Bull. Math. Soc. Sci. Math. Roumanie
Tome 67 (115), No. 4, 2024, 471-482

The Lehmer problem and Beatty sequences
by
VIcTor ZHENYU Guo™, Yuan Y1(®

Abstract

Let a and ¢ be positive integers. The D. H. Lehmer problem introduces the distri-
bution of the set

{a:a<q(a,q)=1,ab=1mod q,2ta+ b}.

Zhang gave the initial approach. Lu and Yi considered a generalization of the Lehmer
problem, which restricts the integers in short intervals. In this paper, we study a more
general problem. Let

Ba,g = (lan + B]);Z,

be the Beatty sequence. Let ¢ be a positive integer with (n,q) = (¢,q) = 1, 0 <
01,02 < 1. We investigate the distribution of the set

{a:a<dq,b<d2q,ab=cmod g,nfa+bac Bypg}.
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1 Introduction

Let g be a positive integer. For each integer a with 1 < a < ¢, (a,q) = 1, there is a unique
integer b with 1 < b < ¢ such that ab=1 (mod ¢). We denote b by @. Let

r(q) =#{a:1<a<q (a,q) =1,2ta+a}.

The original problem is suggested by D. H. Lehmer (see [1, P. 251, F12]) to investigate a
nontrivial estimation for 7(¢) when ¢ is an odd prime.

Zhang [12, 11, 10] gave the initial approach and obtained asymptotic formulas for r(q),
one of which reads as following:

4) = ola) + Ola*d*(a) log? o).

Liu and Zhang [4] considered two cases of the generalized Lehmer problems in special sets
on r-th residues and primitive roots respectively, obtained two interesting hybrid mean
value formulas of the error terms.
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The Lehmer problem was generalized by Lu and Yi [5] in the sense of short intervals.
Let n > 2 be a fixed positive integer, ¢ > 3 and ¢ be two integers with (n,q) = (¢,q) = 1.

Let
!/ /
Tn(51a627c7;q) = Z Z 1 (0<61752§1)5
a<d1q b<d2q
ab=c mod q
nta+b

I
by Z we indicate that the variable summed over takes values coprime to the number gq.
By several methods of character sums, Gauss sums and Kloosterman sums, they proved

ra(01,82,¢:9) = (1 — 1) 61820(q) + O(q* d°(q) log? g).

Based on the results obtained, we find that the Lehmer problem also has good distribu-
tion properties on some special sequences. It is interesting to generalize the Lehmer problem
in short intervals like Liu and Zhang’s paper [4] related to r-th residues and primitive roots.
In this paper, we study the mean value distribution of the generalized Lehmer problem
related to a generalized arithmetic progression.

For fixed real numbers « and 3, the associated non-homogeneous Beatty sequence is the
sequence of integers defined by

Bag = (lan+B])2:

where [t]| denotes the integer part of any ¢ € R. Such sequences are also called generalized
arithmetic progressions. If « is irrational, it follows from a classical exponential sum esti-
mate of Vinogradov [9] that B, g contains infinitely many prime numbers; in fact, one has
the asymptotic estimate

#{prime p <z :p € Bag} ~ a " lr(x) as T — 00,

where 7(z) is the prime counting function.
For any irrational number «, we define its type 7 = 7(«) by the following definition

T = sup {t € R : liminf n'||an| = O}.
n—oo

Using Dirichlet’s approximation theorem, one can see that 7 > 1 for every irrational number
a. Thanks to the work of Khintchine [2] and Roth [6, 7], it is known that 7 = 1 for almost
all real numbers, in the sense of the Lebesgue measure, and for all irrational algebraic
numbers, respectively. Moreover, if a is an irrational number of type 7 < oo, then so are
a + 6 with @ a rational number, a~! and na~! for all integer n > 1.

We denote

/ /
(01, 02,00, 850) = Y Y1 (0< 1,0, <1)
a<d1q b<daq
ab=c mod q
nta+b
a€Ba,p

and obtain the following result.
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Theorem 1.1. Let n > 2 be a fized positive integer, ¢ > 3 and c be two integers with
(n,q) = (¢,q) = 1, 01,02 be real numbers satisfying 0 < 61,02 < 1. Let « > 1 be an
wrrational number of finite type T. Then we have the following asymptotic formula

a1, 82,00, 5:0) = (1= n™1) @~ idagela) + O ((wla) 7).

where (-) is the Euler function, € is a sufficiently small positive number and the implied
constant only depends on n.

Since 7 = 1 for almost all real numbers, Theorem 1.1 gives an “almost all” result, which
gives an error term corresponding to the error term in classical Lehmer problems.

Corollary 1.2. Let n > 2 be a fixzed positive integer, ¢ > 3 and c be two integers with
(n,q) = (¢,q) =1, 41,02 be real numbers satisfying 0 < 61,92 < 1. For almost all irrational
numbers a > 1, we have that

rn(01,82,¢,0, B5q) = (1= n7") o 01d200(q) + O (Q%JFE) ;

where p(+) is the Euler function, € is a sufficiently small positive number and the implied
constant only depends on n.

2 Preliminaries

2.1 Notation

We denote by [t| and {t} the integer part and the fractional part of ¢, respectively. As is
customary, we put

e(t) =€ and  Y(t)=t— [t] — .

The notation ||¢|| is used to denote the distance from the real number ¢ to the nearest
integer; that is,
I£]] == min |t — n|.
neZ

Let P denote the set of primes in N. The letter p always denotes a prime. For a Beatty
sequence (|an + 3])%2,, we denote w = a~! and v := a~1(1 — 3). We use notation of
the form m ~ M as an abbreviation for M < m < 2M. Let x" be the principal character
modulo gq.

For an arbitrary set S, we use 1s to denote its indicator function:

1 ifneS
1 = ’
s() {0 ifnds.

We use 1,3 to denote the characteristic function of numbers in a Beatty sequence:

1o 5(n) = 1 if n € By g,
T 00 ifn g Bag.
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Throughout the paper, € always denotes an arbitrarily small positive constant, which
may not be the same at different occurrences; the implied constants in symbols O, < and
> may depend (where obvious) on the parameters a,n, e but are absolute otherwise. For
given functions F' and G, the notations F' < G, G > F and F = O(G) are all equivalent
to the statement that the inequality |F| < C|G| holds with some constant C > 0.

2.2 Technical lemmas
We need the following well-known approximation of Vaaler [8].

Lemma 2.1. For any H > 1, there exist numbers ap, by such that

1
b < —=

‘W)— > aheth‘ > bue(th), an< 7

1
TR
0<|h|<H |h|<H 1]

The following lemma provides a convenient characterization of the numbers that occur
in the Beatty sequence B, 3.

Lemma 2.2. A natural number m has the form |an + ] if and only if 1, g(m) = 1, where
1,3(m) = L—a’l(m — 5” — {—ofl(m +1- ﬁ)J

Proof. Note that an integer m has the form m = [an + (] for some integer n if and only if

- — 1
m=B o m=BrL

@ @
O
Lemma 2.3. Let a € R, Q be an integer and P a positive integer. Then
Q+P 1
e(ax)| < min (P, ) .
:Zm 2al
Proof. See [3, Lemma 1]. d

2.3 Integers in Beatty sequences

Lemma 2.4. Let a,q be positive integers, § € (0,1) be a real number, 0 be a rational
number. Let o be an irrational number of finite type 7 and H > 0. We have

Z (fa) =a! Z (0a) + O (|0 'q™ + ¢°).
a<dq a<diq
aeBa,ﬁ

Proof. We start by Lemma 2.2, then

D e(fa)= > 144(a)e(0a)

a<dq a<dq
(LGBayg
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where
= |-« B)| - |-aHa+1-p)]
=o'+ 1/)( (wla+1-p)) —¢(-w(a—p)).

We deduce that
D e(fa)=a"' Y e(fa)+ Si+ O(Ss),

a<dq a<dq
aGBa‘/a
where
S = Z e(fa) Z ap(e(wh(a +1— B)) — e(wh(a - B)))
a<dq 0<|h|<H
and

Sy= elfa) Y bu(e(wh(a+1-F))+e(wh(a—p)))

a<éq |h|<H
by Lemma 2.1 and H := ¢°. Let

vp, = e(—whpB)(e(wh) — 1) < 1.

S| = Z apvp, Z (0 +wh)a (1)

0<|h|<H a<éq

For S;, we have that

By Lemma 2.3, we have
1
—_— ] . 2
T e+t < < min (190) g @

For any sufficiently small ey > 0, since 8/h+w is of type 7, there exists some constant ¢ > 0
such that

H <Z +w> hH >ch T, h>1. (3)
Insert (2) and (3) to (1), it follows that

Sl < Z h_lhT+Eo < HT+80 < qs.
0<h<H
The contribution from h = 0 of S is
1 — — -1 _—¢
S e(ba) < B0 < 0]
a<dq
The contribution from h # 0 of Sy is similar to Sp, which is

< Z H'h™te « H™* <« ¢°.
O0<h<H
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We remark that by taking
1
H = 0| =1e,

we have the optimal error term in Lemma 2.4, which gives that
> elba)=at Y e(ba)+ 0 (oI (FF+)).

a<dq a<d1q
aEBa,ﬁ

However, this optimization gives no better bound to our theorem. That is the reason we
keep the easy estimation of Lemma 2.4.

Lemma 2.5. Let a,q be positive integers, § € (0,1) be a real number, 6 be a rational
number. Let o be an irrational number of finite type 7. We have

S 1= a'5p(g) + O ((p(a) 7).

a<dq
a€Ba .

Proof. The method is similar to the proof of Lemma 2.4. By Lemma 2.1 and Lemma 2.2

ST 1= 1asle) = T+ T+ T,

a<dq a<dq
aEBa,g

where

Try=>» Y  anlewhla+1-p)) —e(whla—B)))

a<8q 0<|h|<H

Ty= 3 3 bule(wh(a+1—B))+e(wh(a—8))),

a<dq |h|<H

with )
H:=(p(q))77 %, ap<|b]™", by < |H|"

By a well-known estimation, it follows that
T = a™'op(q) +O(1).

To be short, let

and
vy, = e(—whp)(e(wh) — 1) < 1.
We conclude that

Z Z a)apvpe(wha)

a<dq 0<|h|<H
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Z apvp Z g(a)e(wha)

0<|h|<H a<dq

Z ahthu(d) Z e(whbd)

0<|h|<H dlq b<8q/d

:Zu(d) Z apvp Z e(whbd).

dlq 0<|h|<H b<dq/d

By Lemma 2.3, we have
dq 1
E hbd) < mi — = . 4
elenbd) medJ 2||whd|) W
b<6q/d

For any sufficiently small €y > 0, since wd is of type 7, there exists some constant ¢ > 0
such that
lwhd|| > ch=T7%0, h > 1. (5)

Insert (5) to (4), we derive that

T <<Z Z BolpTteo <<H‘r+sgzl <<H-r+s < (w(q))%ﬂﬁ-sl
dlqg 0<h<H dlq

The contribution from h = 0 of T3 is

/ T
<H 'Y 1< H o(q) < (p(g) 7.

a<dq

The contribtuon from h # 0 of T3 is similar to T5, which is

>

dlq

w(d) S H W

O0<h<H

< HTF N "1 < (p(q)) 7,
dlq

which is the same as T5.

3 Proof of Theorem 1.1

We begin by the definition
Tn((slv 527 (N Ba Q) = Sl - 827

where , ,
Si=3, > 1
a<d1q b<d2q

ab=c mod q
a€Bqy
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and

I I
Sp= > Y L
a<61q b<d2q
ab=c mod ¢q
nla+b
O.GBaﬁ

We work on Sy, then
!/ /
S1=2. D laplo)

a<d1q b<d2q
ab=c mod q

= ZZZ ¢)1a,5(a)

a<61q b<{d2q x mod ¢q

= S11 + Sia,
where )
/
Sip = 2@ Z Las(a)
a<019b<029
and
1 o I ’
Sizi= s > xle) x(@)las(a) | | D x(®)
q x mod g a<di1q b<d2q
x#x°

For S,, it follows that

1
Sy = T;ZZ aﬁ()

q b<{d2q x mod ¢q

nla+b
= Sa1 + S22,
where )
S s 3 Y sl
a<d1q b<d2q
nla+b
and .
/ !
Sa2 f:ﬁ Z X(c) Z Z x(ab)1qs(a)
P moda  a<biq b<baq
x#x° nla+b

3.1 Estimation of Sy
By the classical bound

S 1= b1pla) + O(d(g)),

a<d1q
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and Lemma 2.5, we have

&

(q))> > tasle

S = (52 +0 <
a<d1q

_ (52 +0 < q))> “1o1(q) + O ((0(g)77+9))
= a"181820(q) + O ((0(q)) 77 7) .

‘6

‘G&

3.2 Estimation of Sy

Our estimation follows from the argument of [5, Equation (9)], which is

S21= 2 Z Lagla) > Y wd)

a<61q b<d2q  d|(byg)
b=—a mod n

—%zlw SOWIUND I

)55l dlq bﬁfﬁq
b=—a mod n

g X st St (22 0)

a<51q dlq

=R @ (222 4 otata))

q)

©

‘G

1

n

= a'510on 7 o(q) + O (((q) 7 177) .
Combining (6) and (7), we have
(01,02, ¢,0, 81¢) = (1 —n~ a1 6102¢(q)
+S12 = S22 4+ O (((g)) 7F17°) .

3.3 Estimation of Sy and S
We begin with

1 B ’ n a+b
Sn = X X0 Y 1ol Y x(o Ye (4
Pl x mod g a<d1q b<d2q =1
x#x"

- X TOY ( > Las(@x(a)e (ZZ))

X mo(tq =1 a<d1q
XF#X

<p( ] (o "610(q) + O ((0(q) 7779)) ((W(Q) + O(d(q)))

)

479
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. (g;q x(b)e (21)) )

Let

q 1 qg—1
x(a) == ;G(T, x)e (—CZ) = gr:1G(T’X)e (—CZ)
and ;
LT £0
n q

for 1 <I<n,1<r<qg—1and (n,q) =1 By the same argument of [5, Equation (13)],
we have

5 e (1) = 1 3 Gtrayg L), (10)
b<{d2q " q ro=1 e (% - %) -1
where l
f(&l,?";mq) =1-e ((n - 2) \_5QJ>
and

|f(527 l» rn, q)| < 2.
For a, by Lemma 2.4 we have

> Lasla)x(ae (£1)

a<d1q
q—1 l
| o Fan((5)9)
a<51q ri=1 n q
= Z G(r1,X) Z 1,5(a)e <<l — Tl) a)
r1 1 a<di1q n q

1 q—1 l —€
=— Y G(r,x) Ze<<ﬁ>a)+0 lq o
aq o n q || - ||
1 61,1, —c
_ = Z G(th) f( 1, arlvnaq) +0 < lq — +q5> (11)
aq — e(%—%)—l ||;*?H

Combining (9), (10) and (11), we bound Ss2 by bounding

So3 = ano(q o Z Z Z G(r1, x (5%71,7“1,)”_@1

= 1xmodq ri=1 9  n
x#x°
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q—1
02,1, 231,
3 Gl ) LT,
7"2—1 e(%*ﬁ) 71
q—1 1
S e X w0 (S et )
1= 1xmodq r1=1 n q
x#x°
= f(éQ,l,’l"Q,’l’L q)
> Glra, ) ===
7‘2:1 e ?2_%) _].
— = f (02,1, r95m, q)
250,172,170,
525 = ane(q anp(q)g>—< Z Z Z G(r1x) Z G(T2,X)(T2_l)_l-
= lxmodq ri=1 ro=1 e P "
x#x"

By the same argument of [5, Page 1273], it follows that

2
d2 n q—1 r,
Soy < 3/(23)5 ( q) <<q1/2d6( )log q,
q =\ S |e (1 _ L) 1
=1 \r=1 q
d2(q n g-1 q—1 »
Sos K 3/(2_)8 (r1,q) (r2 l) < ¢/ d4(g) log g
q I=1r1=1 ra—=1 ‘e (T; -+ - 1’

Hence eventually we derive

822 < q1/2+6.
Taking that n = 1, we know that

Sy < qV/2e.
With (8), the proof is complete.
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