,,

which proves that

In
= ln—l—lU ¢
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Case 5: [ = 2. Then
2n\ (2kn
By Example 1.9 in Sun[8], we can get that C,, € N in this situation.

This completes the proof of Theorem 1.8.
Proof of Theorem 1.9: Let

kin—In+1=2kn—2n+1.

() ()

Dy, = (lm)
Then n
D = ln—n—i—lUn'

The proof of the case of U, ¢ N is completely analogue to that of the proof in Theorem
1.8. Consequently, we only point out the essential differences between the two proofs.

Suppose that U, = % ¢ N, where A, B € N and ged (4, B) = 1. Then every prime
p > P =max{Py, P} occurs as a factor in B. In addition,

mo A

Ty = ———0 =
° lmo — mg + 1B
Therefore, if prime p > max{P;, P} with (p,mo) = 1, then T}, is not an integer. That is

to say, we can find mg such that (’ZZ)O) { (WZIT—OJ (]Clin"zo) in this case.

Assume now U, € N. Similarly, by Lemma 2.7, we have k =l or k =2 or [ = 2 or
{k,1} = {3,5}. Hence we divide the remaining proof into four cases by the assumption that
k#1L

Case 1: k=3,1=05. Then

oy (on (15m)!(2n)!
Up = ( ()gé‘; ) (10n)!(4n)!(3n)!” o=

Proposition 2.9 implies D,, ¢ N in this case.
Case 2: k=5,1=3. Then

3n)\ (15n | |

) (12n)1(5n)!(2n)!

Proposition 2.12 shows D,, ¢ N in this case.
Case 3: [ =2. Then

(277,) (2kn)
_ n 2n
RGO
We can conclude from Sun’s result [8, Theorem 1.3(i)] that there are integers n > 0 such
that

in—-n+1l=n+1.

2n)\ (2kn
(n+1)] (2k+1)w,

()
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while (2 )<2k )
n -+ 1 n 2n
D)

Hence .

Case 4: k£ = 2. Then
in—-—n+1l=In—-—n+1.

We can conclude from Sun’s result [8, Theorem 1.3(ii)] that there are integers n > 0 such

that ” )(l
n n
/(ln n)
(ln—n+1)|(I+1) Gl
n
while s 1
(i) (i)
where (I + 1)’ is the odd part of (I + 1). Note if (I + 1) is a power of 2, then (I + 1) =1,
thereby

_ o (MG

In conclusion, the proof of Theorem 1.9 is completed.
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