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Abstract

In this paper, we use a vector-valued conditioning function to define a conditional
Fourier-Feynman transform (CFFT) on the Wiener space. We establish the exis-
tence of the CFFT for bounded functionals which form a Banach algebra. We then
investigate Fubini theorems for the CFFT. The Fubini theorems for the transforms
investigated in this paper are to express the iterated CFFT as a single CFFT. The
conditioning functions in the Fubini theorems are uncorrelated finite-dimensional ran-
dom vectors on the Wiener space.

Key Words: Wiener space, conditional Fourier-Feynman transform, uncorre-
lated random vector, Fubini theorem.

2020 Mathematics Subject Classification: Primary 46B09, 46G12; Sec-
ondary 28C20.

1 Introduction

The Feynman—Kac functionals are given by Fi(xz) = exp{fot 0(s,z(s))ds} where 0 is a
complex-valued potential on [0,T] x R. The conditional Feynman integrals of the Feynman—
Kac functionals are important in a branch of the study of the Schrodinger equation. By a
Feynman—Kac formula, many physical problems concerning the Schrédinger equation can be
represented in terms of the conditional Feynman integral E*"f«(F}|X;) of the Feynman-Kac
functional F}, where X;(z) = z(t). Moreover, the conditional Feynman integral provides
solutions of the integral equations which are formally equivalent to the Schrédinger equation
[10, 12, 18, 22, 23, 28]. We are obliged to point out that the conditional Feynman integral
was defined in terms of the conditional Wiener integral. Based on this background, eval-
uation formulas for conditional Wiener integrals have been established through the papers
[22, 23, 24, 28]. For a detailed survey of the conditional Wiener and Feynman integrals, see
[8].

On the other hand, the Fourier—Feynman transform theory is very important in the study
of infinite dimensional analysis. The theory of the analytic Fourier-Feynman transform
suggested by Brue [1] now is playing a central role in the analytic Feynman integration
theory and its applications. The classical Fourier—-Feynman transform and several analogies
have been improved in various research articles. For instance, see [2, 5, 6, 7, 13, 14, 15, 16].
This transform and its properties are similar in many respects to the ordinary Fourier
transform of functions on Euclidean space. For an elementary introduction of the Fourier—
Feynman transform, see [26].
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Studies of conditional Wiener and Feynman integrals given finite dimensional condition-
ing functions were performed with additional topics in [9, 11, 12, 22, 28]. The concept of a
CFFT was suggested by Park and Skoug in [25]. The structure of the CFFT is based on the
conditional Wiener and Feynman integrals. In [25], using a one-dimensional conditioning
function X on the classical Wiener space Cy[0,T], the space of continuous functions on the
time interval [0,7] such that xz(0) = 0, Park and Skoug defined the CFFT, T,(F|X), of
functionals F' on Cy[0,T]. Since then, the theory of CFFTs for functionals on Cy[0,T] has
been developed by many authors. For example, see [6, 8, 9].

In view of these background illustrated above, it is worth-while to improve the study
of conditional analytic Feynman integrals and CFFTs for functionals on the Wiener space
Cp[0,T]. As a development of these integrals and transforms, we in this paper investigate
some aspect of the conditional analytic Feynman integral and the CFFT for functionals
on Cy[0,T]. The outline of this paper is as follows. In Section 3, we define the CFFT
given a vector-valued conditioning function on Cy[0,7]. We then, in Section 4, provide
explicit formulas for CFFTs of functionals in the Cameron and Storvick’s Banach algebra
S(L2[0,T7) [3]. Finally, in Section 5, we investigate some Fubini theorems involving the
CFFTs (Theorems 5.1 and 5.2) and the conditional Feynman integral (Corollary 5.3 below).
The conditioning functions in the Fubini theorems for the iterated CFFT are uncorrelated
random vectors on the Wiener space Cy|0, T'.

2 Preliminaries

We now introduce basic concepts to define a CFF'T for functionals on the complete Wiener
measure space (Cp[0,T], W(Cy[0,T]), my), where W(Cy[0,T]) denotes the o-field of all
Wiener measurable subsets. We denote the Wiener integral of a Wiener integrable functional
F by
E[F] = E,|[F(x)] = / F(x)dmy,(z),
C[0,T]

and for u € Ly[0,7] and = € Cyl0,T], we let (u,z) = fOT u(t)dz(t) denote the Paley—
Wiener—Zygmund (PWZ) stochastic integral [19, 20, 21]. It is well-known that for each
v € L3]0,T)], the PWZ integral (v,z) exists for my-a.e. z € Cy[0,T] and is a Gaussian
random variable with mean 0 and variance |[v||3. If {a1,...,,} is an orthogonal set of
functions in L3[0, T, then the random variables, {(a;,z)}}_,, are independent.

Let X be an R™-valued measurable function and let Y be a C-valued integrable functional
on the complete Wiener space (Co[0, 1], W(Cy[0,T]),my). Let F(X) denote the o-field
generated by X. Then by the definition, the conditional expectation of Y given F(X),
written E(Y|X), is any C-valued F(X)—measurable functional on Cy[0, 7] such that

/Y(x)dmw(x):/E(Y|X)(m)dmw(:c) for A e F(X).
A A

It is well known that there exists a Borel measurable and Px —integrable function ¥ on
(R™, B(R™), Px) such that E(Y|X) = ¢ o X, where B(R™) denotes the Borel o-field of Borel
subsets in R™ and Py is the probability distribution of X defined by Px (U) = m,, (X ~1(U))
for U € B(R™). The function 1/1(5), € € R™, is unique up to Borel null sets in R™. Following
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—

Tucker [27] and Yeh [28], the function (€), written E(Y|X = £), is called the conditional
Wiener integral of Y given X.

Let NV = {e,}5°, be a countable orthonormal basis of L3[0,7]. For each n € N, let
Yn(x) = (en,x) and let B, (¢) fo en(s)ds for t € [0,T). Then the PWZ stochastic integrals
Yn(z), n € N, form a set of mdependent standard Gaussian random variables on Cy[0, T']

with Ey[o(t)ya (@) = 50

Let G = {61,... } be a finite subset of N. For each e]g- €G,je{l,....,n}, we
denote ( ,x) and fo j s)ds by ;i (x 9(x) and ﬁjg (t), respectively. Given a finite subset G =
{e9,... n} ofJ\f let Hg be the subspace of L2 [0, T] spanned by G, and let Xg : Cy[0,T] —

R™ be deﬁned by

Xg(.%‘) = (<e?7x>7 R <6%,:E>) = (Vlg(x)v s >’77gz(x)) (2.1)
Define a projection map Pg from Ls[0, 7] into Hg by

n

Pgv =Y (v,ed)2ef € Hg

j=1

where (-, )2 denotes the inner product on the Hilbert space L2[0,T]. Then we see that the
function v — Pgv is in the orthogonal space Hé.

For each = € Cy[0,T] and = (&1,...,&) ER™, let
zg(t) = (Pgljp . @ ZVJ

and
G(1) =D &(eS Tom)a = D &85 (1)
=1 =1

where I} 4 denotes the indicator function of the interval [0, ¢].

In [24], Park and Skoug proved the facts that the process {z(t) — zg(¢),0 <t < T} and
the Gaussian random variable 49 () are stochastically independent for each j € {1,...,n},
and that the processes {z(t) — 2g(t),0 < t < T} and {zg(t),0 < t < T} are also stochas-
tically independent. Using these basic results, Park and Skoug established the following
evaluation formula to express conditional Wiener integrals in terms of ordinary Wiener
integrals.

Theorem 2.1 ([24]). Let F' € L1(Cy[0,T]). Then it follows that
E(F|Xg = &) = E,[F(x - % +£&g)]

[F (m B Z% @ ﬁgﬂ (2.2)

Jj=1

for a.e. EE R™.
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3 Conditional Fourier—Feynman transform

In order to define the CFFT, we need the concept of the scale-invariant measurability on
the Wiener space. A subset B of Cy[0,T] is called a scale-invariant measurable (SIM) set
if pB € W(Cy[0,T]) for all p > 0, and an SIM set N is called a scale-invariant null set if
My (pN) = 0 for all p > 0. A property which holds except on a scale-invariant null set is
said to hold scale-invariant almost everywhere (SI-a.e.). A functional F' on Cy|[0,T] is said
to be SIM provided F is defined on an SIM set and F(p-) is W(Cy|0, T'])-measurable for
every p > 0. For more detailed studies of the scale-invariant measurability, see [17].

The definition of the CFFT is based on the conditional analytic Wiener and the condi-
tional Feynman integrals [11, 12, 25]. In this paper, we shall use exclusively the conditioning
function X¢g given by (2.1) to define a CFFT on Cy[0,T].

Let C. = {\A € C : Re(\) > 0} and let C. = {\ € C\ {0} : Re(\) > 0}. Let
Xg : Co[0,T] — R™ be given by (2.1) and let F' be a C-valued SIM functional such that
the Wiener integral E,[F(A\~'/2z)] exists as a finite number for all A > 0. For A\ > 0
and € in R, let Jp(X;€) = B(F(A™Y/2 )| Xg(A~Y/2.) = £) denote the conditional Wiener
integral of F(A~1/2.) given X(A~1/2.). If for a.e. £ € R", there exists a function J(\; ),
analytic in C4 such that J}()\;E) = Jp(X;€) for all A > 0, then J5(A; ) is defined to be
the conditional analytic Wiener integral of F' over Cy[0, T given Xg with parameter A. For
A € C4, we write

=

E™ (F|Xg = &) = Th(%: ).
If for fixed real ¢ € R\ {0}, the limit

lim E*"(F|Xg =€)
A——1iq
AeCy

exists for a.e. E € R™, then we will denote the value of this limit by
E*a(F|Xg = ),

and we call it the conditional analytic Feynman integral of F' over Cy[0,T] given Xg with
parameter q.

Let F be a C-valued SIM functional on Cy[0,T] such that the Wiener integral E[F(y +
A"Y2.)] = E,[F(y + A\~'/22)] exists as a finite number for all A > 0. Then one can easily
see from (2.2) that for all A > 0,

E(FO\V2)[Xg(\ V2 ) =€) = BEWT2 )9 (W2 ) =€, j=1,...,n)

- [p (e S+ )|

(3.1)
Thus we have that

n

B (| = &) = B3 (o - S + ngﬂ
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and

Eo(F| X, =€) = B3 [ (x - Z% (@)87 + Zfaﬁgﬂ

where E2""[F'(z)] and E3Me [F'(z)] denote the analytic Wiener and the analytic Feynman
integrals of functionals F' on Cy[0, T, respectively, see [3, 12, 13, 14, 15, 16].
We are now ready to state the definitions of the CFFT of functionals on Cy[0, 7.

Definition 3.1. Let F' : Cy[0,T] — C be an SIM functional on Cyl0,T] such that the
Wiener integral E[F(y + A~Y/2.)] exists as a finite number for all X > 0. Let Xg :
Col0,T] — R™ be given by (2.1). For A € C4 and y € Col0,T), let To(F|Xg)(y, &) de-
note the conditional analytic Wiener integral of F(y + -) given Xg, that is to say,

—

T\(F|Xg)(y,€) = B (F(y + -)|Xg = €)

(e S opens + e8]

=

We define the Ly analytic CFFT Tq(l)(F|Xg)(y, ) of F given Xg by the formula

T4 (FIXg)(y,€) = lim T5(F|Xg)(y€).
AeCy

4 Conditional Fourier—-Feynman transform for function-
als in a Banach algebra

In this section, we will establish the existences of the CFFT for bounded functionals in the
Cameron and Storvick’s Banach algebra S(L2[0,T]).
The Banach algebra S(L2[0,T]) consists of functionals F,, on Cy[0, 7] having the form

F,(x) = /Lz[()ﬂ exp{i(u, z)}do(u) (4.1)

for SI-a.e. x € Cy[0,T], where the associated measure o is an element of the Banach algebra
M(L2[0,T)), the space of C-valued countably additive (and hence finite) Borel measures
on L3[0,T]. More precisely, since we shall identify functionals which coincide Sl-a.e. on
C[0,T], the space S(L2[0,T]) can be regarded as the space of all s-equivalence classes of
functionals of the form (4.1). It was also shown in [3] that the correspondence f — F' is
injective, carries convolution into pointwise multiplication and that S(Ls[0,T1]) is a Banach
algebra with the norm
1E=lol= [ dolw. (4.2
La[0,
In particular, it was shown in [4] that the Banach algebra S(L2[0,T]) contains many func-
tionals of interest in Feynman integration theory. For more details, see [3, 4].
Given a complex measure o € M(L2[0,T7]), let

S(o) = {6 € M(L:[0,T]) : [|lo|| = [|&]]}- (4.3)
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Using the fact that the PWZ stochastic integral (u,z) of a function u in L»[0,T] is a
Gaussian random variable, as a functional of z € Cy[0,T], with mean zero and variance
|lul|%, and the change of variable theorem, we have the following results.

Let F, € S(L2[0,T]) given by (4.1). Then it was shown that for all ¢ € R\ {0},

poiir) = [ eo{ - ol faotu)
L2[0,T] 2q

TO(E,)(y) = /

L»[0,7]

and

exp { it = ol fao )

for SI-a.e. y € Cy[0, T, where Tq(l)(F ) denotes the analytic Fourier-Feynman transform for
functionals F' on Cy[0,T], see [14]. We also refer to the article [5, 6, 7] for more interesting
results of the analytic Fourier—Feynman transforms.

Lemma 4.1. For each u € L3[0,T] and any p > 0, it follows that
B lexp{ip(u)}] = exp{ - ul}. (44)

Lemma 4.2. Let G = {e%,...,eg} be a subset of the complete orthonormal set N in
L5[0,T]. Then for each u € L3[0,T] and any p > 0, it follows that

[ {in (= 38 @57 ) )| = e { - i - St |} s

j=1 j=1

In particular, it follows that for any q € R\ {0} and any p > 0,

£ exp {ip vz - ivﬂxmﬁ}} e { - u P - S <el) o)

j=1 j=1

Proof. Using the bilinearity of the PWZ stochastic integral (-,-) and equation (4.4) with u

replaced with u — Z?Zl(u, 65)2657 equation (4.5) follows immediately. Next, in view of the

definition of the analytic Feynman integral [3, 13, 14, 15], one can verify equation (4.6). O

In our first theorem of this section, we establish the existences of the CFFT Tq(l) (F|Xg)
of functionals in the Banach algebra S(Ls2[0,T7).

Theorem 4.3. Let F, € S(L2[0,T]) be given by equation (4.1), and given an orthonormal
subset G = {ef, oo, €9) of N, let Xg be given by equation (2.1). Then for a.e. £ € R™, it
follows that

TV (F|Xg)(y. €)

= e = 51 - Yo 7] + éfj(u,e?»}da(u)

j=1

(4.7)

for all ¢ € R\ {0} and SI-a.e. y € Cy[0,T].
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Proof. Using (4.1), (3.1) with F replaced with F,(y + -), the Fubini theorem, (4.5) with w
and p replaced with u and A~'/2, it follows that for (), &) € (0, 4+00) x R™,

Tr, ey N €) = B(Fa(y + A2 )| Xg(A712 1) =€)

~E, [F(y F A2 A2 S 8 ()89 + Z@ﬁ;fﬂ
=1 j=1

Lol )l

j=1
= / exp {i<u7 y) + z<u Zijﬁjg> }Eg [exp {i/\1/2<u = (u,ej)2e;, x> H do(u)
L2[0,T) pt 2
: 1 n -
— /LQ[O’T] exp {z<u7y> ~ o) {IluH% - ;(u, e?)g] + z;@(u,eg)g do(u).
Let
. . n .
o8 = [ e i) g [l = o ]+ e ot
L3[0,7] = =
(4.8)

for A € C4. Since Re(A) > 0 for all A € Cy, it follows that

=

J;a(y-i-') (A; 5)‘

<),
L»[0,T]

< / dlo|(u)
L2[07T]

= |lo|| < 4oc.

n

exp {ifu) - 55 Il - (w9 +i§€j(ua€j)2}‘d|a|(u)

j=1

(4.9)

—

Hence, applying the dominated convergence theorem, we see that J;o(y 4 (A;€) is a contin-

uous function of A € @4_. Since
. 1 - ~

KO) = exp {iun) = g [ - Ytw ] +1 306w e)a}

j=1

is analytic on C4, using the Fubini theorem, it follows that

/ Th gy (N )dA = / / K(N)dXdo(u) =0
r Ly[0,T) JT

for all rectifiable closed curves I' lying in C,. Thus, by the Morera theorem, we see that

=

J;a(y +_)(/\; £) is analytic in A\ € C,.. Therefore, the conditional analytic Wiener integral

= = =

Ta(Fo|Xg)(y,§) = B (Fo(y + )| Xg = &) = Jp, (y4 (X €)
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exists and is given by the right-hand side of (4.8). Finally, by the dominated convergence

—

theorem (the use of which is justified by (4.9)), the Ly analytic CFFT Tq(1)<FU|Xg =¢) of
F, exists and is given by the formula (4.7). a

From the definition of the conditional analytic Feynman integral and the L, analytic
CFFT, it follows that

—

T (Fo | Xg)(0,€) = B*1(F,|Xg = §). (4.10)
We thus have the following corollary.

Corollary 4.4. Let F, and Xg be as in Theorem 4.5. Then the conditional analytic
Feynman integral E*™a(F,|Xg = ) of F, exists for all ¢ € R\ {0} and a.e. £ € R™, and
18 given by the formula

Ea(Fy|Xg = 5) = /L o exp{ — 2iq {Hu% - Z(u,ef)%} —l—iij(u,e]g)g}da(u).
2(Y, j=1

J=1

Remark 4.5. Given a functional F, in S(L2[0,T]) with the corresponding measure o €

M(L2[0,T1), and given a nonzero real number q and a vector e R", define a set function
o, ¢ B(L2[0,T]) — C by the formula

7,c0) = [ exp{—;;[u||§—fj<u7e?>§] +ii§j<u,e5>z}do<u> (411)

Jj=1

Jor each U in B(L2[0,T)), the Borel o-field on L2[0,T]. Then o, ¢ is obviously a complex

measure in M(L2[0,T]). One can easily see that the complex measure o, ¢ defined by (4.11)

is an element of the sphere S(c) in M(L3[0,T]) for any ¢ € R\ {0} and £ € R™. Then
equation (4.7) can be rewritten by

T2 Xe) 0.9 = | oy P )

—

for SI-a.e. y € Cy[0,T), and so the Ly analytic CFFT Tq(l)(FU|Xg)( &) of Fy with param-
eter q is an element of S(L2[0,T]) for each £ € R™.
In view of Theorem 4.3 and Remark 4.5, we easily obtain the following theorem.

Theorem 4.6. Let F, and Xg be as in Theorem 4.3. Then,

(i) for any q in R\ {0}, it follows that

—

TUN(TO (Fy | Xg) (-, )| Xg) (y, —) = F(y)

—q

for SL-a.e. y € Co[0,T] and a.e. £ € R"; and
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(ii) for any finite sequence {qi,...,qmn} in R\ {0} which satisfies the condition
1 1
— 4o+ —#0 foreach ke {l,...,m}, (4.12)
@ P

it follows that
T (T, (TP (R Xg) (- EV) - [X5) (-, €771) | Xg ) (3, €)

m (4.13)
— T()(F, | Xg) (y, Zé‘“)

k=1

for ST-a.e. y € Cy[0,T] and a.e. (5(1), . ,5<m>) in (R™)™, the product of m copies of

R™, where
1 1\!
am=(+-~-+> . (4.14)
q1 qm

Also, both of the expressions in (4.13) are given by the expression

e {itun) = g it - im,eg)g} +izm:zn:§§-k)(u,ef)2}da(u)

j=1 k=1 j=1
for SI-a.e. y € Cy[0,T].

Let F be an SIM functional on Cy[0, T]. Define a transform A,, : (Cy[0,T])™ — Cy[0,T]
by Ap(21,...,2,) = Z;’;l xj. Then for (x1,...,zm,) € (Col0,T])™,

F(350) - Peutoon

j=1
For each j € {1,...,m}, the z;-section of F o A,, is SIM on Cy[0,T], because A,, is
continuous on (Cy[0,T])™. Next, for notational conveniences, we write the conditional
analytic Feynman integral
E™(F|Xg = 1)
by
E™Ja(F ()| Xg(x) = )

as used in [22, 28].

Using these conventions and applying equation (4.10), we have the following Fubini
theorem for the iterated conditional analytic Feynman integral.

Corollary 4.7. Let F, and Xg be as in Theorem 4.3. Then for any finite sequence
{q1,.- -, qm} in R\ {0} which satisfies the condition (4.12), it follows that

Xg(xy) = 51))
o ’Xg(xm,l) = 5(’”‘”)‘3(9(%) = fm))

Xola) =306V

k=1

B am (Eanfqm_l ( o (Eanfql (FU © Am(xla s ,me)

— Eanfam (Fo' (x)

Jor a.e. (€W, ... &MY in (R™)™, where ap, is given by (4.14).
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5 Iterated conditional Fourier—Feynman transform: Fu-
bini theorems

In this section, we establish Fubini theorems for the iterated CFFT. The conditioning
functions in our Fubini theorems for the iterated CFFT are uncorrelated finite-dimensional
random vectors on the Wiener space.

Given a finite subset G of N, let {Gy}}"; be a partition of G. For each k € {1,...,m},
say G = {ef’“7 .. 762’;}. Let X¢g be a conditioning function given by (2.1). Then we can
rewrite Xg by

Xg(z) = Xg, (z) A Xg,(z) A+ A Xg,, ()

= (<6%1,1’>,...,<621,5L’>) A (<ef2,x>,...,<eg§,x>) ARERNAN (<6?max>""a<eg:7x>)
= ((ef, @), ..., (e, x), (e, @), ..., (22, 2), ..., (e, ), ... (eIm, x)). o
5.1

Let o be a complex measure in M(L3[0,T]). For a finite sequence Q = {q1,...,¢m} of
nonzero real numbers which satisfies the condition (4.12), and a conditioning function Xg

given by (5.1), define a complex measure glidm) B(L2[0,T]) — C by

G1U---UGy, °
i m N
o 5 (U) = / exp{ — 5> Qi D <u,e?:>§}do<u> (5.2)
U k=1 =1
where ny = |Gi| and
1 1
Q (k) Qo dk ( )
for each k € {1,2,...,m}, and where «, is given by (4.14). Then Uéﬁbjlﬁéﬁ is an element

of the sphere S(o) defined by (4.3) above.
Given a functional F, in S(Lz[0,T7]), let

REG e (Fo) = F ) -
Then in view of (4.2), one can see that

1ol = [REEGL ED e 1] = ||

G1U--UGnm o am)

Under these conventions, we assert the following Fubini theorem for the iterated CFFT.

Theorem 5.1. Given a finite subset G of N, the partition {Gy} 7, of G and the conditioning
function X¢g be as above. Then for any functional F, € S(L2[0,T]) given by (4.1) and any
finite sequence Q = {q1,...,qm} in R\ {0} which satisfies the condition (4.12), it follows
that

T (T, (- T F X ) (-, ED) -+ [Xg, 1, ) (-8 D) | X, ) (9,1

" 5.4
Xg)(y,g(1>/\...Agtm)) (54)

= T(l) (Fa(tn ~~~~~ am)

Qm
G1U---UGm
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for SI-a.e. y € Cy[0,T] and a.e.

g(l) AR /\g(m) = (5%1)7 .. 5(1) §§m)7. .. ’57(7,72)) c R"1+~'-+nm7

ySmy ot

where auy, 1s given by (4.14). Also, both of the expressions in (5.4) are given by the expression

n

exp { it ) — —— [Jull = S (w,e9)2 +iiif§’“><u,e5>2 do(u).
A | }

j=1 k=1 j=1

Proof. First, in view of Remark 4.5, the iterated CFFT in (5.4) exists. Next, using (4.7)
m-times, (4.14), (5.3), (5.2), and (4.7) again, it follows that

T (10, (- T (Fo Xo,) (€)X, 1)<-,5m—1>>\xgm)<y,£<m>>

= [ ew{itoan - izék[nun%—i ]Hizé‘ ) ot

k=1 Jr=1 k=1jr=1
[ e {itun) - g lul +i u
Lo Z Z %)
k
DI IR }do<>
k= ljk 1
-/ exp{z« v = 5 [n B33 e ]HZZ%
L2[0,T] m k=1 jr=1 k=1 jr=1
i m Mg
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as desired. 0
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We provide another Fubini theorem for the iterated CFFT without proof.
Theorem 5.2. Let G, {Gi}7-,, and Xg be as in Theorem 5.1. Then for any functional
F, € §(L2[0,T]) given by (4.1) and any finite sequence Q = {q1,...,qm} in R\ {0} which
satisfies the condition (4.12), it follows that
T (0, (- T (B X ) (€)X, ) (87 X, ) (0,617

— 7 (Fg}Xg) (y7£’(1) A /\g(m))

Am

for SI-a.e. y € Cy[0,T] and a.e.
é(l) /\ e /\ gm) = (§§1)’ AR 75(1) AR 7£§m)7 A ,f(m)) e Rn1+4.‘+nm’7

ni? MNm
where oy, s given by (4.14).
We finish this paper with Fubini theorems for iterated conditional Feynman integrals.

Corollary 5.3. Let G, {Gi}7,, and X¢ be as in Theorem 5.1. Then for any functional
F, € §(L2[0,T]) given by (4.1) and any finite sequence Q = {q1,...,qm} in R\ {0} which
satisfies the condition (4.12), it follows that

Eafam (Eanfqm_l ( .. panfa (Fa o Ap(ze, ... ,xm)’Xgl (x1) = f_tl)>
B ‘Xgmfl(:rmfﬁ = f_tm_l))‘Xgm (Tm) = 5"(m))

= B*on (F iy o (2)] X @) = &0 Ao A E)

G1U---UGm

= p*en (Fy (x)

Xg(z) = 5‘(1) /\.../\gfm))

for Sl-a.e. y € Cop[0,T] and a.e.
é’(l) A"'Af_(m) = (59),...,5(1) ...7£§m)7._.,€(m)) c Rnl-O-“-—‘,-n,,,,7

ny? MNm
respectively, where a,y, s given by (4.14).

An epilogue In the celebrated paper [25], Park and and Skoug suggested the concept
of the CFFT and the corresponding conditional convolution product of SIM functionals on
Cp[0,T]. These fundamental concepts have been very useful to us in establishing many of
the results in [8, 9]. We feel strongly that the fundamental concepts in [25] will prove to
be very useful in future work by ourselves as well as other researchers in this area. The
framework and methods we used to obtain the results in this article are very dependent
upon the idea in the paper [24] concerning the evaluation formula for conditional Wiener
integral given vector-valued conditioning function.
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