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Abstract

The aim of this paper is to study a Signorini’s problem with nonlo-
cal friction of coupled model of electro-viscoelasticity. We use a modified
Kelvin-Voigt constitutive law which takes into account the piezoelectric ef-
fect of the material. After introducing the model and the functional frame-
work, we derive a weak formulation and prove the existence of a weak
solution to the problem. The proof employ the penalty method and com-
pactness result.
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1 Introduction

The development of smart materials offers great potential in many structural ap-
plications and are used extensively as switches and actuary in many engineering
systems, in radioelectronics, electroacoustics and measuring equipments. Piezo-
electric materials are employed as both actuators and sensors in the development
of these structures by taking advantage of direct and converse piezoelectric ef-
fects. General models for elastic materials with piezoelectric effects can be found
in [15, 16, 18, 21, 22] and, more recently in [1, 10, 19]. Contact problems involv-
ing elastic or viscoelastic materials have received considerable attention recently
in the mathematical literature, see for instance [3, 4, 8, 9, 11, 12, 14] and the
references therein. Currently, there is a considerable interest in frictional contact
problems involving piezoelectric materials, see for example [2, 12] and the ref-
erences therein. However, there are a very few mathematical results concerning
contact problems for such materials and there is a need to expand the emerging
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Mathematical Theory of Contact Mechanics to include the coupling between the
mechanical and electrical properties. More recently frictional contact boundary
value problems with piezoelectric materials and slip dependent friction were con-
sidered in [5] in the static case. The contact with normal compliance associated
to a general version of Coulomb’s law of dry friction was considered in [6] in the
quasistatic case.

In this paper we will study the existence of solutions of a dynamic Signorini’s
problem with nonlocal friction for Viscoelastic Piezoelectric Materials. We as-
sume that the mechanical properties of the body are viscoelastic and therefore
we use a modified Kelvin-Voigt constitutive law which takes into account the
piezoelectric effect of the material. This work extends the recent result obtained
in [4] where the analysis of a dynamic Signorini’s problem with nonlocal friction
for Kelvin-Voigt viscoelastic materials was provided. Indeed, with respect to the
model in [4], the novelty of this paper consists in the fact that here we take into
account the piezoelectric properties of the material, which leads to a new and
more sophisticate mathematical model.

The paper is structured as follows. The model of the dynamic process of
the viscoelastic piezoelectric body is presented in Section 2. In Section 3 we
derive the weak formulation of the problem and state our main existence result,
Theorem 3.1. In section 4 we present an abstract result which we use in the proof
of Theorem 3.1. The section 5 is devoted to the proof of the Theorem 3.1.

2 Problem setting

We consider a linear piezoelectric body that initially occupies a bounded domain
Qin R? (d = 2,3) with a smooth boundary I'. Let v = (v;) denote the unit outer
normal on I" and [0,7] be time interval of interest, where T > 0. The indices
i,7,k,l run between 1 and d. The summation convention over repeated indices is
adopted and the index that follows a comma indicates a partial derivative with
respect to the corresponding component of the independent variable.

Everywhere below we use S? to denote the space of second order symmetric
tensors on R? while “-” and |-| will represent the inner product and the Euclidean
norm on S¢ and R?, that is Vu,v € R, Vo, € S?

1/2 1/2

u-v=uv;, |v|=(v-v) and o-T =041, |T|=(T-T)

We shall adopt the usual notations for normal and tangential components of
displacement vector and stress :

U = UV + Ur, Uy = UiVi, Oy =0,V + O, 0, = O45V;V;-
We write the equations of motion and Coulomb’s law as follows :
pit —Dive = f in Qx(0,7), (1)

div D = g in Qx(0,7), (2)
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Here, o, u, D and non negative function p are stress tensor, the displacement
vector, the dielectric displacement vector and the mass density, respectively. f,
represents the density of body forces and qq is the volume density of free electric
charges. Notice also that Div and div represent the divergence operators for
tensor and vector valued functions, that is

Dive = (O'ij,j) and divD = Dzﬂ
For linear piezoelectric material we have the following constitutive relations
o = Ae(u) + Be(d) — EXE(p) (3)

D =&e(u) + BE(p) (4)

where A = (aijri), B = (bijri), € = (eijr) and B = (B;;) are respectively the
(fourth-order) elasticity tensor, the (fourth-order) viscosity tensor, the (third-
order) piezoelectric tensor and the electric permittivity tensor. € and E are
respectively the linearized strain tensor and the electric intensity vector. We use
E* to denote the transposite of the tensor £ given by

Eo-v=0-Ev VoeS% VveRl.

The linearized strain tensor € and the electric intensity vector E are related
to the displacement vector u and the electric potential ¢ through the following:

e(u) = %[VU +(Vu)T] and E = —Vy-

Next, we need to prescribe the mechanical and electrical boundary condi-
tions. To this end, we consider first a partition of I into three measurable parts
I'y,T9, T3 such that meas(Ty) > 0. We assume that the body is clamped on I'y
and surfaces tractions of density f, act on I'y that is :

u=0 on Iy x(0,7) and ov=f, on Ty x (0,7). (5)

On I's the body is in frictional contact with an obstacle, the so-called founda-
tion, and we model the contact with the Signorini condition and the regularized
Coulomb law, that is

—0y S 0, Uy S 07 UyOy = 07
|UT| S ,U;l(RO'),,'
on T3x(0,T).  (6)
lo-| < p|(Ro),| =i, =0
lo-| = pl(Ro),| = 3IA> 0, 4, = —Ao,

Here p € L*(Q), 1 > 0 is the friction coefficient and (Ro), is a regularization of
the normal contact which will be described below.
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To describe the electric boundary conditions we assume that I' is divided
into two disjoints measurable parts I';, and T'y such that meas(T';) > 0. We also
assume, for simplicity, that the electrical potential vanishes on I', and the electric
charge ¢y is prescribed on T’y :

=0 on Tyx(0,T) and D-v=¢ on T}, x(0,T). (7
Finally, we prescribe the initials conditions that is
U = U, u(0) = vg in Q. (8)

The classical formulation of the dynamic Signorini’s problem with nonlocal fric-
tion is as follows.

Problem P. Find a displacements field u : Q x [0,T] — R? and an electric
potential field ¢ : Q x [0,T] = R such that (1)-(8).

3 Weak formulation and main result

In this section we derive a weak formulation of the problem P and investigate
his solvability. Everywhere in what follows we use the classical notation for the
LP and Sobolev spaces associated to 2 and I'. Let X be a Banach space, T a
positive real number then for £k = 1,2,..., we also use de classical notations for
the WP (0,T; X). We also introduce the functional spaces

H*(Q) = [H°(Q)], s € R, Hy(Q) = [H; ()],

and
L%(Q) = [L2(Q)])¢, L3(T;) = [LA(T,)]?, fori=1,2,3.

Over the space L2(Q) we use the inner product
(u,v) =/ pu-vdr, Yu, v € L*(Q),
Q

which generates an equivalent norm denoted by |- |. Moreover, keeping in mind
(5)-(6) we introduce the following space and set:

V={veHYw=0ae onl1} and K={veV;v, <0on I3}
For the stress filed, we use the spaces
Q={7=(m) | 7j =7 € L*(Q) }and Q1 = { 7 € Q | 73;,; € L* ()}

Recall that the spaces () and ()1 are real Hilbert spaces endowed with the inner
products

(UJT)QZ/UijTijd-'Ea
Q
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(0,7)g, = (6,7)g + (Dive,DivT)L2(q) ,

and the associated norms || - ||g and || - ||, , respectively. Now, over the space V
we use the inner product

(u,v)v = (e(u),e(v))q 9)
and the associated norm || - |[|v. It follows from Korn’s inequality (see e.g. [17]
p.79) that (V, (-,-)v) is a real Hilbert space. Since V is dense in L%(), we
identify L2(Q) and (L?(Q)) and we write
Vs LA(Q) = (LA(Q) <= V.
The sets L2 and V are Hilbert spaces with the inner products denoted by (-, )

and (-, -)v,v, respectively. Let (-,-)y+ v denote the duality between V' and V.
Next, for the electric potential we use the functional space

W={vyeH'(Q);¢Y=00n [y}
which is real Hilbert space with the inner product

(o, V)w = (¢, ) mr ()

and the associated norm || - ||. Since W is dense in L?(f2), we identify L%(Q)
and (L*(9))" and write W — L?(Q) = (L*(Q)) < W'. We use (-,-)y+,w to
denote the duality between W' and W.

Assume that the body forces and the surface tractions satisfy:

fo € W"*2(0,T;L%(Q)) and f, € W">(0,T;L*(T'2)), (10)
and the volume and surface densities of the electric charges satisfy:
go € WH™(0,T; L*(2)) and g2 € WH>(0,T; L*(T))- (11)
The initial conditions and the density will be supposed as follows :
up € K, vg €V, pe L™(Q)- (12)

Suppose that R : ) — @ is a linear and continuous operator which has the
following properties : (Ro(ug,vy)), = 0 and

if ¥ — 4 in L2(0,T; L?(Q)) then (Ro*), — (Ro), in L?(0,T; L(T'3))- (13)

An operator satisfying these conditions can be obtained by extending uw and @
to all of R? and by using the convolution with a smooth function, which gives an
averaged normal stress, see for example [11].

Next, we define the elements f(t) € V' and ¢(t) € W' respectively by

<f(t),U)V',V:Lfo(t)-vdx+ A fo(t) -vda
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and

(@(t), Dywr w = /Q do(typ dz — /F g>(t) da,

forallv eV, ¢ € W and t € [0,T].
We denote by a: VXV — R b: VXV —Randc: W xW — R the
following bilinear and symmetric applications

a(u,v) := (Ae(u),e(v))Q, b(u,v):= (Be(u),e(v))q,
and
C((pa ¢) = (BVSOJ V¢)L2(Q)
Finally, we denote by e : V x W — R the following bilinear application

e(u,) == (Ee(u), Vo)) = (€"Ve,e(u))q
Suppose that A, B and 3 satisfy the usual properties of ellipticity and symmetry
and that Qijkl, bijkl and Bij are in LOO(Q) and that €ijk = €ikj € LOO(Q). It is
easy to see that a and b are continuous and V - elliptic forms in the following
sense: there exists C, > 0, ¢, > 0, Cp > 0, ¢, > 0 such that for all v,w € V we

have
la(v,w)| < Collv[ly|lw|ly and a(v,v) > cullvlf3; (14)

|b(v, w)| < Cyllv]lv|lwlly and b(v,v) > el - (15)

Moreover, there exists m., M, and ¢, such that for all ¢, ¥ in W and v in V we
have
le(p, )| < Mellpllwlldllw and (g, ) > me|le]ly; (16)

and
le(v, )| < cellvllvleollw- (17)

Finally, we assume that the initial conditions ug, vo satisfy the following com-
patibility condition : there exist I € L? and an operator M : V — W such
that

G(UO,’U) + e(’U,M’U,o) + b(’Uo,’U) = (f(O),'U)V',V + (l,’U), VveV: (18)

We consider the following weak formulation of problem P.

Problem PW. Find the displacement field u : [0,T] - V N K and the electric
potential ¢ : [0,T] = W such that u(0) = ug, u(0) = vy and

T
<’U,(T),’U(T) - u(T))H—l/Z,Hl/Z - (ul, ’U(O) - UO) - /0 (’U,,’U - u) dt

T T T
+/ a(u7v—u)dt+/ e(v—u,go)dt+/ b(w,v — u)dt
0 0 0
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T
+ [ R = i = ur e =) ds > [ (Fv=u)yry it (19)
I's 0

T T T
| corae= [ ewvyar= [ @i i (20)

for allv € L*(0,T; V) N WH2(0,T; L2(Q2)) with v(t) € K,Vt € [0,T] and for
all p € L>(0,T; W)- Where (-,-)gg-1/2 g1/> denotes the duality pairing between
H /2 gnd H'/2.

The equivalence between P and PW can be easily proved by using Green’s
formula and an integration by parts.

Our main existence result, which we prove in section 5, is the following :

Theorem 3.1. Under the previous notations and assumptions (10)-(18) there
exists a solution (u, ) of Problem PW such that

u e WH(0,T;V) N C' ([0, T; H #(Q)), (21)

and
¢ € WH2(0,T; W)- (22)
O

To provide the Theorem 3.1 we need an abstract result of evolutionary variational
inequality obtained in [20] which we recall in the next section and the following
compactness results due to J. Simon [23] which we recall here for the convenience
of the reader.

Theorem 3.2. Let X, U andY be the Banach spaces such that X — U — Y with
compact imbedding X — U. Let F be bounded in LP(0,T; X), where 1 < p < oo,
and OF |0t = {f, f € F} be bounded in L' (0,T;Y)- Then F is relatively compact
in LP(0,T; U)-

Let F be bounded in L*(0,T; X) and OF [0t be bounded in L™(0,T;Y) where
r > 1- Then F is relatively compact in C([0,T]; U) - O

4 An abstract existence and uniqueness result

To provide the Theorem 3.1 we need an abstract result of evolutionary variational
inequality that we present here. Let (Ho;|-|) and (Vo;||-||) be two Hilbert spaces
with the inner products denoted by (-,-) and (,-) , respectively, such that Vp is
dense in Hy . We set :

W() = W1’2(0, T; Vo) n W2’2(0,T; H()); (23)

K= {U e W, U(O) = ug, u(O) =g, Ug, Vg € V()}. (24)
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Let a,b: Vp x Vo — R be two bilinear, symmetric, continuous and V; - elliptic
forms in the following sense:

3 M, > 0 such that for all v,w € Vo x Vg, |a(v,w)| < M,||v]|||w]l; (25)
3 My > 0 such that for all v,w € Vo x Vg, |b(v,w)| < Mpl|v]|||wll; (26)
3 m, > 0 such that for all v € Vo, a(v,v) > ma||v||%; (27)
3 mp > 0 such that for all v € Vo, b(v,v) > my||v||* (28)

Let ¢ : [0,T]xVy — R be a weakly continuous mapping such that for all ¢ € [0, 7],
(u,v,w) € Vg,
¢(t7 u, v, U)) = ¢1 (ua v; ’U}) + ¢2(t) u,v, ’UJ),

and for all weakly convergent sequences (uy) such that ug — u in Wy,

lim inf /OT Dt ur(t), un(t), ik (t))dt > /OT o(t, u(t), u(t), u(t))dt-  (29)
Moreover, for all u,v € V, the mapping
z +— ¢1(u,v,2) is linear; (30)
#2(0,ug,v0,-) =0 and ¢a(t, u, v, -) is a semi-norm V¢ € [0,T7], (31)
In > 0 such that Vi1, to € [0,T], Vug, us, v1, v, wy, wy € Vo,

|¢(t17 u1, V1, 11)1) - ¢(t17 u1, V1, '11)2) + ¢(t27 Uz, V2, 11}2) - ¢(t2a Uz, V2, wl)l

< nllur — wal[ + [lvr — va| + [[t1 — t2|[[w1 — w2|- (32)

Let f:[0,7] = Vo be in WbH>(0,T;V;). We assume that the initial conditions

ug and vo verify the following compatibility condition: there exists I € Hy such
that

a(ug, w) + b(vo, w) + ¢1(uo, vo, w) = (f(0),w) + (I, w) Vw € Vo (33)

We consider the following problem.

Problem Q : Find u € K such that for almost all t €]0, T such that:
(i(t),v —u(t)) + a(u(t),v —u(t)) + bu(t), v — a(t))
+o(t u(t), u(t), v) — d(t, u(t), u(t), w(t)) > (f(1),v —u(t)) ,Vv € Vo -

Theorem 4.1. Under the above notations and the assumptions (23)-(33) there
exists a unique solution u of Problem () -

The proof of this result is presented in [20].
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5 Proof of Theorem 3.1

The proof of Theorem 3.1 will be carried out in several steps. The coupling
system and the Signorini condition lead to considerable difficulties in the analysis
of the problem. Therefore, we first consider approximate problems.

Problem Pf,. For e > 0, find the displacement field u, : [0,T] — V and the
electric potential @ : [0,T] = W such that u.(0) = ug, u.(0) = vy and

(e, v — Ue) + a(te,v — ) + (Vv — Ue, pe) + b, v — )

1 / ten ()] (0 — o (£)) ds + / HIRG | ([0 ~liter]) ds > (F(£), 0t} v,

€

c(<pg(t)7¢) - e(ue(t))7¢) = <Q(t)7¢)w’ w

VoeV and Ve W, t€l[0,T)
Clearly, problem Py, represents the variational formulation of the contact
problem P in which the Signorini condition in (6) was replaced by the normal

compliance condition

1

o, = —Z[uel/]Jr

on F3'

We establish the unique solvability of these problems and obtain the necessary a
priori estimates. We first prove the following equivalence result.

Lemma 5.1. The couple (u.,.) is a solution to problem Py, if only if for all
veV andte[0,T] we have

(ﬂe(t)a v - ue (t)) + a(ue(t)a v - ue(t)) + b(/&ea v — ﬂe) (34)
HII*C Mu(t),v — Ue(t))y v + 1/ [uew ()] (v — tew (t)) ds
€ T's

+/F Hl(RO)er|(|v7| = [iser|) ds > (£ (1) = T*C1q(t),v — () v,

’U,G(O) =Uo , u’e(o) =70, (35)

Co. (t) = Ilu, (t) + Q(t) ’ (36)

where C : W = W, II:V = W and II* : W = V' were be defined below.
O

Proof. Let (u.,¢e) be a solution of Pf,. We solve the equation :

c(pe(t), ) = e(ue(t), ¥) + (q(t), D)w w, Vo € W, VE€[0,T]-  (37)
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on u¢(t). To this end, let u, : [0,7] = V and find ¢ : [0,T] — W such that (37)
holds. From (16) the symetric bilinear form ¢(p¢, %) is continuous and coercive
on W. From (11) and (17) it is easy to see that the linear form :

Y= (Ee(uc(t)), Vib)rz(a) + (a(t), V) w w-

is continuous on W. Using the Lax-Milgram theorem, we conclude that the
problem (37) has unique solution ¢.(t) € W for all ¢t € [0, T]. Moreover, by using
Riesz’s representation theorem we find the operators C' : W — W', m:vVvow
and ITI* (adjoint of II): W — V' defined by :

(Coe, V)w' w =clpe, ), VY eW (38)
<H’v7¢)W',W = (56(’0), v¢)L2(Q) = e(’v:w) ) V¢ ew ’ (39)
(Tpe, )y v = (Ve e(v))g =e(v,¢e),  VveV- (40)

By using (16) it follows that C' is positive definite-adjoint operator.

Hence, using the equations (38), (39) and (40), the equation (37) can be write
in the form (36). By replacing (36) in (34) we prove that the problem Py is
equivalent to : Find u, : [0,7] = V and ¢, : [0,7] — W such that (34), (35) and
(36) are satisfied.O]

Now, we solve the problem (34)-(35) on u,. by using similar method that in
[4]. The existence of a solution of this problem can be obtained, for example, as
application of existence results for set-valued pseudomonotone evolution inclu-
sions, as developed recently in [11]. This method enables us, under less regular
conditions on vy and f, to prove the existence of a solution having the following
regularity : u. € WY2(0,T;V) and it. € L2(0,T;V"). Suitable estimates, which
can be calculated if one assumes additional regularity properties of vy , f and
the compatibility condition (18), ensure that u. € W22(0,T; H)-

The existence and uniqueness result of this problem is given by the following
theorem.

Theorem 5.1. Under the assumptions Theorem 3.1 there exists a unique solution
ue of Problem (34)- (35) such that for every e > 0, we have

u is bounded in L= (0,T;V) (41)
[Ueu]+ . . 2
—=— is bounded in L*°(0,T;L"*(T3)), (42)
Ve
e is bounded in L™®(0,T;L?(Q)) NL*(0,T; V) (43)

and
it is bounded in L*(0,T;H™')-O (44)
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O
Proof. To prove the above result we use the Theorem 4.1 for Vy = V, Hy =
L%(Q), f = f — I*C4(t), the bilinear form b as in P,

a(u,v) = a(u,v) + (H*C‘lﬂu,v)vr’v,

b1(u, 0, w) = ¢ [ () ds

and
p2(t,u, v, w) = / ul(Re),||lw,|ds where o (u,v) = Ae(u) + Be(v)-
s

Under assumptions on £ and A, it is easy to see that d satisfies (14) and that the
assumption (25) hold. Moreover, by using (15)-(18) we prove that the assump-
tions (25)-(33) are satisfied. Then the existence and uniqueness of solution of the
problem (34)-(35) follows from a routine application of the existence Theorem
4.1. Finally, by using this result and equation (36), we conclude that P& has
unique solution.

We turn to obtain estimates on the solutions of Problem Pj, which will enable us
to pass to the limit when € tends towards 0. Firstly, Let

(F(t),v)yr v = (f(t) =I"C7q(t),0)y v ,

and integrating (34) from 0 to ¢, for all ¢ in ]0, T'[, we obtain for all v € L%(0,T;V)

/0 (i1(6),v — 0. (6)) d +/0 i(uc(0),v — 0. (6)) dO + /0 b(ite (6), v — 1. (6)) d

+% /Ot /Fa[uw(e)ﬁ(vy—uw(ﬁ))d@

t
0

t
+/0 /r3 uI(Ra)eul(lvTI—IueT(0)|)dsd02/ (F(6),v — it(8))y y db-

The end of proof is now similar to that in [4] and not presented here.

In order to pass to the limit when ¢ — 0, we shall use Theorem 3.2. First,
let r =00, X =V,Y = H and F = {u.}. Since the imbedding H* — H",
whit s > r, is compact (see [13]) then keeping in mind estimates (41)-(44), by
Theorem 3.2, it follows that

u, is relatively compact in C([0,T], H'/2(Q)) (45)

In the same way, by choosing r = co, X = H, U = H /2(Q), Y = H! and
F = {u.} and using Lemma 4.1 and Theorem 3.2, we obtain

i, is relatively compact in C([0,T], H™Y/2(Q))- (46)
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Using again estimates (41)-(44) and Theorem 3.2 with : X =V, U =H, Y =
H-', p=2and F = {4} it follows that

e is relatively compact in L?(0,T; H(f)) (47)

We deduce from the estimates (41)-(44) and (45)- (47) that there exists a subse-
quence, still indexed by u. and an element u € C'([0,T], H~/2(Q)) such that
as € = 0, the following convergences take place:

u. = u strongly in C([0, T], H'/2(Q2)), (48)
u. = u weak * in L*(0,T; V), (49)
@, — u strongly in C([0,T], H /2(Q)), (50)
. — u strongly in L2(0,T; H)- (51)
@, = @ weak in L*(0,T; V)- (52)
From (49) and (52) it follows that
u, — u weak in WH%(0,T; V)- (53)

Note that, using (53) and the imbedding W-2(0,T;V) — C([0,T];V) we con-
clude that wu.(t) is bounded in V for all ¢ € [0,T]- By similar arguments as in [4]
we have

u(t) 2 u@)inV, Vit e€[0,T] (54)

To pass to the limit in the friction term we need the following result which was
proved in [4] and [11].

e = u in L*(0,T; L2(T3))- (55)
Now, from (54) and the compactness of the imbedding Hz®™) < L2(T'), we have

Ue, — u, in L2(T3) , V t €]0, T - (56)

Proof of Theorem 3.1.

First, by using assumption u.(0) = ug and 4.(0) = vq it is clear to see that
©(0) = up and 4(0) = vo. By using the same technical that in [4] we deduce that
u satisfies: for all v € L*°(0,T; V)NW2(0,T; L?(Q)) with v(t) € K, Vt € [0,T]
we have

T
(@(T), 0(T) — w(T)ygz-1/2 172 — (2, 0(0) — o) — /0 (i, & — i) dt
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T T T
+/ a(u,v —u)dt + / (II*C'Mu(t),v — u(t))y vdt+ / b(td, v — u) dt
0 0 0

T
+ [ iR (or] = s = s | =i ds > [ (Foo =y,
s 0

Now, using the above result together with (53) and Lemma 5.1, we deduce that
there exists a subsequence, still indexed by ¢, and an element ¢ € W2(0,T; W)
such that

e = ¢ weak in WH2(0,T; W)-

From this result and (53) it follows that

T T T
/ c(p, ) dt — / e(u,)dt = / (@) wdt, forall ¥ € L®(0,T; W)-
0 0 0

We conclude that the couple (u, ¢) is a solution of the problem P.
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