C. POHOATA, NEW PROOF OF EULER’S INRADIUS — CIRCUMRADIUS INEQUALITY 121

BIBLIOGRAFIE

[1] D. Biitan, Rafinarea unor inegalitati geometrice in triunghi, Revista Arhimede nr. 7-
12/2008.

[2] C. Lupu, C. Pohoatd, Sharpening the Hadwiger-Finsler Inequality, Crux Mathematico-
rum nr. 2/2008, pag. 97-101.

[3] R. G. Popescu, I. V. Maftei, J. L. Diaz Barrero, M. Dinc8, Inegalitati matematice —
modele inovatoare, Editura Didactica si Pedagogica, Bucuresti, 2007.

A NEW PROOF OF EULER’S
INRADIUS - CIRCUMRADIUS INEQUALITY

CosMIN PoHoATAY

Abstract. In this note, we give a possibly new proof of Fuler’s inequality
that in any triangle its circumradius R and its inradius r satisfy R > 2r.
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In 1767, Fuler [3] analyzed and solved the construction problem of a
triangle with given orthocenter, circumcenter, and incenter. The collinearity
of the centroid with the orthocenter and circumcenter emerged from this ana-
lysis, together with the celebrated formula establishing the distance between
the circumcenter and the incenter of the triangle.

Euler’s triangle formula. The distance d between the circumcenter
and incenter of a triangle is given by d*> = R(R — 2r), where R, r are the
circumradius and inradius, respectively.

An immediate consequence of this theorem is R > 27, which is often
referred to as Fuler’s triangle inequality. According to Cozxeter [2], although
this inequality had been published by Euler in 1767, it had appeared earlier in
1746 in a publication by William Chapple. This ubiquitous inequality occurs
in the literature in many different equivalent forms [1, 4]. For example:

1> 85in—sin§sing
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Tq +Tp+ 1T > 9,
abc> (a+b—c)(b+c—a)(c+a—Db),
(y+2)(z 4+ z)(z +y) > 8xyz,

where a, b, ¢, A, B, C, rq, 13, 7. denote the sides, angles, exradii of the
triangle, and x, y, z are arbitrary nonnegative numbers such that a =y + z,
b=x42, ¢c=x+y. A proof for the last equivalent form follows immediately

from the product of the three obvious inequalities

Y+ 22> 2/yz, z4+x>20/zx, x+Y>2/rY.
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Many other simple approaches are known. Here we give a less obvious
approach, by making use of inversion with respect to the incircle.

Theorem (Euler’s triangle inequality). In any triangle ABC, with
circumradius R and inradius v, we have that:

R > 2r.

Proof. Let p be an arbitrary line passing through the incenter I of
triangle ABC and let M, N be its intersections with the circumcircle. Since
MN < 2R, with equality if and only if the circumcenter O of ABC' lies on
M N, note that it suffices to prove that M N > 4r.

A

Figure 1 Figure 2

Denote by D, E, F the tangency points of the incircle with the sides
BC, CA and AB respectively, and let A’, B’, C' be the midpoints of the
segments FF, FD and DE.

Since:
A
IA-TA = ( TA> . (rsing) =72,

sin —
2

and, similarly, IB - IB' = r2, IC - IC'" = 2, the points A’, B, C' are the
images of the vertices A, B, C under the inversion ¥ with pole I and power
r2. In this case, the image of the circumcircle (O) of ABC under ¥ is the
circumcircle (O) of triangle A’B'C’. Since p passes through I, this line
remains invariant under the inversion and, therefore, the images M’, N’ of
the points M respectively N are the intersections of p with (O') (see Figure
2).

We thus have:

7”2 ?”2

IM=—— IN=-—
IM" IN"

and therefore:

IM"  IN'
On the other hand, since A’B’C’ is the medial triangle of DEF, its
circumradius is f, and [ is its orthocenter. It now follows that M'N’ < r,

1 1 4 472
MN =IM +IN =2 > 2 _ .
* " < * > =IM +IN" ~ M'N
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hence we conclude that:

472
MN > U > 4r.
The above inequality, combined with M N < 2R, yields Euler’s triangle
inequality.
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Abstract. This note shows a simpler proof of a problem submited in the
National Olympiad
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La a 59-a Olimpiada Nationala de Matematica, desfagurata la Timigoara
in perioada 29 aprilie - 4 mai 2008, prof. Marius Perianu a propus urmatoarea
problema la clasa a VII-a:

Un dreptunghi se poate imparti, ducand paralele la laturile sale, in 200
de patrate congruente gi in 288 de patrate congruente. Aratati ca dreptunghiul
se poate tmparti si in 392 de patrate congruente.

O solutie a acestei probleme poate fi gasita in [1]. Scopul acestei note
este de a prezenta o solutie mai simpla, precum si o generalizare.

Daca dreptunghiul poate fi impartit in 200 de patrate congruente, atunci
lungimea sa poate fi Impartita in a parti congruente iar latimea in b parti
congruente (lungimea unei parti in ambele cazuri fiind aceeasi), astfel incat
a-b =200, unde a,b € N*. Cum a > b, rezulta ca:

b_f1. 2 45 810
a 1200°100°50°40°25° 20
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