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1. Introduction

The development of fixed point theory is closely related with the study
of various problems arising in the theory of ordinary differential equations.
One of the first contributions to this field is due to the French mathematician
Henri Poincaré®) (1854-1912) in his famous paper [14] of 1890 on the three-
body problem crowned by King Oscar Prize. This problem concerns the free
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motion of multiple orbiting bodies and Poincaré reduced the study to the
qualitative analysis of the T—periodic solutions of a differential system in R™

' = f(t, ) (1)
to the study of the fixed points of the operator Pr : R” — R™ defined by

Pr(y) = p(T;0,y),
where p(t; s, y) denotes the solution of equation (1) verifying the initial condi-
tion z(s) = y. We refer to the survey paper by Mawhin [11] for more details
and related results.

As early as 1883, Poincaré stated in [13] a theorem shown much later to
be equivalent with a fixed point theorem for continuous functions on a closed
ball into itself, published by L.E.J. Brouwer® in 1912 (see [4]). In its simplest
one-dimensional case (see Figure ), the Brouwer fixed point theorem asserts
the following property: any continuous function f : [a,b] — [a,b] has at least
a fized point. The proof combines very simple arguments, which strongly rely
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Fig. 1. Brouwer’s fixed point theorem (one dimensional case)

on the main continuity assumption combined with the order structure of the
set of real numbers. In the general form, the Brouwer fixed point theorem
asserts that any continuous function with domain the closed unit ball B in
RY and range contained in B must have at least one fixed point. This result
was first applied in 1943 to some forced Liénard equations by Lefschetz [9]
and Levinson [10]. If N > 2, the proof of the the Brouwer theorem is much
more complicated. However, simpler proofs have been found by means of
powerful topological tools, such as the topological degree.

In this paper we are concerned with the following natural related ques-
tions:

— what happens if the continuity hypothesis in the Brouwer fixed point
theorem is replaced with a monotonicity assumption;

— what about the approximation of the fixed point by means of two
classical successive approximations:

Tnt1 = f(xn) (Picard sequence)

DDutch mathematician (1881-1966).
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Ty + f (xn)

2

If f is continuous, these sequences provide fixed points, provided that
they are convergent. Indeed, taking the function f : R — R defined by
f(z) =1 — =z, let us consider zy € [0,1] and zp41 = f(zy), for all n > 0.
Then the Picard sequence (x,) converges if and only if xyg = 1/2. However,
if we construct the Krasnoselski sequence xy,+1 = [x, + f(2,,)]/2, then (x,)
converges for any initial value x¢ € [0, 1].

We also establish in the present paper related fixed point properties.
A particular interest is given to the cobweb method arising in mathemat-
ical economics, in strong relationship with successive approximations. We
refer to the recent problem books [15], [16] for further results and relevant
applications.

Tpt1 = (Krasnoselski sequence).

2. Knaster fixed point theorem

In this section we argue that the fixed point property stated in the
Brouwer theorem remains true if the continuity assumption is replaced with
the hypothesis that the function f : [a,b] — [a,b] is non-decreasing. The
same property does not hold provided that if f is decreasing. In the non-
decreasing case, the proof strongly relies on the order structure of the real
axis.

Theorem 1. Let f : [a,b] — [a,b] be a non-decreasing function.
(i) Then f has at least one fixed point.
(ii) There are decreasing function f : [a,b] — [a,b] with no fixed points.

Proof. (i) Set
A={a<z<b; f(x) >z}

and xg = sup A. The following situations may occur.
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Fig. 2. Knaster’s fixed point theorem
Case 1: xg € A. By the definition of z¢ it follows that f(xzg) > zo. If

f(zo) = xo, then the proof is concluded. If not, we argue by contradiction and
assume that f(xo) > zo. By the definition of xy we obtain f(z) < z, Vz > x.
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On the other hand, for any zop < = < f(zo) we have z > f(z) > f(=zo),
contradiction since x € (xo, f(z9)), that is, x < f(x¢). It follows that the
assumption f(xg) > x¢ is false, so f has a fixed point.

Case 2: xog & A. We prove that, in fact, it is impossible to have xg & A,
so zg € A, which reduces the problem to Case 1. If zg &€ A then there exists
a sequence x, — Tg, Tn, < xg, such that x, € A. Since f is increasing, it
follows that nlggo f(zyn) = xo. On the other hand, from f(z¢) < zo we deduce

that there exists x, < xg such that f(z,) > f(xo), contradiction with the
fact that f is increasing.
(ii) Consider the function

. 1
1—2 if ()§33<§
fle)=9 1 1
——— if =<z<l
2 2 2

Then f:[0,1] — [0, 1] is decreasing but does not have any fixed point. O

A related counterexample is depicted in Figure 3.
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Fig. 3. Knaster’s fixed point theorem fails for decreasing functions

3. Further fixed point properties

We start with some simple facts regarding the hypotheses of the Brouwer
fixed point theorem on the real axis.

(i) While a fixed point in [a,b] exists for a continuous function
f : la,b] — Ja,b], it need not be unique. Indeed, any point = € [a,b] is
a fixed point of the function f : [a,b] — [a, b] defined by f(z) = x.

(ii) The condition that f is defined on a closed subset of R is essential
for the existence of a fixed point. For example, if f : [0,1) — R is defined by
f(z) = (14+x)/2, then f maps [0, 1) into itself, and f is continuous. However,
f has no fixed point in [0, 1).

(iii) The condition that f be defined on a bounded subset of R is es-
sential for the existence of a fixed point. For example, if f : [1,00) — R is
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defined by f(z) = 2 + 2!, then f maps [1,00) into itself, f is continuous,
but f has no fixed point in [1, 00).

(iv) The condition that f be defined on an interval in R is essential
for the existence of a fixed point. For example, if D = [-2,—1] U [1,2]
and f : D — R is defined by f(z) = —z, then f maps D into itself, f is
continuous, but f has no fixed point in D.

We prove in what follows some elementary fixed point properties of
real-valued functions.

Proposition 1. Let f : [0,1] — [0,1] be a continuous function such that
f(0) =0, f(1) = 1. Denote f" := fo fo---of (n times) and assume that
there exists a positive integer m such that f™(x) = x for all x € [0,1]. Then
f(z) =z for any x € [0,1].

Proof. Our hypothesis implies that f is one-to—one, so increasing
(since f is continuous). Assume, by contradiction, that there exists x € (0,1)
such that f(x) > z. Then, for any n € N, we have f(z) > f" 1(z) >--- >
f(x) > x. For n = m we find a contradiction. A similar argument shows
that the case f(x) < x (for some x) is not possible. O

Proposition 2. Let a, b be real numbers, a < b and consider a continuous
function f : [a,b] — R.

(i) If la,b] C f([a,b]) then f has a fized point.

(ii) Assume that there exists a closed interval I' C f([a,b]). Then
I' = f(J), where J is a closed interval contained in [a, b].

(iii) Assume that there exists n closed intervals Iy, ..., I,—1 contained
in [a,b] such that for all0 <k <n—2, I41 C f(Ix) and Iy C f(In—1). Then
f™ has a fixed point (f* = fo...of).

Proof. (i) Denote f ([a,b]) = [m, M] and let z,,, s € [a,b] be such
that f(x,,) = mand f(xy) = M. Since f(zm)—2m < 0and f(zpr)—zm >0,
it follows by the intermediate value property that f has at least a fixed point.

(ii) Set I = [¢, d] and consider u, v € I such that f(u) = cand f(v) = d.
Assume, without loss of generality, that u < v.

The set A = {z € [u,v]; f(x) = ¢} is compact and non-empty, so
there exists & = max{z; x € A} and, moreover, @ € A. Similarly, the set
B = {z € [a,v]; f(z) = d} has a minimum point 5. Then f(a) =¢, f(8) =d
and for all z € (o, ) we have f(x) # c and f(z) # d. So, by the intermediate
value property, [¢,d] C f ((«, 8)) and f ((«, 3)) is an interval which contains
neither ¢ nor d. It follows that I’ = f(J), where J = [a, §].

(iii) Since Iy C f(In—1), it follows by b) that there exists a closed interval
Jpn—1 C I_1 such that Iy = f(Jnfl). But J,.1 C 1,1 C f(]n72). So, by
(ii), there exists a closed interval J,,_o C I,,_o such that J,—1 = f(Jp—2).
Thus, we obtain n closed intervals Jy, ..., J,_1 such that

Ji C I, forall0 <k <n-—1
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and
Jir1 = f(Jk), forall0 <k <n-—2and Iy = f (Jp-1).
Consequently, Jy is included in the domain of the nth iterate f™ and
Jo € Iy = f™(Jo). By a) we deduce that f™ has a unique fixed point in
Jo. O

Proposition 3. Suppose that f : R — R satisfies |f(x) — f(y)| < |z — y]
whenever x # y. Then there is some & in [—00,+o0] such that, for any real
z, f"(z) - & as n — oo.

Proof. We suppose first that f has a fixed point, say £, in R. Then,
from the contracting property of f, £ is the only fixed point of f. We may
assume that ¢ = 0, and this implies that |f(z)| < |z| for all nonzero x.
Thus, for any z, the sequence |f"(x)| is decreasing, so converges to some
nonnegative number p(x). We want to show that u(x) = 0 for every x, so
suppose now that z is such that p(x) > 0. Then f maps pu(x) and —p(z) to
points y; and yo, say, where y; < |u(x)| for each j. Thus, as f is continuous,
there are open neighborhoods of +u(x) that are mapped by f into the open
interval I = (—pu(x),u(z)) that contains y; and ys. This implies that, for
sufficiently large n, f™(x) lies in I, which contradicts the fact that |f™(z)| >
p(x) for all n. Thus, for all z, u(z) =0 and f"(x) — 0.

Now suppose that f has no fixed point in R. Then the function f(z)—=z
is continuous and nonzero in R. By the intermediate value theorem, f(z) > =
for al z, or f(z) < z for all z. We may assume that f(z) > z for all z, as
similar argument holds in the other case. Now the sequence f"(x) is strictly
increasing, hence converges to some £ in R U {+oc}. Moreover, ¢ R, else £
would be a fixed point of f. Thus f"(x) — 4oo for all x. O

We conclude this paper with the following elementary property, which
is due to M.W. Botsko [2].

Proposition 4. Let f : [0,1] — [0,1] be a function such that
|f(z) = f(y)| <|z—y| for all z, y € [0,1]. Then the set of all fized points of
f is either a single point or an interval.

Proof. Let F = {z € [0,1]; f(z) = z}. Since F is continuous, it
follows that F' is compact. Let a be the smallest number in F' and b the

largest number in F. It follows that F' C [a,b]. Fix arbitrarily zo € [a, b].
Since a is a fixed point of f, we have

f(zo) —a < |f(x0) —al = [f(z0) — fla)| < w0 —a.
Therefore, f(zg) < x¢. Similarly,
b— fzo) < [b— f(wo)| = |f(b) — f(zo)| <b— a0,

which shows that f(z¢) > z. It follows that f(x¢) = xo, hence zg is a fixed
point of f. Thus, F = [a,b]. O
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4. Approximation of fixed points

We have observed that if f : [a,b] — [a,b] is a continuous function then
f must have at least one fixed point, that is, a point = € [a,b] such that
f(z) = z. A natural question in applications is to provide an algorithm for
finding (or approximating) this point. One method of finding such a fixed
point is by successive approximation. This technique is due to the French
mathematician Emile Picard (1856-1941) and was introduced in his classical
textbook on analysis [12]. More precisely, if x; € [a,b] is chosen arbitrarily,
define z,41 = f(z,) and the resulting sequence (zy,)n>1 is called the sequence
of successive approzimations of f (or a Picard sequence for the function f).
If the sequence (xy,),>1 converges to some z, then a direct argument based
on the continuity of f shows that x is a fixed point of f. Indeed,

)= 1 (Jimon) = (fim nr) = Jim fro) = Jim o=

The usual method of showing that the sequence (xy)n>1 of successive
approximations converges is to show that it satisfies the Clauchy convergence
criterion: for every € > 0 there is an integer N, such that for all integers
J, k > N, we have |z; — x| < €. The next exercise asserts that it is enough
to set j = k+ 1 in the Cauchy criterion.

Proposition 5. Let f : [a,b] — [a,b] be a continuous function. Let xq be
a point in [a,b] and let (x,)n>1 denote the resulting sequence of successive
approzimations. Then the sequence (xy)n>1 converges to a fized point of f if
and only if limy, oo (Tpt1 — n) = 0.

Proof. Clearly li_>m (Tpt1 — xn) = 0 if (x,)n>1 converges to a fixed

n oo -
point. Suppose lim (z,41 — x,) = 0 and the sequence (z,),>1 does not
n—o0 -

converge. Since [a,b] is compact, there exist two subsequences of (xy,)n>1
that converge to & and & respectively. We may assume &1 < &». It suffices
to show that f(xz) = z for all x € (&1, &2). Suppose this is not the case, hence
there is some z* € (£1,&2) such that f(z*) # «*. Then a § > 0 could be found
such that [x* —0, 2%+ 0] C (£1,&2) and f(Z) # & whenever € (z* —4, 2% 40).
Assume Z— f(Z) > 0 (the proof in the other case being analogous) and choose
N so that |f*(z) — f**1(x)] < § for n > N. Since & is a cluster point, there

exists a positive integer n > N such that f™(z) > x*. Let ng be the smallest
such integer. Then, clearly,

froie) <zt < f(x)
and since f0(z) — f"~1(z) < § we must have
o tz) — f(z) > 0 so that f™(z) < f 1 (z) < 2%,

a contradiction. O
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The usual method of showing that the sequence (xy,)n>0 of successive
approximations converges is to show that it satisfies the Cauchy convergence
criterion. The next result establishes that this happens if and only if the
difference of two consecutive terms in this iteration converges to zero. The
American mathematician Felix Browder has called this condition asymptotic
regularity.

The next result is due to H.G. Barone [1] and was established in 1939.

Theorem 2. Let (z,,)n>0 be a sequence of real numbers such that the sequence
(Tp+1 — xp) converges to zero. Then the set of cluster points of (xy)n>0 is a
closed interval in R, eventually degenerated.

Proof. Set {_ := hmlnf:cn, {4 := limsupx,, and choose a € ({_,¢4).
n— n—o0

By the definition of /_, there exists x,, < a. Let ng be the least integer
greater than ny such that z,,, > a (the existence of ny follows by the definition
of £1). Thus, zp,—1 < a < zp,. Since {_ < a, there exists a positive integer
n3 > ng such that z,, < a. Next, by the definition of ¢, there exists an
integer Ny > ng such that zn, > a. If ng denotes the least integer with
these properties, then x,,—1 < a < x,,. In this manner we construct an
increasing sequence of positive numbers (na),~, such that, for all k& > 1,
Tpg—1 < a < Tp, . Using the hypothesis we deduce that the sequences
(Tnoy—1)p>q and (Zy,, )., converge to a, so a is a cluster point. O

The following convergence result was established by B.P. Hillam [7] in
1976.

Theorem 3. Let f : [a,b] — [a,b] be a continuous function. Consider the
sequence (Tn)n>0 deﬁned by zo € [a,b] and, for any positive integer n, x, =
f(zn=1). Then the sequence (xn)n>0 converges if and only if (Tpt1 — Tp)
converges to zero.

Proof. Assume that the sequence of successive approximations (zy,)n>0
satisfies z,11 — x, — 0, as n — oo. With the same notations as above,
assume that £_ < ¢,. The proof of (i) combined with the continuity of f
imply a = f(a), for all a € (¢_,¢;). But this contradicts our assumption
¢_ < {4. Indeed, choose /— < ¢ < d < ¢y and 0 < € < (d — ¢)/3. Since
Tnt1 —Tn — 0, there exists N such that for alln > N, —e < 41— 2, < €.
Let Ny > N; > N; be such that zy, < ¢ <d < zy,. Our choice of € implies
that there exists an integer n € (N1, N3) such that a := x,, € (¢,d). Hence
ZTpt1 = f(a) = a, Tpy2 = a, and so on. Therefore xy, = a, contradiction.

The reversed assertion is obvious. O

The following result is a particular case of a fixed point theorem due to
Krasnoselski (see [8]). We refer to [6] for the general framework corresponding
to functions defined on a closed convex subset of strictly convex Banach
spaces.
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Theorem 4. Let f : [a,b] — [a,b] a function satisfying | f(z)—f(y)| < |x—y],
for all z, y € [a,b]. Define the sequence (zn)n>1 by x1 € [a,b] and, for all
n>1, xny1 = [zn + f(xn)] /2. Then the sequence (zy)n>1 converges to some
fixed point of f.

Proof. We observe that it is enough to show that (z,,),>1 converges.
In this case, by the recurrence relation and the continuity of f, it follows
that the limit of (z,)n>1 is a fixed point of f. We argue by contradiction and
denote by A the set of all limit points of (z,),>1, that is,

A = {l € [a,b]; there exists a subsequence (z, )x>1 of
(Zn)n>1 such that x,, — £}.

By our hypothesis and the compactness of [a,b], we deduce that A
contains at least two elements and is a closed set.

We split the proof into several steps.

(i) For any ¢ € A we have f(¢) # ¢. Indeed, assume that ¢ € A and fix
e > 0 and ny € N such that |z, —¢| <e. Then

L+ f(0) _ wny + f2n,)

|£_$nk+1| = 9 9 >

and so on. This shows that |z, — ¢| < ¢, for all n > ny. Hence (zy)n>1
converges to £, contradiction.
(ii) There exists ¢p € A such that f(¢y) > ¢p. Indeed, arguing by

contradiction, set /_ = %ni;llﬁ. Then ¢/_ € A and f(¢_) < ¢_. The variant
€

f(l—-) = ¢_ is excluded, by (i). But f({_) < ¢_ implies that W €A

and [LLQ(L)] < £_, which contradicts the definition of /_.

(iii) There exists € > 0 such that |f(¢) — ¢| > €, for all £ € A. For if
not, let ¢, € A such that |f(¢,) — £,] < %, for all n > 1. This implies that
any limit point of (¢,),>1 (which lies in A, too) is a fixed point of f. This
contradicts (i).

(iv) Conclusion. By (ii) and (iii), there exists a largest ¢4 € A such
that f(£y) > ¢4. Let ¢/ = W and observe that f(¢1) > ¢ > ¢4 and
f(¢) < ¢'. By (iii), there exists a smallest ¢’ € A such that ¢/ > ¢, and
f(") < 0", 1t follows that £ < ¢ < f(¢4). Next note that f(¢") < £4; for,
if not, ¢ := WJFQM satisfies £, < ¢ < ¢" and, by definitions of £, and ¢”,
it follows that f(¢") = ¢ contrary to (i). Thus f(¢") <y < " < f(l1). Tt
then follows that |f(¢") — f(¢4)] > |¢” — £4+]. This contradicts the hypothesis
and concludes the proof. O

Remark. The iteration scheme described in the above Krasnoselski’s pro-
perty does not apply to arbitrary continuous mappings of a closed interval
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into itself. Indeed, consider the function f : [0,1] — [0, 1] defined by

3 1

S it 0<e<g

3 . 1 1

f(ﬂf)— —3$+§, if %<I‘<§
0, if igmgl.

Then the sequence defined in the above statement is defined by
Toy = % and xo,41 = %, for any n > 1. So, (z5,)n>1 is a divergent sequence.

The contraction mapping theorem states that if f : R — R (or
f:[a,00) — [a,00)) is a map such that for some & in (0, 1) and all  and y in
R, |f(x) — f(y)| < k|z — y|, then the iterates f* = fo...o f (n terms) of f
converge to a (unique) fixed point £ of f. This theorem can be accompanied
by an example to show that the inequality cannot be replaced by the weaker
condition |f(z) — f(y)| < |z — y|. The most common example of this type
is f(r) = x 4+ 1/ acting on [1,00). Then f(x) > z, so that f has no fixed
points. Also, for every z, the sequence z, f(z), f2(z), ... is strictly increa-
sing and so must converge in the space [—oo,+o0]. In fact, f™(x) — +o0,
for otherwise f"(x) — a for some real a, and then f(f"(x)) — f(a) (because
f is continuous) so that f(a) = a, which is not so. Thus we define f(+o0)
to be +o00 and deduce that this example is no longer a counterexample. The
following property clarifies these ideas and provides an elementary, but inter-
esting, adjunct to the contraction mapping theorem. We just point out that
a mapping f : R — R satisfying |f(x) — f(y)| < |z — y| for all = # y is called
a contractive function.

We say that a function f : [a,b] — R satisfies the Lipschitz condition
with constant L > 0 if for all z and y in [a, b], | f(x)— f(y)| < L|z—y|. A func-
tion that satisfies a Lipschitz condition is clearly continuous. Geometrically,
if f: [a,b] — R satisfies the Lipschitz condition

|fx) = fl < Llx—y|  forallz,y € la,b],
then for any z, y € [a, b], x # y, the inequality

'f(w)—f(y) I
r—y -

indicates that the slope of the chord joining the points (z, f(x)) and (y, f(y))
on the graph of f is bounded by L.

Using the fact that the real line is totally ordered, the following more
general theorem with much more elementary proof is possible.

Proposition 6. Let f : [a,b] — [a,b] be a function that satisfies a Lipschitz
condition with constant L. Let x1 in [a,b] be arbitrary and define x,y1 =
=(1—XNzp+ Af(x,) where A\ =1/(L +1). If (xp)n>1 denotes the resulting
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sequence then (x,)n>1 converges monotonically to a point z in [a,b] where
f(z) =z

Proof. Without loss of generality we can assume f(x,) # z, for all n.
Suppose f(x1) > 1 and let p be the first point greater than z; such that
f(p) = p. Since f(x1) > z1 and f(b) < b, the continuity of f implies there is
such a point.

Next, we prove the following claim. If 1 < 2 < ... < z, < p and
f(x;) > x; for i = 1,2,...,n, then f(z,41) > Tpt1 and x,41 < p. Indeed,
suppose p < Xni1, then z, < p < Tpy1, hence 0 < p — xp < Tyl — T =
A f(zn) — zp). Therefore

1
3 |#n = pl = (L4 1) |2n —p| <|f(zn) — 2a| <

0 <
< !f( n) = FP) +|p = xnl.-

It follows that
L|:L'n _p| < ’f(xn) - f(p)| )
which contradicts the fact that f is a Lipschitz function. Thus z,4+1 < p and
f(znt1) > xny1 by the choice of p, and the claim is proved.
Using the induction hypothesis it follows that z,, < 2,41 < p for all in-
tegers n. Since a bounded monotonic sequence converges, (2, ),>1 converges
to some point z. By the triangle inequality it follows that

2 F) < e aal 4 len — flan)] + ) — F(2)] =
= ezl Janer — ] 4 ) — S

Since the right-hand side tends to 0 as n — oo, we conclude that f(z) = z.
If f(x1) < x1 a similar argument holds. O

Applying a somewhat more sophisticated argument, one can allow A to
be any number less than 2/(L 4 1) but the resulting sequence (x,,),>1 need
not converge monotonically. The following example shows this last result is
best possible.

Let f:1]0,1] — [0, 1] be defined by

I —
1 0<e < —
’ =¥S 9L
L—1 L+1
= —L L+1 — << —
f(x) T+ = ( +1), 57 STS< 7
L+1
- <1
0, 2L <z <1,

where L > 1 is arbitrary. Note that f satisfies a Lipschitz condition with
constant L. Let A = 2/(L + 1) and let x; = (L — 1)/2L. Then zy =
=1 =Nzy1+Af(z1)=(L+1)/2L, x5 = (1 — Nzo + Af(x2) = (L —1)/2L,
etc.
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5. Picard sequences versus the cobweb model and qualitative
analysis of markets

We start with the following elementary geometric interpretation of the
Picard method. First, take a point A(xy, f(z1)) on the curve y = f(x).
Next, consider the point Bi(f(z1), f(z1)) on the diagonal line y = x and
then, project the point B; vertically onto the curve y = f(z) to obtain a
point Ag(za, f(x2)). Again, project As horizontally to By on y = z and
then, project By vertically onto y = f(x) to obtain As(xs, f(x3)). This
process can be repeated a number of times. Often, it will weave a cobweb
in which the fixed point of f, that is, the point of intersection of the curve
y = f(z) and the diagonal line y = x, gets trapped. In fact, such trapping
occurs if the slopes of tangents to the curve y = f(x) are smaller (in absolute
value) than the slope of the diagonal line y = x. The situation described
above is illustrated in Figure 4.

A y=f(x) y=x

A

o’

Fig. 4. Picard sequence converging to a fixed point

When the slope condition is not met, then the points A, Ao, ... may
move away from a fixed point. This case is depicted in Figure 5.

=f(x
v y=f(x)
AP
Y=X,
P, Q, "
P, QD
A Q, P, 3
% P,
o >

Fig. 5. Picard sequence diverging away from a fixed point
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In mathematical economics, the behaviour described in Figure 4 cor-
responds to the convergence to an equilibrium point, while the framework
described in Figure 5 describes the divergence from equilibrium.

A sufficient condition for the convergence of a Picard sequence, which
is a formal analogue of the geometric condition of slopes mentioned above, is
stated in the following result, which is also referred as the Picard convergence
theorem.

Theorem 5. Let f : [a,b] — [a,b] be a continuous function which is diffe-
rentiable on (a,b), with |f'(z)| <1 for all x € (a,b).

Then f has a unique fixed point. Moreover, any Picard sequence for f
18 convergent and converges to the unique fixed point of f.

Proof. We first observe that the Brouwer fixed point theorem implies
that f has at least one fixed point. Next, assuming that f has two fixed
points x, and x*, the Lagrange mean value theorem implies that there exists
¢ € (a,b) such that

|72 — 2% = |f () = f(@)| = £ )] - o — 27| < |as — 27,

a contradiction. Thus, f has a unique fixed point.

We point out that the condition |f/(z)| < 1 for all z € (a,b) is essential
for the uniqueness of a fixed point. For example, if f : [a,b] — [a, b] is defined
by f(x) = z, then f'(z) = 1 for all z € [a,b] and every point of [a,b] is a
fixed point of f.

We prove in what follows that the corresponding Picard sequence con-
verges. Let z* denote the unique fixed point of f. Consider arbitrarily
z1 € [a,b] and let (zp)pn>1 C [a,b] be the Picard sequence for f with its
initial point z1. This means that x,, = f(x,—1) for all n > 2. Fix an integer
n > 1. Thus, by the Lagrange mean value theorem, there exists £, between
x, and z* such that

Tpyl — T = f(fn) - f(l'*) = f,(gn)(l'n - :L'*) .

This implies that |z,+1 — 2*| < |z, — 2*|. Next, we prove that =, — z*
as n — 00. Since (xy,),>1 is bounded, it suffices to show that every conver-
gent subsequence of (xy,),>1 converges to z*. Let z € R and (xy, )r>1 be a
subsequence of (xy,),>1 converging to . Then

gy — &7 < fng 41 — 27 <, — 27|
But |2y, , —2*| = |r — 2*| and
gy = 2 = |f(2ny) = F@)] = |f(2) = f(a7)],  ask — oo,

It follows that | f(z) — f(z*)| = |x—x*|. Now, if x # z*, then by the Lagrange
mean value theorem, there exists € (a,b) such that

2 — 2" =|f(z) — f@)] = |f' (O] |z — 2" < |v — 27,
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which is a contradiction. This proves that x # x*. O

Remark. If the condition | f'(x)| < 1 for all x € (a, ) is not satisfied, then f
can still have a unique fixed point 2* but the Picard sequence (z,)n>1 with
initial point xy # z* may not converge to x*.
Example. Let f:[-1,1] — [-1,1], f(x) = —x. Then f is differentiable,
|f/(x)] =1 for all z € [-1,1], and z* = 0 is the unique fixed point of f.
If 1 # 0 then the corresponding Picard sequence is x1, —X1, T1, —T1,...,
which oscillates between x1 and —z; and never reaches the fixed point. In
geometric terms, the cobweb that we hope to weave just traces out a square
over and over again.

When the hypotheses of the Picard convergence theorem are satisfied,
a Picard sequence for f : [a,b] — [a,b] with arbitrary =, € [a, b] as its initial
point, converges to a fixed point of f. It is natural to expect that if z; is
closer to the fixed point, then the convergence rate will be better. A fixed
point of f lies not only in the range of f but also in the ranges of the iterates
fo f7 fofof,and so on. Thus, if R, is the range of the n—fold composite
fo-of (n times), then a fixed point is in each R,. If only a single point

belongs to ﬂ Ry, then we have found our fixed point. In fact, the Picard

method amounts to starting with any z;1 € [a, b] and considering the image
of 1 under the n—fold composite fo---o f.

Example. If f: [0,1] — [0,1] is defined by f(x) = +1 , then the nth iterate
of f is given by
3z+4" -1

34"

n-[0-8)30-2)

o0
Thus, (| R, = {3}, hence 3 is the unique fixed point of f. In general,
n=1

fo---o f(n times)(z) =
and

it is not convenient to determme the ranges R, for all n. So, it is simpler
to use the Picard method, but this tool will be more effective if the above
observations are used to some extent in choosing the initial point.

The Picard convergence theorem was extended in [5] to a framework
arising frequently in mathematical economics. This corresponds to the cob-
web model that concerns a qualitative analysis of markets in which supply
adjustments have a time lag and demand adjustments occur with no delay.
We briefly describe in what follows the cobweb model and we conclude with
the cobweb theorem, which is a generalization of Theorem 5. Let s(p) de-
note the total quantity of the product that sellers are willing to supply at a
given price level p > 0. Assume the demand function d(p) represent the total
quantity of the product that buyers are willing to purchase at a given price
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level p. The situation described in the next result corresponds to price con-
verging to an equilibrium price and it is described by economists as a “stable
equilibrium”. This means that if a small extraneous disturbance occurs in
the market, eventually price will again converges to some equilibrium price.
The same result shows that disturbance should be be large enough to remove
the equilibrium. Such a disturbance might be a depression, drought, or large
recession.

Theorem 6. (Cobweb Theorem) Let s and d be real-valued functions of the
real variable p > 0, and suppose that the graphs of s and d intersect at the
point (p*,q*) where ¢* > 0. Let I be a closed interval centered at p* on
which functions s and d have nonvanishing continuous derivatives. Define
sequences (pn) and (qn) by letting po be any element of I, g, = $(pp—1) and
pn = d Y(qy) for alln > 1. Assume that |s'(p)| < |d'(p)| for all p in I. Then
limy, 00 P = P and limy, 00 gn = ¢~

The proof of Theorem 6 relies on the Cauchy mean value theorem; we
refer to [5] for details and related properties.

Acknowledgments. The authors are greatly indebted to Professor
Jean Mawhin for his interest in this work and for his numerous remarks,
which have considerably improved the initial version of this paper.
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Proprietati de derivabilitate de ordin superior a
functiei-punct intermediar din teorema de medie a lui
Lagrange

DoRrEgL I. DucaV

Abstract. If the function f : I — R is differentiable on the interval I C R,
and a € I, then for each = € I, according to the mean value theorem, there
exists a point ¢ (x) belonging to the open interval determined by z and a,
and there exists a real number 6 (z) €]0, 1] such that

f(@)=f(a)=(z—a)fP (c(x))
and
f@) —f@)=(—a)fY(a+(z—a)f(x)).
In this paper we shall study the differentiability of high order of the func-
tions ¢ and 0 in a neighbourhood of a.

Keywords: intermediate point, mean-value theorem.
MSC : 26A24.

In lucririle anterioare [8] gi [9], apiirute in aceastd revistd, dedicate
studiului punctului intermediar din teorema de medie a lui Lagrange am
demonstrat, printre altele, urmatoarea afirmatie:

Teorema 1. Fie I un interval din R, a €I gi f : I — R. Daca functia f
este derivabila pe intervalul I, atunci
19 Ewristd cel putin o functie ¢ : I\{a} — I\{a} care satisface relatia
f@)=f(a)=(z—a) fY (c(z)), oricare ar fi x € I\{a}. (1)
Dacd, in plus, functia fOeste injectivd, atunci functia ¢ este unicd.

20 Existd cel putin o functie 0 : I\{a} — (0,1) care satisface relatia

f@)—fa)=(x—a)fY(a+ (x—a)0(z)), oricare ar fi x € I\{a}. (2)
Dacd, in plus, functia fYeste injectivd, atunci functia 0 este unicd.
In cele ce urmeazi avem nevoie de urmétoarele rezultate:

Teorema 2. Fie n un numar natural, I si J doud intervale dinR siu : I —R
si f:J — R astfel incat u () C J.

Daca:

(a) functia u este derivabild de n ori pe intervalul I;

(b) functia f este derivabila de n ori pe multimea J,
atunci functia compusd fou: I — R este derivabild de n ori pe intervalul I

St

DProf univ. dr., Facultatea de Matematica si Informatica, Universitatea Babeg-Bolyai,
Cluj-Napoca, Romania, dorelduca@yahoo.com
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(fou)™ (2) = Z (f(k) o u) (x) A,im (), oricare ar iz eI,  (3)

k=1
unde, pentru fiecare k € {1,...,n} si x € I, avem
AV @ = Y e, G, @), (4)

11+2i2+...4nip=n
i1+io+...Fin=Fk

Cu

(n) n!
a111’527---7’bn (Zl)' . (Zn)' (1')11 L. (n!)ln ( )

i@ = (@) (@) (@) @)

oricare ar fi iy, ...,in € {1,...,n} six € I.

Demonstratie. Demonstratia se gaseste, de exemplu, in [12]. O

Teorema 3. Fie I gi J doud intervale din R gi f : I — J o functie bijectivd.
Daca

(1) functia f este derivabila de n > 2 ori pe I,

(i5) fO) (x) # 0, oricare ar fix € 1,
atunci functia f~': J — I este derivabild de n ori pe J si

(f—l)(”) _
o -1 nzl (ffl)(k') % Z F . . f*l (7)
(f(l) © f_l)nkZI 11+2i9+...4+nip=n B 7

i1+i2+---+in:k
unde Fy, ;, . i, : I — R este definita prin

o D@\ 2@\ (@)

oricare ar fix € 1.

Demonstratie. Demonstratia se gaseste, de exemplu, in [7]. O

Teorema urmatoare, a carei demonstratie se gaseste in [9], [7], ne da, in
anumite conditii, comportarea punctului intermediar din teorema de medie
a lui Lagrange.

Teorema 4. Fie I un interval din R, a un punct interior intervalului I si
f: I — R o functie care satisface urmatoarele conditii:

(1) functia f este derivabila de doua ori pe intervalul I;

(ii) functia f@) este continud in punctul a;

(iii) f® (a) #0.

Atunci au loc urmdatoarele afirmatii:

19 Existd un numdr real § > 0 astfel incat
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a) (a—d,a+6) C I
b) fO(x) #0, oricare ar fi x € (a — J,a + 9);
¢) fO) este injectivd pe (a — 6, a + 0).
20 Ezistd o functie ¢ : (a — d,a + 6)\{a} — (a — &,a + §)\{a}, si una
singurd, cu proprietatea ca:
f(z) = f(a) = (z = a) fD (e()), (8)
oricare ar fix € (a — d,a+ §)\{a}.
3% Ezistd o functie 0 : (a — &,a + §)\{a} — (0,1), si una singurd, cu
proprietatea ca:

f(@) = f(a) = (z = a)fPD(a+ (z - a) (x)), (9)
oricare ar fix € (a — d,a+ §)\{a}.
49 Punctia 0 are limitd in punctul © = a si
lim 6() = 3.
59 Functia ¢ : (a — 6,a+ ) — (a — §,a + ) definitd prin
(2) = { c(z), dacaze (a—10d,a+0d)\{a}

c o
a, daca r = a,

este derivabila tn punctul a si
1
) - =
c\(a) = =.
()=
Scopul urmarit in continuare este acela de a stabili conditii in care
functia ¢ este derivabila de ordin superior si de a calcula derivatele ei. Are

loc urmatoarea teorema:

Teorema 5. Fie I un interval din R, a un punct din interiorul intervalului
I si f: 1 — R o functie care indeplineste conditiile:

(i) functia f este derivabila de trei ori pe intervalul I;

(ii) functia f®) este continud in punctul a;

(i1i) £ (a) # 0.

Atunci:

19 Existd un numdr real § > 0 astfel incat:

a) (a—46,a+9)CI;

b) fA(z) # 0, oricare ar fi x € (a — 6,a + 6);

¢) functia f este injectivi pe (a — 8,a + 6).

20 Ezistd o functie ¢ : (a — 6,a + 0)\{a} — (a — 6,a + 6)\{a}, si una
singurd, cu proprietatea ca:

f(@) = f(a) = (& = a) fD(c(x)),

oricare ar fix € (a — d,a+ d)\{a}.

30 Existd o functie 0 : (a—6,a+6)\ {a} — (0,1), si una singurd, astfel
incat

f(@) = fla) = (z = a) fD(a+ (z — a)l(x)), (10)
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oricare ar fi x € (a — d,a+6) \ {a}.
4% Punctia 0 : (a — 6,a + ) — (0,1) definitd prin

_ 0(x), dacix € (a—9d,a+6 7}
6(‘73)_{ 1;2? dacd:c—gz, S

este derivabild in punctul x = a $i
_ ®3)
70 (a) = f(a)
2470 (a)
5° Functia ¢ : (a — 0,0+ 8) — (a — 6,a + ) definitd prin
& (2) = { c(x), dacaxe€ (a—96d,a+0)\{a}

a, daca r = a,
este derivabila de doud ori in punctul a si
@ (q) = L@
12/®)(a)

Demonstratie. 1° — 3% Afirmatiile 1°, 20 si 3° rezulta din teorema 4.
49 Fie J = fM((a—6, a+0)). Deoarece f1) este continui pe (a—4, a+4d),
multimea J este interval. Consideram functia ¢ : (a — d,a + §) — J, definita
prin
o(z) = fV(x), oricare ar fi z € (a — 8,a + 9).
Din afirmatia 1° rezultd ca functia ¢ este bijectiva. Atunci functia inversa
¢ 1:J = (a—d,a+6) este continud pe J. Pe de alti parte din (10) rezulta

fa) - (@)
oricare ax fi & € (a— 6.0+ 9) \ {a) g deci
f(z) — f(a)
Din (11) ob‘gin:m_ '
0(z) = —— [~ (r(z)) — a, oricare ar fi z € (a — &, a+ 0)\ {a},

r—a

= fW(a+ (2 - a)f(2)), (11)

€ J, oricare ar fi x € (a — d,a +0) \ {a}.

unde 7 : I\ {a} — R este definita prin
oy L) @)

x—a
Deoarece functiile =1 si r sunt continue, rezulta ca functia § este continua
pe (a —d,a+9) \ {a}. Din teorema 4 avem

, oricare ar fi x € (a — d,a+0) \ {a}.

lim f(z) = lim 6(x) = % =0(a).

T—a r—a
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Prin urmare functia 0 este continud si in punctul z = a. Urmeazi ci
functia @ este continui pe multimea (a — 6,a + §). Intrucat functia fMeste
derivabila pe I si derivata

oW () = f@(x) #£0, oricare ar fi z € (a — 6, a+ 6),

obtinem c& functia ¢! este derivabild in punctul ¢(z) = f(I)(z), oricare ar

fize(a—10d,a+0),si
1 1
“14(1) _ _ ) g 5 ~
(™) (e(x)) 0@~ @) oricare ar fi x € (a — d,a + 9)

-1

Atunci functia ¢ = ¢~ or este derivabila pe multimea (a —d,a +9) \ {a}.
Calculam derivata lui 6 in punctul @ = a folosind definitia derivatei si
regula lui I’ Hépital. Avem

1 1 1
A0 i, O@) =) _ Oz) -5 . o @) —a)—3
0 ()_:zlz—m T —a _i—m T —a _}:—m (x—a)
r—a (1)
(oo T30 e (6@ - )
- fg}l (z — a)2)® =l 2(z — a)
Intrucat

lim M (z) = lim <f(:1:) — f(a)>(1) = 1]”(2)(61),

Tx—a Tx—a Tr—a
si

lim (o) (o) = 1.

putem aplica, din nou, teorema lui I’Hépital. Atunci

5(1)(a) — lim % [((pl)@) (r(z)) (T(l)(x)>2 n (qu)(l) (r(x))r@)(l’) )

Deoarece @
limz — ar®(z) = ilg}b <f($gz : g(a)> = %f(g’)(a)
3 (3)
(™) (r(@)) = ~ For

obtinem

Wy L[ fPa) oy L @ _ %)

T3 ( Wo@r W e ) T ey
50 Pentru fiecare z € (a — §,a + ) avem
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Urmeaza ca functia ¢ este derivabild de doua ori in punctul « si

Teorema este demonstrata. O
Derivabilitatea de ordin superior a functiei punct intermediar este ana-
lizata in teorema urmatoare:

Teorema 6. Fie I un interval din R, a un punct din interiorul intervalului
I si f:1— R o functie care satisface conditiile:

(1)  functia f este derivabila de (n+ 1) ori pe intervalul I;

(ii) functia Ft) este continud in punctul z = a;

(iii) F)(a) £ 0.

Atunci :

19 Existd un numdr real § > 0 astfel incat

a) (a—d,a+0) CI;

b) fP(x) #0, oricare ar fiz € (a — 8,a+ 6);

¢) functia f este injectivd pe (a — 8,a + 6).

20 Ezistd o functie ¢ : (a — 8,a + 6)\{a} — (a — &,a + §)\{a}, si una
singura, cu proprietatea ca

f(z) = f(a) = (& — a) fD (e()), (12)

oricare ar fix € (a — d,a+ §)\{a}.
30 Emistd o functie 0 : (a — §,a + 0)\{a} — (0,1), si una singurd, cu
proprietatea ca

f(x) = fla) = (z = a) fD(a+ (z — a) 8 (), (13)

oricare ar fix € (a — d,a+ §)\{a}.
49 Functia o : (a — 6,0+ 0) = fO) ((a — 6,a + ) definitd prin

o (x) = fO (), oricare ar fix € (a—6,a+0),

este bijectiva.
50 Functia ¢ : (a — 0,a + ) — (a — &,a + &) definitd prin

(x):{ c(x), dacaz € (a—90d,a+9)\{a}

a, daca x = a,

(14)

c

este deriabild de n ori pe (a—9,a+9) si, pentru fiecare v € (a—6,a+0)\{a}
sime{l,...,n}, avem

—(m o flx)— f(a m!
i14+202+...4+Mmim=m
i1+7;2+~-+im:k
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= (3 (150" (51507
3 (1, (M)<m>)"’"

oricare ar fix € (a — 0,a+ 6)\{a}, sii1,...,im € {1,...,m} g

Mgy =3 ((p—1)(k) (f(l) (a)> % (15)

k=1

ml D\ (£ @\? [ FmD @)\
x 2 ¢1!¢2!...z’m!< 2!( )> < 3!( )> "'((m+1()!)> -

11+2i0+...+mim=m

m
:Z Z . k-1
1 (2
it \ i 2is ot (heyipk1 02Yi3lix! (fP) (a))
i1+i2+...+ik:k—1

A @\" (19 @\ (1 )"
(5 (59) () -

m) £ (q “ £3) (g & Fm41) (g i
% 2 illigl...im!< 2!( )> < 3!( )> '”((m+1()!)>

11+2i2+...+mim=m
i1+i2+...Fim=k

oricare ar fim € {1,...,n}.
6° Functia 0 : (a — 6,a + ) — (0,1) definitd prin
_ { 0(z), dacix € (a—0d,a+9)\ {a}
1

(=) (2 — 2 — ) y

0(z) = > daca x = a

este derivabila de n—1 ori pe (a—0, a+9) si pentru fiecare x € (a—0,a+0d)\{a}

Tr—a

_ g\ ™
g (x) = (c(x)a) , oricare ar fim € {1,...,n—1} (16)
§1
1

67 (a) = " (a) = (17)
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m+1

= > (e )P @) x > _nt1)

A S ? A
k=1 o 4 (i) (img)!
- i142ia+...+(m+1)ipmp1=m+1
i1+t Fimy1=k

. (f(2)(a)>il (f(3) (a))” <f(m+2) (@)im“
2l 31 “\mt2) '

oricare ar fim € {1,...,n — 1}.

Demonstratie. 1° — 3°. Afirmatiile 1°, 2° si 3° rezulti din teorema
4.

49 Din afirmatia 19, ¢) avem ci ¢ este injectiva, iar din modul cum a
fost definita, functia ¢ este surjectiva.

59 Din (12), rezultd ci functia c are urmétoarea expresie

r—a

c(z)=p ! (f(a:)—f(a)) , oricare ar fi x € (a — d,a+ )\ {a}. (18)
Intrucat
}}_I)I(ll c(x)=a=¢(a),

functia ¢ este continua in punctul z = a.
Fie r: (a — d,a + 0) — R functia definita prin

J@ =1 iz € (a—b.a+06)\ {a}
r(x) = r—a
fW(a), daca z = a.

Atunci, din (18) rezulta ca

(m):{ (¢7tor)(z), dacdz € (a—d,a+d)\{a}

a, daca = = a.

Din (i), definitia lui r si proprietatile functiei f, deducem ca functia ¢ este
derivabila de n ori pe (a—d,a+9) si, in baza formulei de derivare a compusei
a doud functii, pentru fiecare x € (a — d,a + 0)\{a} si m € {1, ...,n}, avem

o (@) =3 ((¢™H® or) (@) x > Fuan @ |

k=1 i14+2t24...4+Mim=m

unde, pentru fiecare i1, is, ..., iy € {0,1,...,m},

2 om0 @\ (2 @\ (@)
ihm’im(x)_il!ig!...im! 1! 21 ER ey .
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Deoarece, pentru fiecare i € {1,...,n},

(0)
D) — 1 o@Dy — ji (FE) = F@NY 1
() = tim (o) = tim (11 o f @ ()
deducem ca

™ (a) = lim ™ () =

=Y (@) x 2 Fuin(a) |,

1 11+2i2+...+mipm=m
i14i2+...+im=k

unde
m (P @\ (D@ (@)
Fi,.im (@) = - PR ‘ ' Ty ,
11100, 2! 3! (m+1)!
oricare ar fi i1, 49, ..., i,;m € {0,1,...,m}.

6° Din (13) si (14) deducem ci functia 6 este derivabild de n — 1 ori pe
(a—d,a+0) s

7" () = <c<$)_c@>(m): (C(x)_a>(m) , oricare ar i m € {1,..,n—1}

r—a r—a

oricare ar fi z € (a — d,a + J)\{a} si deci

S(p) — 7 (m)
g™ (a) = lim (c(x)c(a)) , oricare ar fim € {1,...,n — 1}.

T—a T —a

Daca acum tinem seama de (18), teorema este demonstrata. O

Exemplul 1. Pentru n =1 din (15) obtinem ca
1

D (g) = =
oW (a) =
st atunci, din (17), rezulta ca

Exemplul 2. Pentru n =2 din (15) obtinem ca
3

@ () = % (a)

12 f@)(a)’
st atunct
(1) A
0 =
)= 50 @)
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Exemplul 3. Pentru n = 3 din (15) obtinem ca

) (g _ I2@F V(@) — (79 @)
8(f®(a))’
st atunct )
- @ (@) @ (a) — (O (q
5 (a) = [P (a)fH (a) (f2 (a))

24 (f@)(a))
Observatie. Daca punctul a este extremitatea stanga a intervalului I, atunci
are loc urmatoarea afirmatie:

Teorema 7. Fie I un interval din R, a € I, extremitatea stanga a interva-
lului I, si f: I — R o functie care satisface conditiile:

(1) functia f este derivabila de (n+ 1) ori pe intervalul I;

(ii) functia fFYD este continud in punctul x = a;

(iii) F®)(a) £0.

Atunci:

19 Ezistd un numdr real § > 0 astfel incdt

a) [a,a+9) C I

b) fA(x)#0, oricare ar fi x € [a,a + J);

¢) functia fV este injectivd pe [a,a + 9).

20 Existd o functie ¢ : (a,a+8) — (a,a+0), §i una singurd, cu propri-

etatea ca
f(z) = fla) = (x = a) fD(c(x)),
oricare ar fi x € (a,a + 9).
30 Existd o functie 0 : (a,a+0) — (0,1), si una singurd, cu proprietatea

9

ca
f@) = f(a) = (@ —a)fD(a+ (z —a)b(x)),

oricare ar fi x € (a,a + 9).
4% Functia ¢ : [a,a +0) — U ([a,a + 0)) definitd prin

o (x) = fY (x), oricare ar fi x € [a,a + 0),

este bijectiva.
50 Functia © : [a,a + 0) — [a,a + ) definitd prin

@ c(x), daca z € (a,a+0)
€Tr) =
a, daca x = a,

este derivabila de n ori pe [a,a + 0) si, pentru fiecare x € (a,a + 0) si
m € {1,...,n}, avem

e () = 3 (p~H)® (f(l’)—f(a)> S ™ e (@)

— NI

i a 2129:... 09+

k=1 142t +mim=m L2t
i1+i2+~--+im:k
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= (5 (1)) (3 (1920 )
» (1‘ (My))i’”

oricare ar fi x € (a,a+9), §ii1,...,0m € {0,1,...,m} si

ml D\ (O @\? [ FmD (@)
% 2 Z'l!z'g!...im!( 2!( )> < 3!( )> "'((m+1()!)> -

114+2i0+...4+mipm=m
i1+io+.. A im=k

U 3 (D @k -2l
- L . 2k—1
i1+i2+...+ik=k71

D\ (O @\? [0 @)\
( u()) ( 2!<>) ( M()) y

ml @\ (9 @\"” £t ()"
x > il!@!...z'm!( 2!( )> ( 3!( )> "'((m+1()!)> ’

114+2i0+...4+miy=m
i1+i2+~--+im:k

oricare ar fim € {0,1,...,n}.
6° Functia 0 : [a,a + 8) — (0,1) definitd prin

{ 0(z), dacaz € (a,a+0)
1

0(x) =
(z) -, daca xr = a
2

este derivabila de n — 1 ori pe [a,a + §) si pentru fiecare x € (a,a + 9)

_ _ g\ (™
g (z) = <cng)_aa> , oricare ar fim € {1,...,n — 1}
§1 )
m) —(m+1) : 1l —
0" (a) —— (a), oricare ar fim € {1,...,n—1}

m+1

=—— S (e (V)%

k=1
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i1 2 Im41

3 (m+1)! ([ [Pa)) (D) fm2(a)

(11)'(Zm+1)' 21 3! (m+2)'
71 +2i2+...+(m+1)im+1:m+1
t1+i2+...Fimy1=k

X

Demonstratie. Demonstratia este similara cu a teoremei anterioare.
O
O teoreméa asemanatoare se poate demonstra si in cazul in care a este
capatul drept al intervalului I.
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Asupra unor criterii de convergenta
EUGEN PALTANEAY

Abstract. In this paper, we propose a short trip into the world of classical
convergence criteria for real sequences. We point out some connections,
extensions and integral versions. This presentation represents the first
part of a recent exposure at the conference A XIV-a Conferinta Anuala a
S.S.M.R., Alba Iulia, 15-17 octombrie 2010.

Keywords: convergence and divergence
MSC : 40A05

Lucrarea este dedicata comentarii unor criterii clasice de convergenta
pentru siruri si serii numerice. Vom evidentia o serie de conexiuni si extinderi.
Vom propune si unele rezultate originale, printre care o versiune integrala a
Lemei lui Kronecker.

Prezentarea de fata urmeaza firul expunerii sustinute recent la A XIV-a
Conferinta Anuald a S.S.M.R., Alba Iulia, 15-17 octombrie 2010.

Un rezultat clasic, cu larga aplicabilitate, al analizei matematice reale
asigura determinarea, in anumite conditii, a limitei raportului a doua giruri
cu ajutorul limitei raportului diferentelor de termeni consecutivi. Rezultatul
respectiv este datorat matematicianului austriac Otto Stolz (1842-1905) si
matematicianului italian Ernesto Cesaro (1859-1906).

Fie doua siruri reale, (an)n>1 $i (bn)n>1. Presupunem ca sirul (by)n>1
este strict pozitiv, strict crescator si divergent. In cele ce urmeaza, vom
considera urmatoarele doua siruri asociate lui (an)n>1 i (bp)n>1:

ap+1 — An

. Qn
Wy, = iv,=-—, n>1 1
" bn-‘,—l - bn 3 tn bn o ( )
Teorema 1. (Stolz-Cesaro). Daca existd limita li_)m wy, = L, unde L € R,
n—oo

atunci exista limita lim v, = L. In fapt, teorema decurge din urmatoarea
n—oo

lema binecunoscuta.
Lema 1.
lim inf w, < liminfv, <limsupwv, < limsup w;,. (2)
n—o0 n—ro0 n—00 n—o00
Limita inferioara si limita superioard ale unui sir reprezinta punctele
limita extreme ale sirului considerat. Pentru detalii, pot fi consultate, de
exemplu, lucrarile [4] si [7]. Tlustrativ, vom prezenta demonstratia inegalitatii
stangi a relatiei (2).
Demonstratia inegalitatii lim inf w,, < liminf v,
n—oo n—oo
Fie a,, = I?>lf wg, n € N*. Avem wy > oy, V k > n, de unde ax11 —ay >
n

> o (bg+1 — br), V k > n. Din aceste relatii, obtinem ay — a,, > (b, — by,),

Dprof. univ., Universitatea , Transilvania“ din Bragov, epaltanea@unitbv.ro
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V k > n, sau
an — apb
UkZOén-f-in nn,Van
br;
Dar lim a"_bw = 0. Rezulta liminfv,, = lim <inf vk> > ap,
k—00 k m—00 m—oo \ k>m
V n € N*, de unde liminf w,, = sup o, < lim inf v,,. O
n—oo n>1 m—ro0

Teorema Stolz-Cesaro reprezintd o extensie a urmatorului rezultat.
Teorema 2 (Cesaro). Dacd sirul (zy)n>1 are limita L (L € R), atunci

n
sirul (Z xk/n> (sirul mediilor Cesaro) are limita L.
k=1 n>1

Mentionam de asemenea conceptul de sir Cesdaro sumabil.
n

Definitie. Fie un gir real (xy)n>1. Consideram girul s, = Y, x, n > 1
k=1

o0
(sirul sumelor partiale ale seriei Y, xy). Sirul (xp)p>1 se numeste Cesdro
n=1

n
sumabil, cu suma Cesaro S € R, daca lim % > s =S.
Vom observa cu ugurinta ca teorema Stolz-Cesaro ramane valabila si
in cazul sirurilor (by,),>1 strict descrescatoare, strict negative si divergente.
Printre aplicatiile notabile ale teoremei Stolz-Cesdro amintim varianta oo /oo

a regulii lui 'Hopital®.
Teorema 3 (I’Hopital). Fie f,g : (a,00) — R, doua functii derivabile.

: _ - oo @)
Presupunem xlgrolo g(x) =00 si ¢'(x) >0, ¥V z € (a,00). Daca xh_)rglo 7 = L

R ; lim L&) —
(unde L € R), atunci xll)rgo o = L-

f(tn)
9(tn)
(tn)n>1 strict crescator si divergent, cu termenii in intervalul (a, c0). Conform

teoremei de medie a lui Cauchy, exista s, € (tn,tn+1) astfel incat
f(tni1) — f(tn) _ f'(sn)
g(tnt1) — g(tn) g (sn)
f(sn)

n—oo g/(Sn) -

Demonstratie. Este suficient s dovedim lim = L pentru un sir
n—oo

L, concluzia se obtine aplicand teorema Stolz-Cesaro.
1

Vom aminti faptul ca teorema Stolz-Cesaro admite o binecunoscuta
versiune de tip 0/0 (a se vedea, spre exemplu, [2]). De asemenea exista
urmatoarea reciproca a teoremei.

D Guillaume Francois Antoine, Marquis de 'Hépital (1661-1704), matematician francez.
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Teorema 4. Fie girurile reale (an)n>1 $i (bn)n>1. Presupunem ca girul
(bn)n>1 este strict pozitiv si strict crescator. Notam:
bn Qn an41 — Ap

y Unp = 37—, Wp =

, n>1.
bn+1 bn bn+1 - bn

Up, =
Daca lim v, = L (unde L € R) i lim u, = p, unde p € [0,1), atunci
n—00 n—oo

lim w, = L.
n—oo

Demonstratie. Sirul (wy,)n>1 poate fi reprezentat prin
Un+1 — Un

Wy = vy + ———, n € N
1—u,

de unde concluzia. 0O

In Gazeta Matematicd, seriile A si B, au fost publicate recent unele
rezultate care extind versiunea clasica a teoremei Stolz-Cesaro. Astfel, in [1]
este formulata urméatoarea teorema interesanta.

Teorema 5. (Béarsan) Fie (an)n>0 §i (bn)n>0 doud siruri de numere reale
care satisfac ipotezele:

(1) Sirul (by)n>1 este strict monoton gi nemarginit.
(2) Ezistd un numdr natural nenul k astfel tncat lim §=H—r = [
o n—oo “n+k—n
(L € R).
Atunci sirul (‘g—”) are limita L.
"/ n>0

Demonstratie. Se aplica teorema Stolz-Cesaro subsirurilor (apk4r)n>0
$i (bnk+r)n>0, unde r € {0,1,--- ,k — 1}, ale sirurilor (a,)n,>0 si respectiv
(br)n>0- O

In lucrarea [6] se propun o serie de generalizari ale teoremei Stolz-
Cesaro. In fapt, autorul speculeaza in diverse moduri urmatorul tip intere-
sant de majorare:

n—1

|am - me‘ + sup |U)]€ - L| Z ‘biJrl - bz|
k>m

i=m

lv, — L| < , Vn,meN* n>m,

[bn]

unde L este un numar real arbitrar.
Teorema Stolz-Cesdaro poate fi regandita din considerente elementare.
Astfel, cu notatiile anterioare, avem

n—1 n—1

an = a1+ (ki1 —ap) = a1+ Y wy(bers — bi),
k=1 k=1
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deci, relatia dintre sirurile (vy)p>1 si (wn)n>1 poate fi exprimata prin:

n—1

aq + Z wk(bk+1 — bk)

k=1 , n €N

Up =

bn

Mai mult, daca vom considera ay = by = 0, si ca urmare wy = a1 /by,
a1 = wo(by — bp), relatia de mai sus se va transcrie:

> wilbryr —br)

- b1 — b
vy = =0 < bl k>, n e N, (3)
bn k=0
Sa& observam ca Z M = 1, iar daca sirul (by)n>1 este monoton si
k=0
divergent, atunci lim b’”blib’“ =0, V k € N. Astfel, matematicianul german

n—oo n

Otto Toeplitz (1881-1940) a obtinut urmatoarea extindere a teoremei Stolz-
Cesaro, evidentiind matricele triunghiulare infinite care conserva limitele de
siruri.

Teorema 6 (Toeplitz). Fie B = (by),, - © Mmatrice infinita (sir dublu)
cu proprietatile:

(1) B este o matrice triunghiulard (byr =0,V k > n);
(2) by >0, ¥ n, k € N*;

(3) XD bpr =1, VneN
k=1

(4) lim b,y =0, V ke N
n—oo o
Daca (wy)p>1 este un gir real cu limita L € R, atunci sirul v, =
n
= > byrwg, n>1, are limita L.
k=1
Demonstratia teoremei poate fi urmarita, de exemplu, in [3]. Men-
tionam ca un rezultat mai general este oferit de teorema Silverman-Toeplitz
(a se vedea PlanetMath [5]). Teorema Silverman-Toeplitz se refera la conser-
varea limitel pentru siruri de numere complexe.
Sa revenin la cadrul specific teoremei Stolz-Cesaro. Avand in vedere

reprezentarea (3), propunem urmétorul enunt, in care se analizeaza si cazul
unui sir (by)n>1 marginit.
Teorema 7. Fie sirurile reale (wp)n>1 $i (by ) 1, ¢t (bp)n>1 strict pozitiv

Z
Z ke (br+1—bk)
st monoton crescator. Fie sirul (vp)n>1, Un = :b—, n € N*,
n
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(1) (Stolz-Cesaro-Toeplitz.) Dacd lim w, = L (unde L € R) si
n—oo
lim b, = oo, atunci lim v, = L.
n—oo n—oo
(2) Daca sirurile (wp)n>1 §t (bn)n>1 sunt mdrginite, atunci sirul (vy)p>1
este convergent.

Demonstratia cazului (2). Sirul (b,),>1, monoton si marginit, este
n—1
convergent. Fie up, = > wg(bg+1 —bx), n > 1. Aratam ca sirul (u,),>1 este
k=1
fundamental. Conform ipotezei, exista M > 0 astfel ca |w,| < M, ¥V n > 1.
Atunci, pentru oricare n,p € N*, avem

n+p—1

[Unsp — Un| < Z [wi| - b1 — b| < M (bpyp — bn).
k=n

Din criteriul lui C’auchyl) rezulta ca, pentru € > 0, arbitrar, exista
ne € N* astfel incat 0 < byyp — by < 37, ¥V n,p € N*, n > n.. Atunci
[Untp — un| < e,V n,pe N n>n.

Astfel, sirul (uy)n>1 este fundamental, deci convergent (criteriul lui
Cauchy). Rezulta ca sirul (vy,)n>1 este convergent. 0

Urmatorul rezultat, datorat matematicianului german Leopold Krone-
cker (1823-1891), reprezinta o continuare teoretica a precedentelor teoreme.
Importanta Lemei lui Kronecker decurge in principal din implicarea sa in
demonstratia clasica a legii tari a numerelor mari in teoria probabilitatilor.
Enuntul de mai jos contine si o completare a Lemei lui Kronecker.

o

Teorema 8. Fie ) x, o serie reald convergentd, iar (by)n>1 un sir real
n=1
strict pozitiv si monoton crescator. Consideram girul (Yn)n>1,

n
§ brxy,
=

n b,

, n €N,

(1) Lema lui Kronecker. Dacd lim b, = oo atunci lim y, = 0.

(2) Daca (bp)n>1 este marginit atunci sirul (yn)n>1 este convergent.

1>Augustin Louis Cauchy (1789-1857), matematician francez
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n
Demonstratie. Notam w, = >  xx, n > 1, sirul sumelor partiale ale

k=1
o
seriei convergente Y x,. Aplicind metoda de sumatie AbelY, obtinem
n=1
n n—1
brwi + Y b(wy —wi—1)  bpwn + Y wi(by — bria)
Yo = k=2 _ k=1 _
" bn bn

n—1
> wi(bryr — bi)
k=1

bn

:wn

o0
Dar sirul (wy,)n>1 este convergent (cu limita egala cu suma seriei Y x,).
n=1
Atunci, concluziile decurg direct din Teorema 7. 0

In mod natural, teoremele precedente admit versiuni integrale. Astfel,
Teorema 7 se poate reformula in ,limbaj integral“ in modul urmator.

Teorema 9. Fie functiile reale f,g :[0,00) — R, integrabile Riemann
pe [0,a], pentru oricare a > 0. Presupunem cd, pentru orice x > 0, avem

g(z) >0 g [g(t)dt > 0. Definim h : [0,0) — R,
0

x> 0.

/ F(B)g(t) dt
=2

/ g(t)dt

0

h(

T—00 T—r00

oo
(1) Dacd lim f(xz) =L (unde L € R gi [ g(t)dt = oo, atunci lim h(z) = L.
0
o0
(2) Dacd functia f este mdrginitd si integrala [ g(t)dt este convergentd,

0
atunci functia h are limita finita spre oo.

xX
Demonstratie. Fie functia G : (0,00) — (0,00), G(z) = [ g(¢)dt.
0
(G este monoton crescatoare, deci are limita la co.

Avem [ g(t)dt = lim G(z) = sup G(z).
0 T—00 >0

DNiels Henrik Abel (1802-1829), matematician norvegian
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(1) Analizam cazul L € R. Functia f este marginita deoarece are limita
finita spre oo si este integrabila Riemann pe compactele [0, a], a > 0. Notam
M= sup |f(x)— L|. Fie e > 0. Exista a > 0 astfel incat [f(t) — L| < 5,

z€[0,00)

YV t > a. Deoarece li_)rn G(z) = oo, exista b > a astfel ca G(z) >
x o

¥ x > b. Atunci

2G(a) M

I )

/|f — Lig(t)
h(z) — L] < 9 < GlaM  e(G) — Ga)

0/ g(t)dt

Rezulta lim h(z) = L.
T—r00

Presupunem L = oo. Fie ¢ > 0. Exista a > 0 astfel ca f(t) > 2¢,
V't >a. Notam oo = sup |f(t)] € R.
te[0,a]

Exista b > a astfel ca G(z) > w, vV x > b. Atunci

/|f ot dt+/f G(a)(a + 2¢)

h(x) — >2c— —————= >2c—c=c,
[g(t)dt Glw)
0

V x >b. Cum ¢ > 0 este arbitrar, deducem lim h(z) = oo = L.

T—00

Cazul L = —oo se reduce la precedentul caz, prin considerarea functiei

—f.

oo
(2) Este suficient si dovedim convergenta integralei improprii [ f(¢)g(t)dt.

Notam s = sup | f(¢t)| i I =
>0

g(t)dt. Avem

xT

/ F(Dg()]dt = / FOlg)dt < sG(x) < sI, ¥ x>0,
0

0
oo
Rezultd ca [ |f(t)g(t)|dt este convergenta. Atunci f f(t)g(t)dt este
0
convergenta. 0

In final, prezentam o versiune integrala a Teoremei 8.
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Teorema 10. Fie functiile reale f,g: [0,00) — R, integrabile Riemann
pe [0,a], pentru oricare a > 0. Presupunem ca g este strict pozitiva gi mono-
o0

ton crescdtoare, iar integrala improprie [ f(t)dt este convergentd. Definim
0

functia h : (0,00) — R,

/ F(D)g(t) dt
o
g(x)

(1) Daca lim g(z) = oo, atunci lim h(x) = 0.
T—00 T—00
(2) Daca g este marginita, atunci h are limita finita spre oo.

Demonstratie. (1) Este suficient s& dovedim li_>m h(t,) = 0 pentru
n—oo

h(z) = x> 0.

un sir (fy)n>0, strict crescator si divergent, cu to = 0.
Avem ¢(t,,) < g(tn+1), ¥V n € N. Conform teoremei de medie BonnetH-
Weierstrass?), pentru k € N* existi &, € [tk—1,tx] astfel incat:

13 &k 13
/f(t)g(t)dt=g(tk_1) / f(t)dt—i—g(tk)/f(t)dt.
tk—1 &k

th—1
Aplicand transformarea Abel, obtinem:

n bk n ke
Soott) [ s0d S lgtt) - g(tn) [ s0)a

B k=1 ey k=1 th_1
M) =y 9(tn) |

Conform Lemei lui Kronecker (Teorema 8),

ty

o) [ s
k=1
lim b1 =0,
n—00 g(tn)
iar, conform Teoremei 7,
n &k
[b(tr) — b(tk—1)] / F(t)dt
k=1
lim b1 =0
n—o00 b(tn)

Rezulta lim h(t,) = 0.
n—o0

Dpierre Ossian Bonnet (1819-1892), matematician francez
2Karl Theodor Wilhelm Weierstrass (1815-1897), matematician german



E. PALTANEA, ASUPRA UNOR CRITERII DE CONVERGENTA 113

(2) Fie M = lim g(x) = supg(x) € (0,00). Pentru a dovedi existenta

T—00 >0
oo

xT
limitei finite lim [ f(¢)g(t) d¢, deci convergenta integralei [ f(¢)g(t) d¢, vom
utiliza criteriul de convergenta a lui Cauchy pentru integrale improprii. Fie
oo
e > 0. Convergenta integralei [ f(t)d¢ asigurd existenta unui ¢, > 0, astfel
0
y

[ (@) dt‘ < 557, V &,y > c.. Atunci, pentru ¢. < z < y, obtinem:

xT

ncat

/f@mwm::mw/ﬂwa+mw/&wdts

9

oM

<g@)| [ 1O + 9w | [ F0)at] <201

unde z € [z, y] este punctul intermediar asigurat de teorema de medie Bonnet-
Weierstrass. Rezulta ca T f(t)g(t) dt este convergenta. Ca urmare, h are o
limita finita spre oo. ’ 0
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Multipliers on discrete and locally compact groups
TANIA-LUMINITA COSTACHE"

Abstract. This paper contains some results concerning normalized equi-
valent multipliers on discrete groups. We prove that for a given multiplier
w on a locally compact group G we find a projective representation of G
on the Hilbert space L*(G) with w as the associated multiplier. We also
give a necessary condition for a multiplier to be exact.

Keywords: multiplier, projective representation.
MSC : 22Do5, 22D12, 43A70, 20025

1. Introduction

In Section 2 we prove that any multiplier w is equivalent with a norma-
lized multiplier w; on a discrete group G and we emphasize the fact that an
w-regular element a is also wi-regular for any multiplier w; equivalent with
the multiplier w.

Section 3 is dedicated to the projective representations of locally com-
pact groups and their associated multipliers. First we find a projective rep-
resentation of a locally compact group G on the Hilbert space H = L?*(G).
After defining the equivalence between two projective representations of a
locally compact group G on a Hilbert space Hip, respectively Hy, we prove
that a multiplier w on a locally compact group G is exact if any projective
representation of G on a Hilbert space Hy with the associated multiplier w is
equivalent with an ordinary representation of G on a Hilbert space Ho.

2. Multipliers on discrete groups

Throughout this section we denote by G a discrete group with the iden-
tity e and by T the group of complex numbers of modulus one.

Definition 2.1. ([5]) A multiplier w on G is a function w : G x G — T
with the properties:

i) w(z,e) =w(e,z) =1 forallx € G;

i) w(z,y)w(zy, z) = w(z,yz)w(y, z) for al z,y,z € G.
Definition 2.2. ([5]) Two multipliers w1 and wy on G are equivalent if

there is a map p : G — T such that p(e) =1 and

lwl(m7y)a

wa(w,y) = p(x)p(y) p(zy)”
forall x,y € G.
Lemma 2.1. Let w1 and wy be two equivalent multipliers on G. Then
wi(z, y)wr(y, )™ = walw, ylwa(y, 2)
for all x,y € G with xy = yx.

b University of Bucharest, Romania
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Proof. Since w; and we are equivalent, by Definition 2.2, there is a
map 4 : G — T with p(e) = 1 such that

-1

wo(r,y) = p(x)p(y)p(zy)  wi(,y)

wa(y, ®) = p(y) (@) p(yz) " wiy, =)

for all z,y € G.
Therefore,

1

wa(z,y)wa(y, ©) " = plx)p(y)plzy) " wi (2, ) (u(y)u(@)plyz) w (y,z) " =

-1

= (@) p(y)play) " wi (@, y)uly) " ple) ™ plyz)w (y, )~ =

-1 -1 -1

p(zy)wr (y, )~ =wi (2, y)w (y, z) "
O

= p(@) p(y) p(zy) ™ wi(z, y)p(y) ~ p(z)

Definition 2.3. ([7]) Let w be a multiplier on G An element a € G is called
w-regular if w(z,a) = w(a,z) for all z € Ca(a) = {z € G| wa = az} the
centralizer of a in G.

Lemma 2.2. If a is w-regqular, then a is wi-reqular for all multipliers wy
equivalent with w.

Proof. Since a is w-regular, by Definition 2.3, w(z,a) = w(a,x) for all
z € Cgla).

Since w and wy are equivalent, by Definition 2.2, there isa map u : G —
— T, p(e) = 1 such that

_1uh(x7a%

w(z, a) = p(z)p(a)p(ra)

w(a,z) = pla)p(z)u(az) " wi(a, ),

for a € G and = € Cg(a).
(z

Hence, p(z)pu(a)u(za)  wi(z,a) = p(a)u()u(az) " wi(a,z) for all
a € G and z € Cg(a). Because x € Cg(a), we have za = azx, so p(za) =
= p(ax). Therefore wy(x,a) = wi(a,z) for all a« € G and x € Cg(a). So, a is
wi-regular. O

1

Definition 2.4. ([5]) A multiplier w is called normalized if
w(z,z7) =1 foralzed.
Remark 2.1. ([5]) If w is a normalized multiplier, then it satisfies the equa-
lity w(z,y) ! =w(y Lzt for all z,y € G.
1

Remark 2.2. The identity of G is w-regular and if x is w-regular, then =~
is w-regular, for a normalized multiplier w.
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Proof. By Definition 2.1 i), w(z,e) = w(e,z) = 1 for all x € G with
xre = ex = x, so the identity is w-regular.

Since x is w-regular, by Definition 2.3, w(a,z) = w(z,a) for all a €
G with az = za & a = zaz™! & z7la = az™! & 2~ R o

salzt=2"ta forala € qG.

Since w(a,r) = w(z,a), we obtain w(a,z)™! = w(x,a)”! and, by Re-
mark
2.1, it results that w(z™',a™!) = w(a™!,271) for all a € G with a7 lz7! =
z'a™!, so 27! is w-regular. O

Lemma 2.3. Fvery multiplier w on G is equivalent with a normalized mul-
tiplier w1 on G.

Proof. Let w be a multiplier on G. We take

_ g1 21 131
wi(@,y) = [wlz,z Hwly,y ) 2wy, y e 2w(e,y),
for all z,y € G.
We show that w; is a normalized multiplier on G equivalent with w.

We verify the conditions in Definition 2.1:
i) wi(z,e) = [wz,r w(e, 6*1)]_%w(xe, eilafl)%w(:c,e) =
= w(zx, wil)_%w(x, xil)% = 1, using Definition 2.1 i) for the multiplier w and
the fact that e is the identity of G.

i) wi 2,y (2, 2) = [l 2 wly,y ™)) 2w(ay,y e 2w(z,y)-

[w(zy, (zy) Mw(z, 2 )] 2w(eyz, 2~ ey) ) 2w(zy, 2) =

= w(w,z ) 2wy, y ) 2wy, y e ) 2w (e, y)w(zy, y ) 2

w(z 2 ) 2wayz 2y e ) w(ey, 2) = wle e ) 2w,y )
w(z, z_l)_%w(x,y)w(xy, 2)w(zyz, z_ly_lx_l)%, (2.1)
for all x,y,z € G.
On the other hand,

1
2.

wi(z,y2)wr(y, 2) = [wlz, 2 w(yz, (y2)~ >] w(zyz, (yz) "'z 1)z
Sw(yz, 2ty D 3w(y, 2) =

'W(x,yZ)[W(y,y*I)w(z Z7)]

= w(z, 2 ) 2w(yz, 27! -> dw(zyz, 2y e 1>2w<x y2)w(y,y ) 2
w(z 2 N 2w(yz, 2y ) Tw(y, 2) = wiz, e ) Bw(y, y ) T Tw(z, 2 ) 3
w(z, y2)w(y, 2)w(zyz, 2y e )z, (2.2)

From relations (2.1) and (2.2) and by Definition 2.1 ii) applied to w, it
results that condition ii) in Definition 2.1 is verified for wy.

We have
wie e ) = w(e, o) e (@) ) el @) e )
w(z,z7l) = w(az,mfl)%w(ﬂfl,x)*%w(e,e)% = w(ac,a:fl)%w(xfl,az)fé =1,
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because, applying Definition 2.1 ii) for w, we have

1 1

x) = w(z, o tr)w(z!

w(z,z Hw(zz™ , ) =

= w(z, 2z Hw(e,z) = wz, e)w(x™ z) = wz,z™') =w@™!,2),

for all x € G, by Definition 2.1 i) applied to w. Hence, by Definition 2.4, w;
is normalized.

In definition of the multiplier wy we take p(z) = w(a:,:n_l)_%.
Therefore, p : G — T and p(e) = w(e, e_l)_% = 1. Hence w and w; are
equivalent. O

Definition 2.5. ([7]) Given a multiplier w on G, we define

1 1

fo(z,a) =w(z,a)w(rax™ ", x)" ",

for all a € G w-reqular and for all x € G.

Lemma 2.4. Let w be a multiplier on G. Then

fw(:r:y,z) = fw(% z)fw(:c,yzy_l),
forall x,y,z € G.

Proof. Using Definition 2.5, the given equality is equivalent with

w(zy, 2)w(zyzy e ay) T =

= w(y, 2)w(yzy ' y) wlz,yzy Hwleyzy e e)
So we have to verify the following equality:

w(zy, 2)w(yzy ' y)w(eyzy e~ x)

= w(y, 2)w(z, yzy w(zyzy 'z~ zy). (2.3)
By Definition 2.1 ii), we have:
w(y, 2)w(z, yzy Nw(zyzy et ay) =
= w(y, 2)w(z,yz)w(zyz,y wlyz,y ) wlzyzy et zy)
The relation (2.3) becomes:

w(zy, 2)w(yzy ' yw(eyzy e~ x)

= w(z, yz)w(y, 2)w(zyz,y Dw(yz,y ) twzyzy 'z~ 2y)
Hence,

1

w(zy, 2)w(yzy H y)w(zyzy e o)w(yz,y ') =
1

= w(a, y2)w(y, 2H)w(zyz,y Dwlzyzy e~ y). (24)
Applying Definition 2.1 ii) in the right side of the relation (2.4), we

obtain:
w(zy, 2)w(yzy  y)w(zyzy o p)w(yz,y ) =
_ —1 -1 _.—1
= w(z,y)w(zy, 2)w(zyz, v w(zyzy "z, zy).

Therefore,
1.-1

wlyzy™ L y)w(zyzy e 2)w(yz,y ) =



118 ARTICOLE

= w(z,y)w(zyz,y Hw(zyzy 'z~ 2y) (2.5)

Applying again Definition 2.1 ii) in the right side of the relation (2.5),

we obtain:

1 1

wlyzy L y)w(zyzy e 2)w(yz,y ) =

1

= w(z,y)w(zyzy~ xil,a:y)w(xyzyfl

e oy, yh) =
_ -1 _—-1 —1 -1\ __
= w(z,y)w(zyzy  z zyy w(zy,y ) =

1 1

= w(z,y)w(ryzy ot p)w(zy,y ).

Hence,
wyzy™ ywlyz,y™ ) = wlz,y)wley, y=). (2.6)
By Definition 2.1 ii), the relation (2.6) becomes:
wyzy™ Ly wly,y™) = wlz,yy ey, y ™) & wlyzy ™ e) = w(a,e),
which is true by Definition 2.1 i). O

Definition 2.6. ([7]) Let w be a multiplier on G. We define

W' (2,y) = wlz,y)w(y,z) ",

forall x,y € G.
Lemma 2.5. Let x,y,z € G such that y,z € Cg(x). Then
(2, y2) = W (z,9) (2, 2).
Proof. By Definition 2.6, the given relation becomes:

1

L= w(z,y)w(y, 1:)_1w(a:,z)w(z,a:)_ &

w(z, yz)w(yz, =)~
© w(y, v)w(z, v)w(z, yz) = w(yz, v)w(@, y)w(z, 2). (2.7)
Applying Definition 2.1 ii) in (2.7), we obtain:

w(y, 2)w(z, 2)w (@, y)w(ry, 2)w(y, 2) 7 = wlyz, 2wz, yw(z, 2) ©

© w(y, v)w(z, z)w(z, y)w(zy, 2) (z,y)

& w(y, 2)w(z,2)w(zy, 2) = w(y, 2)w(yz, 2)w(, 2)

© w(y, )w(z, v)w(zy, 2) (x,2)

& w(y, v)w(zy, 2) = w(y, 22)w (7, 2). (2.8)

Since y, z € Cg(z), we have zy = yx and zz = xz.
So relation (2.8) becomes w(y, x)w(yz,z) = w(y, zz)w(x, z), which is
true by Definition 2.1 ii). O
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3. Multipliers on locally compact groups. Projective
representations of locally compact groups on Hilbert spaces

Throughout this section G will be a locally compact group with the
identity e.

Definition 3.1. ([5]) Let G be a locally compact group. A multiplier w on
G is a Borel function w : G x G — T with the properties :

i) w(z,e) =w(e,z) =1 for all x € G;
i) w(z,y)w(zy, 2) = w(z,yz)w(y, 2) for adlz,y,z € G.

Definition 3.2. ([1]) A (unitary) projective representation p of a locally
compact group G on a Hilbert space H with the multiplier w is a map 7 : G —
— U(H), where U(H ) is the group of all unitary operators on the Hilbert space
H onto itself, such that

i) m(zy) = w(z,y)m(x)n(y) for all x,y € G;
i) m(e) = Iy, where Iy is the identity operator on H.

A representation is called ordinary if w = 1.

Proposition 3.1. Ifw is a multiplier on G, then, taking H = L*(G) (relative
to the Haar measure on G), we define w: G — U(H) by

(m(2)f)(y) = wly=L2) f(@y),
for all x,y € G, f € L*(G). Then 7 is a projective representation of G with
the associated multiplier w.

Proof. Let y € G and f € L?*(G). By Definition 3.1 i), we have :
(m(e))y) =wly=,e)f(y) = fly) = n(e) = In.
Let z,y,2 € G and f € L?(G). Then:
(m(zy) ) (2) = w(zLay) f((2y)"'2) = wzLay) fly~ 2 2).
On the other hand,
m(@)m(y) ) (z) = w(z, Yzt 2) (7 (y) )@ 2) =
w(a,y)w(z o)z 1)Ly fly e lz) =

= w(z,y)w(z" L p)w(z"le,y) fly 2 2).
To show i) in Definition 3.2, we verify the equality

(w(z,y)

w(z™h zy) = w(z, y)w(zh v)w(z""z,y). (3.1)
By Definition 3.1 ii), we have

wiz L o) w(zlz,y) =w(z"1 zy)w(z, y).

So the relation (3.1) becomes:

w(z ™l oy) = wz,y)w(z1, 2y)w(z,y)
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equivalent with 1 = w(x,y)w(z,y) (true because of the fact that w takes
values in T). O

Definition 3.3. ([1]) A multiplier w on G is called exact if there is a Borel
function v : G — T such that

forall x,y € G.

Definition 3.4. ([1]) Two projective representations w1 and w2 of G on the
Hilbert spaces Hy, respectively Ho are equivalent if there is a unitary ope-
rator U : Hy — Ho and a Borel function p: G — T such that

mo(x)U = p(x)Um (z),
forall x € G.

Proposition 3.2. A multiplier w on G is exact if any projective represen-
tation of G on a Hilbert space H1 with the multiplier w is equivalent with an
ordinary representation of G on a Hilbert space Ho.

Proof. Let m be a projective representation of G on a Hilbert space
H; with the multiplier w.

Since  is equivalent with an ordinary representation 7o, by Definition
3.4, there is a unitary operator U : H; — Hs and a Borel function p: G — T
such that

mo(x)U = p(x)Um(x), (3.2),
for all z € G.
Relation (3.2) is also true for y € G and zy € G:
m(y)U = u(y)Um(y), (3.3)
ra(ay)U = play)Um (zy). (3.4)

Since 71 is a projective representation with multiplier w and 7o is an
ordinary representation, we have 71 (zy) = w(z, y)m1(x)m1(y) and ma(zy) =

= my(x)m2(y).
Therefore, relation (3.4) becomes:

ma(2)m2(y)U = p(zy)Uw(z, y)mi(z)mi(y)
and by relations (3.2) and (3.3), we have:
p(@)Umy (2)U*pn(y)Um (y)U'U = p(zy)w(z, y)Uni (z)m1(y).

which is equivalent with u(x)u(y)Umi(x)mi(y) = pwlay)w(z, y)Uri(x)mi(y),
so p(z)p(y) = p(zry)w(x,y), which means that w is exact. O
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O proprietate a functiilor derivabile

DAN STEFAN MARINESCUY, MIHAT MONEA?), MIHAI OPINCARIU®)
MARIAN STROE?

Abstract. In aceasti nota, vom pune in evidenta o proprietate a functiilor
derivabile pe care o vom utiliza apoi pentru a deduce o noua demonstratie
a teoremei lui Jarnik sau a prezenta reciproce ale teoremei de medie a lui
Cauchy.

Keywords: Functii derivabile, Teorema lui Lagrange, Teorema lui
Cauchy.

MSC : 26A24,26A06.

1. Introducere

In numirul 2/2010 al revistei American Mathematical Monthly, Sam
B. Nadler Jr. prezinta o noua demonstratie a teoremei lui Darbouzr (vezi[3]).
Autorul utilizeaza rezultatul descris detaliat in propozitia urmatoare:

Propozitia 1.1. Fie I un interval nedegenerat si f : I — R o functie deri-
vabila. Se considera mulfimea

4= {{O=1)

a,bel,a;ﬁb}.
b—a

Atunci:
a) Multimea A este interval ; B
b) Avem A C f'(I) C A, unde cu A am notat aderenta multimii A .

Acest rezultat este problema nr. 1, data la faza finald a Olimpiadei de
Matematica din Roméania, editia 1996.(vezi [1], pag.120) al carei autor este
Ioan Rasa. Demonstratia se gasesste in [1], pag. 434. Ulterior, la editia din
2008 a fazei finale a Olimpiadei de Matematica din Romania, problema nr.
3 de la clasa a XI-a, autor Bogdan Enescu (vezi [5], pag. 15) a primit din
partea lui G. Dospinescu si F. Bozgan o solutie care se bazeaza pe aceeasi
idee (vezi [5], pag.68). In aceastd noti ne propunem si generalizim rezul-
tatul din propozitia 1.1., iar drept consecintd vom obtine, printre altele, o
noua demonstratie pentru teorema lui Jarnik, precum si variante de reciproca
pentru teorema lui Cauchy.

DC. N. ,Jancu de Hunedoara*, Hunedoara, Romania, marinescuds@yahoo.com
2C.N. »2Decebal“, Deva, Roméania, mihaimonea@yahoo.com

3)C. N. »2Avram Tancu®, Brad, Roméania, opincariumihai@yahoo.com

e, N. »Emanoil Gojdu“, Hunedoara, Roménia, maricu_stroe@yahoo.com
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2. Rezultatul principal

Vom enunta si demonstra rezultatul principal al acestei note in teorema
2.1. Mentionam ca pe tot parcursul acestui text vom considera I C R, ca
fiind un interval nedegenerat de numere reale.

Teorema 2.1. Fie f,g: I — R doud functii derivabile astfel incdt ¢’ (z) # 0,
pentru orice x € I. Se considerd mulfimea

(1)~ f)
A‘{mw—a@

a,be[,a<b}.

Atunci:
a) Multimea A este interval ;

b) Avem A C ch—,l(I) C A.

Demonstratie. Deoarece ¢’ este nenuld, g este injectiva, deci ele-
mentele multimii A sunt corect definite.

Pentru punctul a), consideram u,v € A, u < v si demonstram ca pentru
orice w € (u,v) avem w € A. Daca u € A atunci exista a,b € I, a < b astfel

incat
NIOENI0)
g9(b) —g(a)
De asemenea, exista c¢,d € I, c < d, astfel incat
-
g(d)—g(c)

Construim functia
Jb+(1—t)d)— f(ta+ (1 —1t)c)
gtb+ (1 —t)d)—gta+(1—t)c)’

Functia este corect definita deoarece g(tb + (1 —t)d) = g(ta+ (1 —t)c)
ar conduce la tb+ (1 — t)d = ta+ (1 — t) ¢ pe baza injectivitatii lui g si apoi
lat(b—a)+ (1 —1t)(d—c)=0 ceea ce este imposibil.

Observam ca functia h este continua si in plus avem h (0) = v, h (1) =
Atunci h (1) < w < h(0), deci exista s € (0,1) astfel incat h(s) = w, prin
urmare

f(sb+(1—s)d)—f(sa+(1—s8)c)

h:[0,1] - R,A(t) =

g(sb+(1—s)d)—g(sa+(1—8)c)’
Cum sb+ (1—s)d, sa+ (1—s)c € I sisa+ (l1—s)c < sb+ (1—s)d,
deducem ca w € A, deci A este interval.
Pentru punctul b) fie y € A. Atunci exista a,b € I, a < b, astfel incat

-
g(b) —g(a)
Din teorema de medie a lui Cauchy obtinem existenta unui punct

¢ € (a,b) astfel incat y = 8 deciy € f (I), adica A C J;—:(I).
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Pentru a demonstra a doua incluziune, fie z € g—:([ ). Atunci exista
¢ € I astfel incat z = £ g ; Deoarece I este interval, deducem ca exista un
sir de numere (¢p), e d1n I astfel incat ¢, # c pentru orice n € N si ¢, = c.
Atunci

f/(C)— hm f( n)*f(c)
n—00 Cp —C
si
g/ (C) — nli)rgo g (CZ) — ‘g (C)’
n
de unde obtinem
f'(e) flen) = f(0)

Cu aceasta demonstratia este incheiata. O

si concluzia z € A, adica § (I) C A.

3. Consecinte

In acest paragraf vom prezenta cateva rezultate care decurg din propo-
zitia 2.1. Prima consecinta o reprezinta teorema lui Jarnik, careia ii vom da
o noua si foarte scurta demonstratie.

Propozitia 3.1. (Teorema lui Jarnik). Fie f,g : I — R doud functii de-
rivabile astfel incat ¢’ () # 0, pentru orice x € I. Atunci functia ch—: are

proprietatea lui Darbouz pe I.

Demonstratie. Fie J C [ un interval oarecare. Atunci, conform
’

2.1.b) rezulta ca ch—,/(,] ) este tot interval. Prin urmare ¢ are proprietatea lui
Darbouz. O

In continuare vom enunta si demonstra o propozitie pe care o putem
considera ca o Intarire a teoremei lui Cauchy si evident, ca un caz particular,
se obtime o intarire a teoremei lui Lagrange.

Propozitia 3.2. Fie f,g : I — R doud functii derivabile cu ¢’ (z) # 0,
pentru orice x € I. Fie a.b € I,a < b, pentru care exista d € (a,b) cu

proprietatea
f) = f(d) , f(d) - f(a)
g(b) = g(d) © g(d) —g(a)
)=f
g

Atunci existd o vecinatate V. a numarului E b= ((2)) astfel incat pentru orice

A €V exista c € I pentru care
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Demonstratie. Avem identitatea

f(b) — f(a) _ g(d) —g(a) f(d) — f(a) N g(b) — g(d) f(b) — f(d)
g(b) —gla)  g(b) —g(a) g(d) —g(a)  g(b) —g(a) g(b) — g(d)"

Deoarece ¢’ este nenuld, atunci functia g este strict monotona si atunci
9(d)—=g(a) - si 90)—g(d) _ o

VO aVER g 3) =g(a) 9(6)=g(a)
< s fd)=fla) _ 4 fOO)=f(d) _ : g(d)—g(a) _ ;
Daca notam =@ = b =gl = B si W =g(@) = t, atunci
f(b) — f(a)
— > - —tA+(1—-1)B.
o) —gla) AT
Presupunéand ca A < B, vom obtine
f(b) = f(a)
A< ——"2<B.
9(b) — g(a)

Fie V = (A, B); vom vedea ca aceasta este vecinatatea cautata. Pentru
aceasta consideram multimea

C(fw) - f)
J‘{g@o—gw>

Din 2.1, obtinem ca J este interval. Cum A, B € J atunci V = (A, B) C J.
Tot din 2.1 avem

lu,v € [a,b],v<u}.

f/
J C 7 ([a.b]) .

Cu aceasta demonstratia este incheiata deoarece pentru orice A € V
avem
f/

re s (o)

care este echivalent cu cerinta din enunt,. O
Propozitia urmatoare prezinta un rezultat extrem de util pe care il vom
exploata ulterior cu unele consecinte.

Propozitia 3.3. Fie f,g: I — R doud functii derivabile astfel incat g’ (z) #
0, pentru orice x € I. Daca exista c € I astfel incat

f'(c) , f(b)=f(a)
g )" g —gla)’

pentru orice a,b € I, a < b, atunci ¢ este punct de extrem pentru

!/
L.
Demonstratie. Daca consideram multimea

0@,
‘{gw»—gwﬂ’beL <b}’
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atunci 58 ¢ A. Aplicand 2.1.b, deducem ca jgc:((z)) € A. Dar A este interval,
f'(c)

de unde deducem ca 7 este una dintre extremitatile lui A, deci ¢ este punct

de extrem pentru g—,/. O

Consecinta 3.4. (Bogdan Enescu) Fie f : R — R o functie de doud ori
derivabila pe R pentru care exista un ¢ € R astfel incat

f)—fla) , .
T b—a # ' (c),
pentru orice a,b € R, a #b. Atunci f"” (¢) = 0.

Demonstratie. Aplicam 3.3. pentru functia ¢ : R — R, g(z) = =
si deducem ca punctul ¢ este punct de extrem pentru functia f’, de unde
obtinem f” (¢) = 0 conform teoremei lui Fermat. O

In [4], J. Tong si P. Braza prezinti urmitorul rezultat:

Fie f: I — R o functie derivabila si c € I care nu este punct de extrem
pentru f'. Atunci existd a,b € I astfel incat

O -1@ _ g

Autorii 1l numesc ,,forma slabd a reciprocei teoremei lui Lagrange*.
Propozitia 3.5 va generaliza acest rezultat, motiv pentru care o putem numi
»forma slaba a reciprocei teoremei lui Cauchy“. O forma a acestui rezul-
tat insotita de o altd demonstratie o regasim in teorema 3.a din [2], autor
C. Mortici.

Propozitia 3.5. Fie f,g: [ =R doud functii derivabile astfel incat ¢g'(x)#0,
pentru orice x € I. Fiec € I, care nu este punct de extrem pentru g—:. Atunci
eristd a,b € I, a < b, astfel incat

f0)—f@) _ £

g()—g(a) ¢ (c)

Demonstratie. Daca am presupune prin reducere la absurd ca
f'(c) £ f(b) = f(a)
g )" g®)—g(a)’
f/

pentru orice a,b € I,a < b, atunci c ar fi punct de extrem pentru i conform

lui 3.2, ceea ce contrazice ipoteza. O
Tot o versiune a reciprocei teoremei lui Lagrange este data si de rezul-
tatul urmator:
Fie f : I — R o functie derivabild si ¢ un punct interior lui I. Dacd f’
este strict monotona atunci existda a,b € I, a < ¢ < b, astfel incat
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Generalizarea acestui rezultat este data de propozitia care urmeaza.

Propozitia 3.6. Fie f,g: I =R doud functii derivabile astfel incat g'(x)#0,
pentru orice x € I i L este strict monotond. Fie ¢ un punct interior lui I.

Atunci existd a,b € I, a < ¢ < b, astfel incat

F6) = f@) _ £
g(b) —g(a)  g'(c)

Demonstratie. Daca i;if, este strict monotona pe I, atunci este injec-
tiva. Deoarece c este punct interior al intervalului I, atunci nu este punct de
extrem pentru 5 si exista a,b € I, a < b, astfel incat

F®)=f@) _ fo)
g()—g(a) ¢ (c)

conform consecintei 3.4. Aplicind teorema lui Cauchy pe intervalul [a,b] ,
gasim un punct d € (a,b) astfel incat

de unde

!/
Cum % este injectiva obtinem d = ¢ adica a < ¢ < b, ceea ce trebuia

demonstrat. 0

Tot in [4], Tong si Braza prezinta si o ,forma tare a teoremei lui La-
grange “, adica:

Fie f: I — R o functie derivabild si ¢ un punct interior lui I care nu
este punct de extrem local pentru f'. Dacd ¢ nu este punct de acumulare al
multimai

A={zel|f @ =7},

atunci exista a,b € I, a < ¢ < b, astfel itncat

PO F@)
b—a '
In finalul acestei note vom prezenta o generalizare pe care o vom numi
»forma tare a reciprocei teoremei lui Cauchy“. O formulare a acestui rezultat
se regaseste de asemenea in [2], respectiv teorema 3.b, fara a fi insotita de o
solutie. Noi vom prezenta insa doua demonstratii pentru acest rezultat.
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Propozitia 3.7. Fie f,g: I — R doud functii derivabile astfel incit g’ (x) #
0, pentru orice x € I. Fie ¢ un punct interior lui I, care nu este punct de
extrem local pentru 5. Daca ¢ nu este punct de acumulare pentru mulfimea

A=fretl = o -

atunci existd a,b € I, a < ¢ < b, astfel incat
f®)—f(a) _ f(e)
g)—g(a) g (o)
Demonstratie. Prima solufie. Daca ¢ nu este punct de extrem local
pentru %, atunci exista a,b € I, a < ¢ < b, astfel incat ¢ nu este punct de

extrem pe intervalul (a,b). Definim doua siruri (a,),cy §i (bn),cn astfel:

an + C
ap = a, ny1 = 5
respectiv
b, +c¢
bo =0, bpy1 = n2 .

Evident, vom avea
a<a<...<a, <. <e<...Kb, <...<b; €<y

si, deoarece

deducem ca
lim (b, —a,) =0,

n—o0
de unde lim a, = lim b, = c.
n—roo n—oo
Pentru fiecare n € N, avem ¢ € (an,b,). Aplicam propozitia 3.4. si

gasim doud numere distincte py, ¢n € (an, bn), pn < Gn, astfel incat

f'(c) [ (qn) = f (pn)

g ) g(gm)—g(pn)
Demonstratia este incheiata daca aratam ca exista un ng € N, pentru care
¢ € (Pngs Gno)-
Presupunem contrariul. Atunci , pentru orice n € N, avem ¢ ¢ (pp, qn ).
Aplicand teorema lui Cauchy pe fiecare interval gasim un ¢, € (pn, ¢,) astfel

incat
f(qn) = f (pn) _ f' (en)

9(qn) —g(n) g (ca)

Obtinem atunci
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pentru orice n € N. Dar ¢, € (pn,qn) C (an,by), deci lim ¢, = ¢, deci
n—oo
punctul ¢ este punct de acumulare al multimii A ceea ce contrazice ipoteza
si incheie demonstratia.
A doua solutie. Deoarece ¢ nu este punct de acumulare al multimii A
atunci exita u,v € I, u < v, astfel incat
f'(x) y f'(c)
g'(x) "~ g'(c)
pentru orice x € (u,v) — {c}. Definim functia

f'(e)

h:(u,v) = R h(z) = f(x) — 70

g9(z),
care este derivabia. Avem
/ Y f/(c) /
W) = @) - '@

si evident h'(¢) = 0 si h'(x) # 0 daca z € (u,v) — {c}. Deoarece ¢ nu este
punct de extrem pentru 5 atunci functia h are semn diferit pe intervalele

(u, c) si respectiv (¢,v). Deducem ca punctul ¢ este punct de extrem pentru
h. Atunci exista a € (u,c) si b € (c,v), astfel incat h(a) = h(b) care este
echivalent cu

ceea ce incheie demonstratia. O
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NOTE MATEMATICE

Improved Finsler-Hadwiger inequality revisited
CEzAR LupuY and VIRGIL N1cuLAa?)

Abstract. In this note we give another generalized and sharpened version
of the Finsler-Hadwiger inequality different from the one given by Wu and
Debnath in [6]. Our approach is rather elementary and it doesn’t use auxi-
liary trigonometric inequalities.

Keywords: inequality, Finsler-Hadwiger inequality, trigonometric ine-
quality.

MSC : 51Mxx, 51Nxx, 51Axx, 26D15.

1. Introduction and Main result

Throughout this note we use the notation ) to express the cyclic sum,

for example: > f(A) = f(A) + f(B) + f(C).
In [6] it is proved the following generalized sharpened version of the
Finsler-Hadwiger inequality, namely

Theorem 1.1. Let a,b,c be the lengths of sides of triangle ABC and let
F,R,d denote respectively its area, circumradius and the distance between
circumcenter and the incenter. Then for real numbers X > 2, the following
inequality is true

A
a2\ 1
Yoot > 2313 (3 + R2> Fi+Y a0

This theorem is an improvment of the following generalized Finsler-
Hadwiger inequality given by Wu in [4],

Theorem 1.2. For any triangle ABC' we have the inequality
et > 288171 4 Y e o

For A = 2, we obtain the celebrated Finsler-Hadwiger inequality (see
[1]), namely

Theorem 1.3. For any triangle ABC we have the inequality

D a® > 4V3F +) (a—b)%

D University of Bucharest, Faculty of Mathematics, Bucharest and University of Craiova,
Faculty of Mathematics, Craiova, Romania, lupucezar@yahoo.com, lupucezar@gmail.com
2lon Creanga High School, Bucharest, Romania, levinicula@yahoo.com
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In this paper, we prove other generalized and improved version of the
Finsler-Hadwiger inequality. Our approach is rather elementary and different
from the one of Wu and Debnath from [6].

The main result of this note is the following

Theorem 1.4. Let a, b, ¢ be the lengths of sides of triangle ABC and
let ', R, r, s denote respectively its area, circumradius, inradius and the
semiperimeter. Then for real numbers A > 2, the following inequality is true

Y > 23 (KP)RFE + Y Ja b,

4(R —2r)

1
h K= -v4R? + 4R 3r2 and P=4/3+ ———~.
where S\/ + r+ 3r< an + AR 7

2. Proof of the Main result

In the proof of Theorem 1.5, we shall use the following result from [2].

Lemma 2.1. Let x1,x2,...,x, be nonnegative numbers, and p > 1. Then
n n p
fo >pl—P <Z azz> ,
i=1 i=1
with equality holding if and only if xt1 = x5 = ... =z, or p=1. Moreover,

(21 4 x2)? > af + b,

with equality holding if and only if xt1 =0 of k9o =0 orp=1.

This lemma as a consequence of Holder’s inequality and it is used also
to prove other inequalities in [4] and [6]. Now, we give the

Proof of Theorem 1.4. By Lemma 2.1 we have

Za)\ _ Z((b—c)2+(c+a—b)(a+b—0)]% > Z(]b—c|>\+(c+a—b)

Further again, by Lemma 2.1, we have

Seta—b)3atb—oc)

Thus, we obtain

A
2

N>

(a+b—c)2).

>

A
2

>

>3-

(Z(b—i—c—a)(c—i—a—b)) .

A
Y>3 e 32 <Z(b—|—c—a)(c+a—b))2.
Now, we prove that

Z(b+c—a)(c+a—b)24F-K-P,

where K and P were defined in the previous section. By the well-known
equalities in a triangle, ab + bc + ca = s> + 4Rr +r? and a® + b + ¢ =
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= 2(s* —r? —4Rr), we deduce that 3" (b+c—a)(c+a—b) = 4r(4R+r) and
we have to prove that

A4r(AR+7) > 4F -K - P

which is succesively equivalent to

4(R = 2r)

4R+71r > VAR? +4Rr+3r2-4/3
+7 > VAR + ARr + 3r + AR+ 1

(4R? + 4Rr + 3r?)(16R — 5r) < (4R + )3,

64R> + 44R*r + 28 Rr? — 15r% < 64R3 + 48 R*r + 12Rr? + 13
and finally equivalent to
4r(R —2r)? > 0.

Finally, we obtain

S at > 233 (KP)IFR + ) |a— b,

1 4R -2
where K = =\/4R2 + 4Rr + 3r2 and P = 3+M_ 0
§ 4R+ r

By the well-known Gerretsen’s inequality, s> < 4R? + 4Rr + 3r2 (see
[7]), we obtain a generalization of Theorem 5 from [8], namely

Theorem 2.2. For any trianagle ABC, we have the inequality

Yt > 2373(P)2FE 4+ Ja - b

For A = 2, Theorem 1.4 and Theorem 2.2 leads to the following refine-
ments of the Finsler-Hadwiger inequality

Corollary 2.3. For any triangle ABC, we have the inequality

| [ 4R —2r)
E a® > 4F S\/4R + 4Rr + 3r 3+ Rir + E (a —b)

Corollary 2.4. For any triangle ABC, we have the inequality

/ (R —2r)
Za >A4F - 4R+: Za—

Corollary 2.4 appears also in [8]. The proof was based on a variant of
a particular case of Schur’s algebraic inequality.
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On positivity of bivariate polynomials
EUGEN J. IoNascu?)

Abstract. We give two solutions of a problem that appeared in the AMM
which has connections to a wide range of similar questions in real algebraic
geometry.

Keywords: inequalities, real algebraic geometry
MSC : 26C05.

1. Introduction

In a recent issue of Amer. Math. Monthly [4], A. Yakub proposed the
following problem which we considered interesting because of its connections
with the topic in real algebraic geometry of finding decompositions as sums
of squares of polynomials for non-negative polynomials in several variables.

Problem 1.1. Let a, b and ¢ be positive real numbers with a + b+ ¢ = 1.

Prove that
1 N 1 n 1 S 25
a b b~ 1+48abc

One way to approach this problem is to reduce it to the following:
a>0,6>0,¢>0 o
{a+b+c:1 = f(a,b,c) :=
= [(a + b+ ¢)® + 48abc](ab + be + ac) — 25abe(a + b+ ¢)? > 0.

We observe that f is a homogeneous polynomial in a, b and ¢. Expan-
ding we obtain

f(a,b,c) = 10ab*c® + 10a%bc? + 10a?b*c + a*b + a’c + ba + bc+ b + cta+
+a®b? + 3c%a® + 3a?b® + 3a*c® + 363 + 3b%c® — 18a®be — 18ab’c — 18abc.
Let us observe that the coefficients of the expected monomials are non-

negative except three of them. Related with this one may try to solve this
problem using the following theorem of Pdlya ([2]):

Theorem 1.1. Forn € N let P € R[x1,22,...,%,] be a homogeneous poly-
nomaal in variables x1,x9,...,x, and
A ={(z1,22,...,2y) | 1 > 0,29 >0,...,2, >0, and

x1+xo+ ... +x, =1},

Then f is (strictly) positive on A, if and only if there exist m such
that (x1 +x2+ ...+ )" P(z1,...,2,) is a polynomial whose coefficients
are all positive real numbers.

D Columbus State University, Columbus, GA 31907, ionascu_eugen@colstate.edu
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So one may try to prove that for every £ > 0 there exists m, such
that the polynomial (a+b+c)™ [f(a,b,c) + (a + b+ ¢)°] has only positive
coefficients. The value of m,. can be found from [3] where Reznick and Powers

show that
dd—1)L

N Yy
7T 9

where L = max{P(z) | z € A,} and A = min{P(z) | x € A, }. Using the
well-known inequalities abc < (%b‘*'c)3 = % and a? 4+ b? + 2 > ab + bc + ac
we obtain abc < 2—17 and ab + bc + ac < % This gives an upper bound for
P(a,b,c) = f(a,b,c) +ela+b+c)® on Ag to be L = 22 + . Hence if
e < 2—27 then m, could be taken to be the smallest integer greater than % —5.
However for ¢ = % we calculated using Maple that it is enough to take
me > 7.

Another important result along these lines is E. Artin’s theorem in [1],
which is the celebrated solution of Hilbert’s 17th problem: a polynomial is
non-negative if and only if it is the sum of squares of rational functions. One
knows then that such a representation exists for f (x2, Y2, 22) (the restriction
22 + 32 4 22 = 1 can be ignored at this point) and so if one can can find this
representation it proves the problem.

2. A different approach

Proof of Problem 1.1. Without loss of generality we may assume that
a > b > c. Then we can substitute a —b ==z, b— c =y and ¢ = z. The new
variables are then satisfying x > 0, y > 0, 2 > 0 and z + 2y + 3z = 1. If we
substitute a =z +y + 2z, b =y + z and ¢ = z into f and define g(z,y, z) :=
= f(a,b,c). The advantage of doing this is that we obtain a polynomial with
only two negative coefficients whose corresponding monomials one contains
y and one does not:

g(x,y, z) = 723y% + 182%3 + xly + 20zy? + 162222 — 32%y22 + 32292+
+1521%22 + 2wy + 2zt — 42322 + 2022% + 8y° + 16y 2 + 10y°22 + 24225,
Observe that g(z,0,2) = 22%2(z — 2)? > 0 under our assumptions on

x, y, z. Let us define h(x,y, z) by g(z,y,2) = g(z,0,2) + yh(z,y,z). Then
h(z,0,z) = x(x + 2z)(x — 2)® > 0. Hence

g(z,y,2) = (7563 + 8y3 +22% 4+ 203:y2 + 183:2y + 15222+
+16x22 + 10yz2 + 16922 + 32zyz) y? 4+ yh(x,0,2) + g(z,0,2) > 0. O
We observe that the equality g(x,y,z) = 0 happens only if y = 0 and

x = 0, corresponding to a = b = ¢ = 3’ or if y = 0 and z = z which

1
corresponds to a = 3 and b =c = 1
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One interesting question at this point is whether or not the next case
of four variables is true: does a,b,c,d >0, a+b+c+d =1 imply

1—1-1—1-14- 1 791
b d 26+ 6000abcd
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Another trace inequality for unitary matrices
CEzAR Lupul)

Abstract. In this short note we give another interresting trace inequality
for unitary matrices different from the one given in [6]. Our inequality
relies on a Cauchy-Schwarz 3-vectors type inequality to which we present
three proofs. In fact, the main result is that for any unitary matrices
U,V the following inequality holds: |m(U)|* + |m(V)]> + |mUV)|* <
<14 2/m(U)||m(V)||m(UV)|, where m(X) is the arithmetic mean of the
elements from the principal diagonal of the matrix X.

Keywords: Cauchy-Schwarz inequality, Bessel inequality, Gram inequa-
lity, unitary matrix, trace, inner product

MSC : 15A03, 15A42, 15A45.

1. Introduction and main result

In this short note we prove another trace inequality for real unitary
matrices which is a Cauchy-Schwarz-type inequality relating the average of
the eigenvalues of each of two unitary matrices to that of their product. As
it has been already highlighted in [2], these kind of trace inequalities are in
connection with Connes embedding problem from C*-algebras. The main
idea is to study the set of unitary matrices

{[tr(Ui*Uj)]ij, Ui,Us, ..., U, € Mm((C), m > 1},

which seems to be unknown even for n = 3. In this case, we deal with the
set of triples (tr(U),tr(V),tr(UV)) where U,V are unitary. As remarked
in [2], the only connection between these traces seems to be the inequality
established by Wang and Zhang in [5] and [6], namely

V1= uOV)P? < V1= [u@)P+ V1 -[te(V)]2
It is well-known that the trace of a n-square matrix X is equal with the

sum of the eigenvalues of X. We denote by m(X) the algebraic mean of the
eigenvalues of X. We will show the following

Theorem 1.1. For any unitary complex matrices U,V the following inequa-
lity holds true

m(O) + [m(V)]* + [m(UV)? < 1+ 2/m(U)][m(V)||[m(UV)].

In what follows we shall prove an inequality in a linear space V en-
dowed with the inner product (-,-). This is basically a Cauchy-Schwarz-type
inequality for three vectors.

1)University of Bucharest, Faculty of Mathematics, Bucharest and University of Craiova,
Faculty of Mathematics, Craiova, Romania, lupucezar@yahoo.com, lupucezar@gmail.com
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Lemma 1.2. For any vectors u,v,w € V the following inequality holds
[l [ (v, w)[? + (o] | (w, w) * + [[w] ] (u, v)* <
< [l 1ol P[[wl[* + 2| (u, ) [ (w, v)]|(w, w)]. (1)
First proof. For u,v,w € V we consider the Gram matrix

lulP® (w,0)  (u,w)
Glu,v,w)= | (v,u) ol (v,w)
(w,u) (w,v) [lw|]?

It is a well-known fact that det G(u,v,w) > 0, so by computing the
determinant by Sarrus or triangle rule, we have

0 < det G(u, v, w) = [Jul*v]*[[w][* + 2| (u, v)]| (v, w)[| (w, u)|
—([lul21(o, w)[? + [[o] [ (w, w) [ + [[w] ] (u, ) [?),
which is equivalent to the inequality (1).
Second proof. By Cauchy-Schwarz inequality, for any real number A,
we infer
[l — X[ [?||w][* > |(u — Ao, w)[*.
This is succesively equivalent to
(al* = 2X[(u, 0) |+ A2 [Jo][P)][w][* 2 [ (w, w)[* = 2A|(w, w)]| (v, w)| + 22| (v, w) |,
(1ol Plwll® = (v, w)[?) X2+ 2 (| (s 0)|[[w][* = [(w, )| (v, w)]) +
Hful P |w][* = |(u, w)[* = 0.
Denote
p(A) = ([l Pllwlf* = (v, w)[?) A%+ 2(| (w, v)[Jw][*—
~|(w, w)l| (v, w)]) + [[ul Pl * — [ (u, w)[*.
By the Cauchy-Schwarz inequality we have that the coefficient of A\? is

positive and since p(A\) > 0,VA € R we conclude that the discriminant of p
must be negative. The discriminant of p is given by

Ay = 4(|(u, v)|[[w][* = [(w, w)[| (v, w)])* = 4(|Jo]|*[Jw][*~
= (v, w) ) ([[ul [[w]* = | (u, w) ).
It follows that
(1 (s )] = (w, )| (v, w) ) < (ol Pl P = (v, w) ) ([l ] [w][* =] (u, w) )
which is equivalent to
[(w, 0)Pllw]f* = 2] (u, 0)]| (v, w)|| (w, w)|[Jw][* <
< lul PlfolP[lwl[* = |(w,w) 2ol *[Jw][*.

Without loss of generality, we assume that ||w]|* # 0, so the inequality
follows immediately.
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Third proof. Consider the following matrix
_( (w,w) (w,u)
pwn = () G )
We will prove that
(det D(u,v))? < |det D(u, )| - | det D(v,v)|. (2)
Denote the polynomial
f(t) = D(u,u)t? — 2D(u,v)t + D(v,v).
A simple calculation shows that
B B N (w, w) (tu — v, w) B
f(t) = det D(ut — v, ut — v) = det ( (w,ut —v) (ut —v,ut—v) )~
= |[w]?[ut — o[ = |(ut —v,w)[* > 0

by the Cauchy-Schwarz inequality. Thus f(t) > 0,Vt € R and this means
that the discriminant must be negative,

Ay = (det D(u,v))? — | det D(u, )| - | det D(v,v)| <0
which is equivalent to (2). The inequality (2) is equivalent to
(lw]?] (wy )| =|(w, )| (w, 0)1)* < (||w][?|ful [ (w, w) ) (|[w]*][0][*=|(v, w)[*).
By expanding this inequality we obtain (1). O

Remark 1.3. By definition the angle of two vectors in the inner product
space is given by the formula

cos Oy » =

In this sense, we can rewrite the inequality (1) as
cos? Ouv + cos? Ovw + cos® Owu < 1+ 2]cosby||cosby || cosby .l

Proof of Theorem 1.1. For any complex matrices A, B of size n, we
denote the Frobenius inner product by (A, B) := tr(B*A), where * means
the conjugate of the transpose. Puttting

1 1 1
w=—I, u=-—4=U v=-—F7=V"
\/ﬁ nsy \/ﬁ ) \/ﬁ Y
where [, is the identity matrix and U,V are any unitary n X n matrices.
Clearly |[ul| = [[o]| = [jw|| = 1 and

(1, v) = %tr(UV*) _ %tr(UV),

(v,w) = %tr(IZU) = %tr(U),
(w,u) = %tr(V).
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By applying Lemma 1.2, we employ
1
SOV + [ (O)F + [te(V)P) <1+ = (\tr(UV)Htr( ) tr (V)]
equivalent to
[m(U)? + [m(V)? + [m(UV)? < 1+ 2m(U)||m(V)|[m(UV)]. O

Lemma 1.2 can be also extended in the framework of Probability The-
ory. If X,Y are two random variables, then we can define their inner product
as (X,Y) = E(XY), where E(M) is the expectation of M. In this case, by
Lemma 1.2 we deduce that for X,Y, Z random variables we have

Y EBEX?EY2)P <[[EX?) +2][IEEY).

cyc
Moreover, if we put = F(X) and v = E(Y'), then we have

| Cov(X,Y)* = [E((X — p)(E - ) = (X — u, X —v).
By Lemma 1.2, we have

Z|COV (X,Y)|? Var(2) < HVar +2H|C0V(XY)|.

cyc

Other generalizations of Lemma 1.2 exist in the context of Operator
Theory where one can discuss inner products as positive functionals. More
specific, given a Hilbert space L2(7), where 7 is a measure, the inner product
(-,+) gives rise to a positive functional ¢ by (g) = (g,1). For all f € L?(v)
every positive functional ¢ gives a corresponding iner product

(fa g)éﬁ = so(g*f)v

where ¢g* is the pointwise conjugate of g.
Now, Lemma 1.2 will become

> lelg Ao h) < [[e(r )+ 2] le(g™ )],

cyc

for all f,g,h € L?(vy). The extension of the above inequality to C*-algebras
as well as other extensions, generalizations and applications will be given in

[3] and [4].
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PROPOSED PROBLEMS

309. Consider p prime and a is a rational number with ¢/a ¢ Q. Define
the sequence of polynomials by f; = X? —a and f,+1 = f£ —a for all n > 1.
Show that all terms of the sequence f, are irreductible polynomials.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Romania.

310. If n >4, 1<d <A <n-—1,n,4,A € N, consider the function

1 1\?
f(x(sax(s—i-la"'uxA): Z <_> TiTj
S<i<j<A Vi Vi
and the domain
A
D = {(z5,2541,...,2za) : x; € Nford <i < A,in =n}.
=0
Show that if (zs,...,2A) € D then

f(@s,...,za) < <
where a(n) = %2 for n even and a(n) = (n? — 1)/4 for n odd. When does
equality hold?
Proposed by Ioan Tomescu, University of Bucharest, Romania.
311. Show that for any matrix A € Ms(R) there exist X,Y € Ma(R)
with XY = Y X such that A = X*"*' + Y for all n > 1.

Proposed by Vlad Matei, student, University of Bucharest,
Romania.

312. Let p, be the n-th prime number. Show that the sequence (zy,)n>1
defined by

1 1 1
Ty = { +—4...+ } — {loglogn}.
P p2 Pn
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is divergent. Here {x} denotes the fractional part of the real number z.

Proposed by Cezar Lupu, Polytechnic University of
Bucharest, Romania and Cristinel Mortici, Valahia University,
Targovigte, Romania.

313. Does there exist a set M of points in the Euclidian plane such
that the distance between any two of them is larger than 1 and such that
there is a point in M between any two distinct parallel lines in the plane?
Justify your answer.

Proposed by Marius Cavachi, Ovidius University of
Constanta, Romania.

314. Let f:[0,1] — R be a C? real-valued function on [0, 1] which is
convex on [0, 1]. Show that

/1f e <3 (1047 (5)+£(3) + 1)
0

Proposed by Tudorel Lupu, Decebal High School of Constanta,
Romania.

2w
315. Let f : [0;27] — Rsuch that [ f(z)coskadx =1,forallk =1,n,
0

2T

where n > 2 is a fixed positive integer. Find the minimum of [ f?(x) da,
0

over all such functions f.

Proposed by Vlad Matei, student, University of Bucharest,
Romania.

316. Let f :[0,1] — [0,00) and g : [0,1] — [0,1] be two integrable
functions. Prove that for any positive integers p,q, s, t,p # ¢, the following
inequality holds

1 1
+ sp—qt
fP(x)g®(x)dx - fq x)de < | fPT(x) - g ra (z)dx.
0
Proposed by Andrei Deneanu, student, University of

Cambridge, UK and Cezar Lupu, Polytechnic University of
Bucharest, Romania.

317. For integer n > 2, determine the dimension of
P(x
V= spam{l_:La(geg)lmrl ; P(z) € Rlz], 0 <degP <n—1,degP+1| n}

as a subspace of the linear space R(x) over R.
Proposed by Dan Schwarz, Bucharest, Romania.
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318. Let f be a polynomial with integer coefficients, deg(f) > 1 and
k a positive integer. Show that there are infinitely many positive integers
n such that f(n) can be written in the form f(n) = dids...dydy1, where
1<di<dy <...<dp <n.

Proposed by Marian Tetiva, Gheorghe Rogca Codreanu National
College, Barlad, Romania.

319. Let p be the Mébius function defined by (1) = 1, u(pipz - .. px) =
= (—1)*, for all distinct primes py,ps,...,pr and p(n) = 0 for any other
positive integer n and let ¢ > 1 and n > 2. Define

1 n
N‘:f§ M(*)qd,
J j v d
J

for all positive integers j > 1. Show that

S L) ()re
142224, +nTn=n,2;>0 ! 2 "

Proposed by Gabriel Dospinescu, Ecole Polytechnique, Paris,
France, and Marian Tetiva, Gheorghe Rogca Codreanu National
College, Barlad, Romania.

320. For n > 1, does there exist a quadratic polynomial f € Q[X] such
that f2" + 1 is reductible over Q?

Proposed by Gabriel Dospinescu, Ecole Polytechnique, Paris,
France and Marian Tetiva, Gheorghe Rogca Codreanu National
College, Barlad, Romania.

321. Find the probability that, by choosing a positive integer n, the
numbers nv/2 and nv/3 have even integral parts both.

Proposed by Radu Gologan, The Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest.

322. Let K be an algebrically closed field and let P € K [X1,..., X,],
P=aX .. Xin 4 bX] - XP 4 eXF o X where abe # 0. Assume that
X; 1 P for all t and the points of coordinates (i1,...,%n), (j1,-..,Jn) and
(k1,...,ky) are non-colinear (in R").

Prove that P is reducible if and only if char K = p and p | i, ji, k¢ for
all ¢ for some prime p.

Proposed by Constantin Nicolae Beli, The Simion Stoilow
Institute of Mathematics of the Romanian Academy, Bucharest.
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285. Prove that for all sequences x;. of positive numbers

o0

Tk ™
STt (w1 gt ) )
In addition, if x1 + 22+ ...+ z, = 1, then
> Tk ™
1+ (z1+ro+ ..+ 7o)’ s

Moreover these are the best constants.
(Correction)

Proposed by Radu Gologan, Institute of Mathematics of the
Romanian Academy, Bucharest.

Solution by Marian Tetiva, Gheorghe Rosca Codreanu High School,
Barlad, Romania. To prove the inequality we denote with f the function
defined by f(x) = 1/(1 + z?) for all z € [0,00), which, surely, is decreasing
on [0,00). We have then

[e.9]

T
Tpf(r1 4+ +2
14+ (z14+ x4+ -+ xp-1)? Z ef (@1 k1) >

k=1
0o TittTk 00
> Z / f(z)dz = /f(x)dx ==
F=lyy oy 0

(x1+ -+ xp_1 is considered to be 0 for k = 1).
We note that

ol 3

oo
L
;1+ (w1 + 22+ -+ xp-1)2

o A R

Z rpf(er+- - +op—1) — Z / f(z)dx <

=1 P

< an(flar o ap) = flo 4 o)) < S ad

(we used again the monotony of function f, and for the last inequality we
used the fact that f(u) — f(v) <v—wufor all 0 < u < v - it is proven easily).
oo

. . . a .
It is sufficifient that, given € > 0, to choose x; = 7 for which > zp = c©
k=1
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o
holds and kzl m% = “26? 2 < eif we pick a so that 0 < a < %; for this choice
of x, and the inequalities above, we get

oo

Tk
<5 te
;1+(m1+$2+'~+xk1)2

Ny

Concerning the second part, it seems that there is also some doubt. The
inequality follows, but not that 7 is the best constant. For example, take
n = 2, so if we have x1 + x2 = 1, then

> T To 4 w

> —s > > —.
@t to)? x5 71

k=1
Indeed, we have (with the notation z; = z) to prove the inequality

n 1—2 - 4

a:' [ —

1+227 5
for all x € (0,1). This follows using 0 < 42(1 —x) < 1 and 0 < x < 1;
multiplied term by term, these give 422 — 423 < 1 = 423 — 422 +1 > 0. The
more we would have 523 — 422 4+ 1 > 0, for all 2 € (0,1), which is equivalent
with the inequality we wanted proved; this shows that 7/4 is the best lower

bound for the left member(my intuition tells me that this happens for all n).
The correction we make is the following.

o0
Prove that for any sequence (x) of pozitive numbers with > xp = 1,
k=1
we have
oo

N

> - >
— 1+ (T1 4+ 4+ xp—1)?

the constant 7 being the best lower bound. The proof is similar to the one
1

above, we use in addition the fact that [ f(z)dz = § (we use the same
0

notation for f ). We have, using the monotony of f,

00
T

1+ (1 +z2+- -+ a1

)2 = Zxkf(SUl + -+ xk—l) >
k=1

i
I

= / f(a)de = jf(x)dx -7
= 0

Then

o
S e e
L+ (xp+aot---+xp_1)2 4
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o Titetmy

:kaf(xl—&-”-—i-mk,l)—z / f(z)dx <
k=1

k=lg 4. Sy
o0 o0
< e (fler -t apor) = fla+ o) <D ah
k=1 k=1

and we can make this difference small enough (smaller then ¢ > 0 given) if

we choose
1 1\ k-1
T = — <1 — > N
b b

oo
with p large enough. Indeed, we would have > xj =1 si

k=1
ixQ -1 .
2 —
pet 2p—1
if we pick p > (1+¢)/(2¢) (and p > 1, of course). With these the proof ends.

]
Also solved by the author.

286. Let f : (0,00) — (0, 00) be a decreasing and differentiable function
on (0,00) and F' be its antiderivative. Assume that the following hold:

f(n—i—l)) has limit 1;

f(n) n>1

ii) the sequence (F,),>1) converges to 0;

iii) the function fTI is increasing on the interval (0, c0).
Show that:

a) the sequence (z,)n>1 defined by

xn=f(1)+f(2)+...+ f(n)

converges to x, where x is a real number.
b) the sequence (uy)n>1 defined by

i) the sequence (

T — Tnp,
F(n)
is stritcly monoton and convergent. Find its limit.

Proposed by Marian Tetiva, Gheorghe Rogca Codreanu High
School, Barlad, Romania.

Solution by the author. a) We will prove that actually the sequence
(tn)n>1 defined by

th = —F(n) = f(1) + f(2) +...+ f(n) = F(n), Vn2=>1,
is convergent. To prove we make us of the inequalities
f(n+1)<F(n+1)—F(n) < f(n), Vn>1

Up —
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(these can be proven using Lagrange’s theorem for the function F' and the
monotony of f). We have

the1 —tn=f(n+1)—(F(n+1)—F(n)) <0, Vn>1,

according to the first inequality, so the sequence (t,)n>1 is decreasing. On
the other hand summing up the inequalities

F2) = F(1) < f(1)
F@3) - F(2) < f(2)
F(n)— F(n—1) < f(n—1)
F(n+1)—F(n) < f(n)

we obtain Fi(n+1) — F(1) < f(1) + f2)+ ...+ f(n) & t, > F(n+1) —
—F(n) — F(1) > —F(1), Vn > 1, so the sequence (t,)n>1 is lower bounded
(we also used the montony of function F: since F' = f > 0, F is increasing
on (0,00)), therefore convergent.

To wrapp up, since the limit of the sequence (F'(n)),>1 is 0, we have
that lim z, = lim (¢, + F(n)) = lim t,, thus it exists and it is finite (we

n—oo n—oo n—oo
denote it by z).

b) For the second part we will begin by proving the inequalities

i F(n)f(n+1) e F(n+1)f(n)
" F(n+1)—F(n) " F(n+1) - F(n)

hold for all natural numbers n > 1.

Let us note that since F' is increasing, the sequence (F),),>1 is also
increasing; because it tends to 0 it follows that all it’s terms are negative
F(n) <0 for all n > 1 natural number. Next

. flntD) f(n) _ 1
lim = lim =1
n—oo F(n+1) — F(n) n—oo F(n+1)— F(n)
indeed, for all n there is ¢, € (n,n+1) such that F(n+1)—F(n) = f(c,) (from
Lagrange’s theorem), so, taking into account the monotony of the function
f, we obtain f(n+1) < F(n+1) — F(n) < f(n), even further
f(n+1) - f(n+1)
fn)  F(n+1)—F(n)

<1l, Vn2>1

" () ()
f(n f(n
< V>l
Fnt1)—F(n) > fln+1) "=
Using the hypothesis i) the proof of the limits is done. This relations
show that the sequences (yn)n>1 and (zy)n>1 defined as
F(n)f(n+1) Fn+1)f(n)

g —_ = - >
Y =T BT Fm) T T P ) - Fy ol

1<
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have the limit # (making use of hypothesis ii)); if we could show that (yp)n>1
is increasing, and (zy,)n>1 is decreasing, the inequalities y, < x < 2z, Vn > 1
would follow.
Firstly, let us show, that the sequence (y,)n>1 is increasing (which

proves the left inequality). We have that

Fn+1)f(n+2) o F(n)f(n+1)
Fin+2)—F(n+1) """ Fn+1)—F(n)
inequality which is equivalent further with

Fn)f(n+1) Fn+1)f(n+2)
Fn+1)—F(n) ~ F(n+2)—F(n+1)

Yn+1l > Yn & Tn41 —

f(n+1)+

and we rewrite as

Fn+1)f(n+1) Fn+1)f(n+2)

Fn+1)—F(n) = F(n+2)—F(n+1)

Since we showed that F'(n + 1) < 0, it should suffice to prove
fn+1) - fn+2)

Fn+1)—F(n) F(n+2)—F(n+1)
holds for all natural numbers n > 1. This would result if we knew the
monotony of the function

fla+1)
Fx+1)— F(x)’
morever if it is increasing. We note that
J(x) = fla+ D(F(x+1) - Fz) — f@+1)(F(z +1) - F(z))
(F(z+1) - F(x))?
_ e+ )F@+1) - Fz) - Fllz+1)(f(z+1) - f(z))
(F(z+1) = F(x))?
for all x > 0, which is equivalent to
Fletl) | 1) - f)
F'(zx+1) " F(z+1) - F(x)’
This we can show using applying Cauchy’s theorem to the functions f
and F; according to this, there is a € (z,x + 1) such that

fla+1)—fx) _ f(o)
Flx+1)—F(z) Fl(a)
To end this assertion we make use of the hypothesis iii): since a« < z+1

and the function fTI = 1{:—/, is incresing, we have

fat+t) = fl@)  fla) _ flzt])
Flx+1)—F(x) F'(a) Fl(x+1)

which is exactly what we needed to show.

g:(0;00) = (0;00), g(x)= Vx>0

Vo >0.
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Secondly we must prove (zy),>1 is decreasing; we have:

F(n+2)f(n+1) F(n+1)f(n)
zn+1>Zn(:>$n+1_F(n+2)_F(n+1) <$n_F(n+1)—F(n)
F(n+2)f(n+1) Fln+1)f(n)
< fln+1)— F(n+2)— F(n+1) < _F(n—l—l)—F(n) <
F(n+1)f(n+1) F(n+1)f(n)

Fn+2)—F(n+1) F(n+1)—F(n)
we divide by —F(n + 1) > 0 and it remains to show
ft) i)
Fn+2)—F(n+1)  Fn+1)—F(n)’
which would be obtained that the function

f(z)
F(x+1)— F(z)’
is decreasing on (0, 00). Proceeding as above we have that

W(z)<0& f(2)(Flx+1) - F(z)) < f(z)(F'(z +1) — F(2)) &

fz) _ fla+1) = fz)
Vo > 0.
T F@ SFar)—F@) 07

Similarly this inequality like above (using Cauchy and the hypothesis

iii):

h:(0;00) = (0;00), h(x)= V>0

fla+l) - flz) _ fila) _ f(z)
Flx+1)—F(x) F'(a) Fl(x)

Thus the inequalities
_F@fe+) et 1))
" F(n+1)—F(n) " F(n+1)—F(n)

are completely proved. We can rewrite them as

B f(n) F(n—|—1)<m—xn B fn+1)
F(n+1)—F(n) F(n) F(n) F(n+1)—F(n)
As we have shown, we have
fm — D f(n) —1

n—oo F(n+1)— F(n) n—ooo F(n+1)— F(n)

and it follows
lim Fn+2)—F(n+1) B
noo  F(n+1)—F(n)

— lim Fin+2)—F(n+1) f(n) .f(n+1):1
n-sc0 fn+1) Fin+1)—F(n)  f(n)

so according to Cesaro-Stolz’s theorem (case %), we have that lim

n—oo

F(n+1) o
F) =L
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It remains to prove the monotony of this sequence. Summing up all

the information, we can conclude that the sequence (ﬁ,_(ﬁg) is convergent
n>1

and morever lim ﬁ,‘“ = —1.

It remains to prove the monotony of this sequence. For this let us

rewrite the inequality x > x,, — %

(F(n+1)—F(n))x > (F(n+1) — F(n))z, — F(n)f(n+1)
and further (since f(n+ 1) = xpt1 — Tp),
(F(n+1)—F(n))z > F(n+ Dz, — F(n)xp <
& Fn+1)(x—x,) > F(n)(x — Tpi1).
We divide it by F(n)F(n+ 1) > 0 to obtain
T—Tp T — Tpii
Fin) ~ Fntl)

which is exactly the fact that the sequence asked is decreasing.

Vn>1,

287. Let f : [a,b] — R be a continuous function such that

/tf(x)dx]f(x)dm #0,t € (a,b).
a b

Show that there exists ¢ € (a,b) such that

(c— a)f(c) /b f(x)dz — / Flade | = 5 / f(x)da /b f()da.

Proposed by Cezar Lupu, student University of Bucharest,
Romania, and Tudorel Lupu, Decebal High School, Constanta, Romania.

Solution by the authors. We have the following.
Lemma. Let g : [a,b] — R be a differentiable function such that
g'(a) = ¢'(b). Then there exists ¢ € (a,b) such that

J(c) = 9(c) —g(a)

A proof of the above lemma can be found in [1]. Now, returning to our
solution, let us define the following auxiliary function ¢ : [a,b] — R given by
t b 2

o(t) = /f(a:)dx f(x)dz | ,Vt € [a,b].

a t
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A short computation of the derivatives shows that

_2/f d@/f )da f(t) /} dx—/f

and it is quite clear that ¢/'(a) = ¢'(b). So, applying the lemma for ¢, there
exists ¢ € (a,b) such that

/f dx/f Yda f(c) /f dx—/f )dz | (c—a) =
/Cf(a:)d:c-/bf(x)dx

Simplyfing by /f(:z)dx . /f(x)dx # 0, we obtain our conclusion. [

a

References

[1] T.M. Flett, A mean value theorem, The Mathematical Gazette 42(1958), 38-39.

Second solution by Marian Tetiva, Gh. Rosca Codreanu High School,
Barlad, Romania. Let F' the primitive of f which is null in a, explicitily the

function defined by
t
= /f(a:)dx
for all t € [a, b].
We know that F' is differentiable on [a,b] with F'(t) = f(t),Vt € [a, b]

and that
F(1)

lim ~—= = f(a),
from which
F
lim (*) =0

t—oo A/t — a

b
We denote with A = [ f(z)dz, so we have that

a

t

iﬂ@w:A—/ﬂ@mZA—F@,

a
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for all ¢ € [a,b] and we consider the function G defined on [a,b] by
F)(A-FQ@))

Vit—a
for ¢t € (a,b] and G(a) = 0. It follows easily that G is continuous on [a, b] (the

continuity in a is obtained from the considerations above ) and differentiable
on (a,b) with

G(t) =

(t — a) F(H)(A~ F(t) ~ F(t)) ~ JF(H)(A~ (1))
t—avi-a

G'(t) =

for all ¢t € (a,b).
Morever G(a)=G(b)=0; Rolle’s theorem gives us that there is c€ (a, b)
such that G’(c¢) = 0, which is equivalent to

(c=a)f(c)(A—F(c) - F(c)) = %F(C)(A — F(c));

this being identical to the identity asked by the problem.[]
Remark. The condition given in the hypothesis is superfluous.

Also solved by Marius Olteanu (Ramnicu Vilcea) and Nicusor Min-
culete (Brasov).

288. Let p,q > 2 integers such that ged(p,q) = 1. Show that the
number log,, q is transcedental.

Proposed by Adrian Troie, Sféntul Sava National College, Bucha-
rest, Romania.

Solution by the editors. 1t is easy to see that log, ¢ is irrational because
a
otherwise, if log,q = 3 with a,b > 1, then one has p® = ¢” which is in

contradiction with the hypothesis ged(p, ¢) = 1. Now, we shall use Gelfond’s
criterion:

Lemma. Ifa >0, a # 1, is algebraic and S is algebraic and irrational,
then o is transcedental.

Assume, by contradiction that log, g is algebraic. Using the fact that

is irrational, it follows from the lemma that p'°®»9 = p is transcendental,
contradiction. Thus, the number log, ¢ is transcedental. O

Also solved by Marius Olteanu (Rimnicu Vilcea).

289. Find all curves in the plane such that the angle between the vector

T
radius of the curve and the tangent of the curve in a point is a € (0, 5)
Proposed by Adrian Corduneanu, Iasi, Romania.
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Solution by the author. We have that a = § + v and we denote with
tga = a = const > 0. We refer to the point P(x,y) on the curve (y = y(z));

tgB =4 (x#0), tgy =9'(x), tgy = —y/(x) and it follows

y /
Y _of(x _
oo AV ary "
1+Z.y () T+ ay
This equation can be easily integrated by the substitution y = zz

(z = the new unknown function), but this leads to an equation of the type
F(x,z) =const, from which we cannot gather any information about the
curve searched. We will aply the parametric method, letting x = x(¢) and
y = y(t), obtaining the homogeneus liniar system

T=x+ay yYy=-—ar+y

. 1 . . .
whose matrix A = (—a 61L> has eigenvalues are \; = 1+ ia, Ao = 1 — ia.
Replacing z = aje*?t, y = ape*?! we obtain the solution

PR SNCRETY Y= 1 oy
a

It follows taking real and imaginary in one of this equalities, that a
fundamental system of solutions for the parametric equation is

{ x = elsinat { x = —el cosat

y = el cosat y = elsinat

so the general solution is

x = e'(Cy sinat — Cy cos at)
y = e'(Cy cosat + Cy sin at)

with Cp, Cy arbitrary real constants. In a certain classification for the para-
metric equation we say that the origin (0,0) is a focal point. We note that
2?4+ y? = (C? + C3)e* — 0o as t — oo, it follows that it is an unstable focal
point. Along the line —ax 4+ y = 0, in the point of intersections, the tangent
at the curve is parallel with Oz (y = 0), while along the line x + ay = 0,
the tangent at the curve, is parallel to Oy (¢ = 0). Trough each point of the
plane, passes a unique such curve.

Remark. Marius Olteanu informed us that in the book G. Milu, I.P.
Iambor — ,Curbe Plane“, Ed. Tehnica, Bucuresti, 1989, such curves are
called the logarithm spirals. O

290. Study the convergence of the sequence defined by

1 =a,1+x, =14z, ,n>1

Proposed by Radu Gologan, The Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest
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Solution by the author. The following proof will contain and the fact
that the sequence is correctly defined.Let f : (0,00) — (0,00) given by

f(x) = w It can be proved without any difficulty that is decreasing
and bijective.

Let g : (0,00) — (0,00) defined by g(z) = In(1 + z). The recurrence
can be rewritten as x,.1 = f~! o g(x,), so the sequences (22,)n, (T2n41)n
are monotone sequences, of different monotonies. Since x,, > 1 it follows
Zn+1 < 1 and thus the boundness of the sequence is proven.

Take lim x9, = [ and lim z9,,1 = I’. Taking limits in both sides of

recurrence we obtain 1+1 = (1 + 1) and 1+ 1’ = (14 1)", and a simple
argument leads to /I’ = 1 and afterwards to [ =1’ = 1.

Thus lim z, =1. O

n—oo

291. For n,k € N, n > 1, determine the dimension of the linear space
of polynomials in n variables over some field K, of degree at most k, as a
subspace of K[z1,22,...,Zy)].

Proposed by Dan Schwarz, Bucharest, Romania.

Solution by the author. Let us denote by dim(n, k) the dimension sought

")

. The proof goes by double

after. We claim the answer is | dim(n, k) = (

induction.

For n =1 it is clear that dim(1,k) =k +1 = (IJ{’“)

For k = 0 it is trivial that dim(n,0) =1 = (7).
Now, the following recurrence relation holds

k
dim(n, k) =) _dim(n — 1,i),
=0

by looking at a polynomial in n variables, of degree at most k, as a polynomial

in the n'" variable, with coefficients in K[z, ..., 2, 1].
Assume dim(n — 1,k) = (”:EII), and also dim(n,k — 1) = (”t’f_l), as
induction hypothesis; therefore having
k—1
dim(n, k) = dim(n—1, k) +Z dim(n—1,7) =dim(n—1,k)+dim(n,k—1) =
i=0
(n—l—k—l) <n+k—1) <n+k‘>
— —|— e R
n—1 n n
thus proving our claim. O

Remarks. If we denote by N(n, k) the number of distinct monomials in
n variables, of degree k, we get the relation

N(n,k) = dim(n, k) — dim(n, k — 1) = dim(n — 1, k) = <" Tk 1>.

n—1
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In particular, N(n,n) = dim(n — 1,n) = dim(n,n — 1) (and as a bypro-
duct, dim(n,n) = 2dim(n,n — 1), hence even).

Another way to put it is that, when K = Zy, the total number of such
n+k

polynomials in n variables, of degree at most k, is 9 " ), the total number
n+k n+k—1

of the polynomials of degree exactly k is 2("2") —o(" ), while the number

n+k—1

of the homogeneous polynomials of degree k is (i) 1.

Solution by Marian Tetiva, Gh. Rosca Codreanu High School, Barlad,
Romania. The monomials which form a base of the subspaces of polynomials
of degree at most k from K[z, z2,...,x,] are the monomials of degree at
most k from the expansion of the product of formal series

n

[T +ai+a?+--).

i=1
Therefore the dimension required is the sum of the coefficients of x at power
at most k from the expansion of

(I+z+2?+--)m
However this expansion is equal to
SN
(Ltzta?+- )= <"+*7 >x1
70 J

so the dimension of the subspace K|[z1,z2,...,z,] formed by polynomials of

degree at most k eis
z"’: n+j—1\  (n+k
j S\ k)

§=0
For example, the monomials 1,21, 29,...,2, (in number of n +1 =
= (”Jlrl)) form a base of the subspace of polynomials of degree < 1, and the
same monomials togheter with x%, x%, ..., 22 and with z129, 2123, . . ., Zp_17p
(intotaln+1+n+nn—-1)/2=(n+1)(n+2)/2= (n'f)) form a base of
the of the subspace of polynomials of degree at most 2.
Remark. The equality

(1+x+x2+-~-)”=2(n+‘j_1>xj

>0 J

can be proved, for example, by induction. The step of induction is made

using the identity
k <n + 97— 1> <n + k)
]ZO J k
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which is done easily if we note that we can transform it in a telescopic sum;

indeed: ) . ,
(n—l—j—l) - (n—l—j)_(n+j—1)
J J Jg—1

(so, fundamentally, both identities are based on the recurrence formula of
binomial coefficients ). Another proof of the first identity is based on the
definition of binomials with repetition (look up, for example, problem 1. 23
from ,,Probleme de combinatorica si teoria grafurilor* by Ioan Tomescu); of
course, in essence, the same proof. ]

292. For n > 1 positive integer, I C R is an interval and define the
function f: I — R.

a) Assume that f is n — 1 times differentiable on I and the derivative
(=1 is increasing on I. Show that

F(b)— (?)f (W) + (Z)f (M)b*m) A (=D f(a) > 0,

n

for all @ < b,a,b € I. (For n even the inequality holds for all a,b € I);
b) Assume that f is n times differentiable and f( is continuous on I.
If the following inequality

Xn:(—l)’“@)f (W) >0

k=0

holds for all @ < b,a,b € I, then f(") is nonnegative on I.
Proposed by Marian Tetiva, Gh. Rogca Codreanu High School,
Barlad, Romania.

Solution by the author. a) The proof goes by induction on n. For
n =1 ( we make the convention that the derivative of order 0 of f is f), the
hypothesis tells us that f is increasing on I and the inequality to be proved
is f(b) — f(a) >0, for all b > a, obvious.

Assume that we have proved the inequality stated in the problem for
all functions n — 2 times differentiable on I with the derivative of order n — 2
increasing, and let f : I — R a function n — 1 times differentiable, with
=1 increasing on I; this means, that we can apply the hypothesis to f’
the derivative of f, the hypothesis of induction.

Let u : I N[a,00) — R defined by

) = S (1) (e,

k=0
for all x > a; u is certainly differentiable on I and morever

o) = St () p (ke

k=0
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n—1
:kzo(_l)k<n;1>f/ (W) >0, Vael, z>a.

To obtain the inequality stated, we applied the hypothesis of induction to the
derivative of f; the numbers ¢ and b from the hypothesis must be replaced
with W and respectively with z(we have H(Zj—l)a <z<ea<ux).
Thus we obtain that the derivative of u is nonnegative pe I N [a, ), so u
is increasing on this interval; so u(z) > u(a) = 0, Vo € I, x > a, which is
exactly the inequality we wanted to prove(with x instead of b) and the first
part ends. We note that the inequality for n even, holds no matter of the
choice for a, b since it is symmetric.

b) We first prove:

Claim. Let I C R an interval and f : I — R a function n times
differentiable on I: then, for all a < b from I, there is a ¢ € (a,b) such that

B ((ehe)

k=0 — — ¢
— = 1)

Proof of the claim. We will do it with induction over n > 1. For n =1
the statement of the claim is nothing but Lagrange’s theorem let us assume
it true for functions n — 1 (n > 2) times differentiable on I and let us prove
it for f n times differentiable on 1.

Let a,b € I, a < b and define g, h : [a,b] — R as:

g@):;%“4f<2>fcﬁ_kf+%m)am”ww=%w—aW,Vxeme
It is noted easily that f and g are both differentiable on [a, b] and that

h does not cancel over (a,b); thus, they fulfill the conditions of Cauchy’s
theorem on the interval [a,b]. According to it, there is an & € (a,b) such that

g(b) —gla) _ g'(©)
h(B) — ha) ~ W(E)

which means

B () B () (v

k=0 k=0

(b—a)y - (e — )

We can rewrite as

B (o (ntn) Hon(r7 ) (et

k=0 k=0

oy o (e oy
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If we denote with R, (f;a;b) the expression in the statement of the
lemma we obtained the existence of £ € (a;b) such that

Rn(.ﬁa; b) = (n_ 1)n_1Rn—1 <f/;a;€+a(7?_ 1)> :

nTL
We use the hypothesis of induction for the derivative of f which is

n — 1 times differentiable therefore there is { € <a, W) (which implies
¢ € (a,b)) such that

e <f R D) = e 0 = G /O

and the conclusion follows.
Now to finish the proof of part b). According to the hypothesis and the
claim, we can find for any a < b from I, a ¢ € (a,b) which satisfies:

1 Zn:(_l)k<z>f<(n—k7)lb+ka>

)y = k=0
F(0) = = >

nTL
thus it we also have f(™)(¢) > 0. In other words, the set of points in which
™ takes nonnegative values is dense in the interval I; that this means that
any point ¢ € I is the limit of a sequence (tp),>1 of points from this set
(f(tp) > 0, ¥p > 1). Using the continuity of the n-th derivative of f we
obtain

FM@) = lim f™(t,) >0

p—0o0

since all the terms of the sequence are nonnegative; however ¢t was chosen
arbitrarly in I, the problem is solved. [J

293. Prove that for any continuous function f : [—1,1] — R the follow-
ing inequality is valid:

1 1 2 1 2
/ flade> 2 (/ P f)dr |+ (/ of(@)de |
1 1

-1
Proposed by Cezar Lupu, student, University of Bucharest and
Tudorel Lupu, Decebal High School, Constanta, Romania.

First solution given by the authors. In what follows we shall prove an
inequality in a linear space V endowed with the inner product (-,-). This is
basically a Cauchy-Schwarz-type inequality for three vectors.

Lemma. For any vectors u,v,w € V the following inequality holds

[l (0, w)[* + (o] ] (w, w)[* + [Jw] ] (w, 0) 2 < [l o] |lw]*+
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+2[(u, v)|[(w, v) [ (w, u)|. (1)
Proof of the lemma. For u,v,w € V we consider the Gram matrix

ull® (u,v)  (u,w)
G(uvvvw) = (Uvu) HUH2 (U7w)
(w,u)  (w,v) Jwl]]?

It is a well-known fact that det G(u,v,w) > 0, so by computing the
determinant by Sarrus or triangle rule, we have

0 < det G (u, v,w) = [[ul*o][*||w][* + 2| (u, v)|| (v, w)||(w, u) |~
=(ul*[ (v, w)* + [[o] | (w, w) [* + [[w]*[ (u, 0) ),
which is equivalent to the inequality (1). O

Consider the inner product of two continuous functions f, g : [a,b] — R

given by (f,g) := Jéf(w)g(fﬂ)dfr-

a
In our case, let a = —1 and b = 1 and let us define the continuous
functions g(x) = x and h(z) = 2? where g,h : [-1,1] — R. By the lemma,
we have

1 1

1 1 1 2
/ A (w)dz /1 vdz /1 aldr > (/1 a'da (/1 af(x)dz | +

-1
1 2

1 29 1
+ (/ 2odx /f2(az)da:—i— /x2f(33)dx /334d93
1 Z1 1 21
which is equivalent to

1
and thus we finally obtain the desired inequality.[]

Second solution by the authors. Our inequality remains true in L?[—1, 1].

Indeed, it can be rewritten as
<f; @2) (f; \/§x>

where (-,-)72(_1,1) is the scalar product on L?[-1,1] and || - |[;2_1 ] is the

norm on L?[—1,1]. Denote e;(x) = \/§x2 and eg(z) = \/gx, where ey, ez :

2 2

+
L2[-1,1]

1£132 0y =

)

L2[-1,1]

2
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[~1,1] — R. Now, it is easy to see that ej, ey are orthonormal in L?[—1,1]
and thus by Bessel’s inequality the conclusion follows.[]

Third solution by Marius Olteanu, Ramnicu Valcea, Romania. From
Cauchy-Buniakowski-Schwarz(denoted by C.B.S) inequality in integral form
applied for the function h : [0,1] — R, Riemann integrable and u : [0,1] — R,
u(z) = 22, the following holds:

1 1

1
/h2 dw/x4dx> /2h :/hQ ydz > 5 /Qh()d
0

0 0 0 0

Similarly, considering the functions A : [0,1] — R and v : [0,1] — R,
v(x) = z, from the same C.B.S we have:

1 1 1 2 1 1 2

/h2(x)dx : /x2dx > /a:h(a:)dx = /hz(z:)d:v >3 /xh(a:)dx

0 0 0 0 0

Let, in the following sequel, the continuous functions fi, fo, defined

on the interval [—1,1] with real values, such that fi(z) = w,

fa(z) = W It is obvious that f; is an even function and that fo
is an odd function, morever f = f; + fo. Also the function p : [-1,1] — R,
p = f1f2 is odd and continuous on [—1, 1].

1
It is well known that for an odd function r : [-1,1] — R that [ r(z) dz = 0.
1

Thus we have

1 1 1 1
Fa)de = [ (fi(@) + fo(e)?de = | ff(z)de+ [ f3(z)dz+
s [
1 1 1
+2/p(ac)dx:/flz(x)dx—i-/fg(:c)dx,
2 2 2

since p is odd.

It can be proved without any difficulty, that if s is an odd or even
function, s is certainly an even function. We deduce that both f12 and
f3 are both even. Another general result we make use of is the following:
For an even function F' : [—1,1] — R, Riemann integrable we have that

1 1
[ F(z)de =2 [ F(z) dx
e 0
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With these we note that

In the rightside

1 2 1 2
J:2f($)daz) —l—( xf(q:)dx) =
([0 ()

1 2 1 2
= (/xz(fl(x)Jer(fﬂ))déﬂ) + (/x(fl(HT)Jrfz(J?))dx) =

1
1

= (/$2f1($)d$+/ 2 fa(x) ) (/ﬁfl d$+ fEfz( )d )

If we look at the functions K : [-1,1] = R, K(x) = xfl( ) is an odd
function, and the function L : [-1,1] — R, L(z) = 22 fo(x) is also odd, and

thus
1 1

/acfl(x)d:c = /fog(m)d:B =0.

-1 -1
So we can modify the right term to become

([ x)lg(jmdm)g
;(/lzf x) —|—(/xf2 )

Denoting by M(x) = 2%f1(x), M : [-1,1] = R and N(z) = zfa(x),
N : [-1,1] — R they are both even functlons and based on the result stated
above the following are true:

1 2 1 2
x2f1(x)dx) =4 ( x fl(m)d:c)
[frn) ()
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1 2 L 2
(/ zfo(x)dx | =4 /acfg(a:)dx ;
1

0

1 2 1 2
g (/ 22 f1(z) dx —i—g (/acfg(x)dx —
1 1

2

and

thus

1 1
=10 22 fi(x)dz | +6 xfa(x) do
/ /

Finally we return to the inequalities from the beggining. If we take
firstly h(z) = fi1(z), we obtain:

1 1 2
/ff(x) dz >5 /x2f1 () dx
0 0
1 2
Secondly take h(z) = , SO f f3(z)der >3 (f xfo(x) dx) .
We summ them up to obtain ’
1 1 2 1 2
2/f dx+2/ x)dx > 10 /fol(a:)da: +6 /;Ufg(x)d:c
0 0 0

From the identities obtained trough the solution, the inequality stated
in the problem holds.

Remark. It can be proven, following the same steps of proof that the
more general inequality holds

1 1 2 1 2
/pr(a?)de 4p;-1 (/az2p-fp(x) dz +2p;-1 (/xp'fp(x) dz |
-1 1 1

where p € N* is odd and f : [-1,1] — R is a continuous function.[]

294. Let S(O,R) be the circumscribed sphere of the tetrahedron
[ABCD] and r is inscribed radius of the sphere. If z, y, z, t are the normal

coordinates of O, then
r+y+z+t< 4@.

Proposed by Marius Olteanu, Ramnicu V&lcea, Romania.
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Solution by the author. We denote by Rx the radius of the circum-
scribed circle opposed to the vertex X € {A,B,C,D}. Let x = OOp,
y=00¢, z=00pg,t =004, where Ox is the center of the circumscribed
circle denoted above. Then

r=1/R?—R%;y=1/R*—R%; z=/R>— R%; t = /R?> - R%.

Ifx;>0,y, >0, z; > y;, 2 =1,n, n € N* it is known that

n n 2 n 2
Z \/ﬂ < (Z l“z) — (Z yz> ([1], page 9)
=0 i=0 i=0

We substitute in this n = 4, 1 = 29 = 23 = ©4 = R; y1 = Rp,
yo = R, y3 = Rp, y4 = R4. Thus we obtain:

r+y+z+t<\16R?2— (Rs+ Rp+ Rc + Rp)2. (1)
According to relation (21), page 101 from [2] the following holds:
Ra+Rp+ Rc+ Rp > 8V2r. (2)

To summ up, from (1) and (2) we obtain

T4+y+z+t<\V16R2 — 12872 = 4\/R2 — 82,
The equality is attained if and only if ABCD is a regular tetrahedron.

Remark. Tt is known that in the case of tetrahedrons ABCD with
the center of the circumscribed sphere located in it’s interior or are right
tetrahedrons, according to Kazarinoff’s result we have:

PA+PB+PC+PD>2V2(x+y+z+1)

where P € int(ABCD) and x, y, z, t are the normal coordinates of P. In
our problem for P = O, it follows

r4+y+z+t<RV2 (3).

The inequality proposed against this one has the advantage that it holds
in any tetrahedron. Also for the tetrahedrons in which (3) holds, we cannot
say that the inequality stated in the problem is weaker than it, because
assuming the contrary we would have 4v/R2 — 872 > R\/2 & 14R? > 12872,
an inequality not necessarly true (All we know is that from Euler’s inequality,
R > 3r thus 14R? > 126r2) O
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